Solutions — Chapter 2

Discrete-Time Signals and Systems



2.1. (a) T(z[n]) = gln}=n]
o Stable: Let |z[n]{ < M then [T[z[n]| < lg|n)|M. So, it is stable if |gn]| is bounded.
e Causal: yfn] = g|njzi|n] and y;[n) = gin}zz[n], so if z1[n] = z2[n] for all n < ne, then
y1[n] = yz2[n) for all n < ny, and the system is causal.

¢ Linear:
T(azi[n) + bx3[n]) = gjn}{azi[n] + bz2[n]
‘ = agln}zi[n] + bgln]za(n]
= aT(z1[n]) + T (z2[n))
So this is linear.

» Not time-invariant:

T{zin—no]) = glnjz[n — no]
# yln — no] = g[n — nojz{n — no}

which is not TI.
« Memoryless: y{n] = T(z{n]) depends only on the n** value of z, so it is memoryless.

(b) T(z[n]) = 3}, =lk]
e Not Stable: |zfn]| < M = |T(z[n])| < T;-,, 1zlk]l £ In — nolM. As n — o0, T — 0, so not

stable.
o Not Causal: T(z[n]) depends on the future values of z[n] when n < ny, so this is not causal.

e Linear:
T(azs[n] + bzafn]) = D azafk] + bzs[k]
k=no
= a i z1[n] + b z z2[n]
k=no k=ng
= aT(x\[n]} + 8T (z2[n])
The system is linear.
s Not TL
T(z[n—ng)) = Z z[k ~ ng)
k=g

= _Z :[k]
k=0

_# yln—ngl= Y zk

kxng

The system is not T1.
o Not Memoryless: Values of y{n] depend on past values for n > ng, so this is not memoryless.
() T(zn)) Te2n2n, 2]
o Stable: [T(zla])| < S22, I2lk]l < Toxn ., oIkIM < f2no + LM for [zfnl] S M, s0 it is

=n-ng k=n-ng

o Not Causal: T(z[n]) depends on future values of z[n], so it is not causal.



¢ Linear:
n4-ng
Tnln]+bzs[n]) = 3 ozi[k] + bza[k)
e wire
= a Y alk+s Y k=@ + Tzl
k=n—ng k=n-ny
» TI:
N+ng
T(z[n—ng] = Z z{k — no)
k=n-ne
k=n-ng
= yln - no]
This is TT.

o Not memoryless: The values of yin] depend on 2nq other values of z, not memoryless.
(d) T{z[n]) = z{n ~ ny]
o Stable: {T'(z{n])| = |z{n — ng)| < M if jz[n] < M, so stable.
» Causality: If ng > 0, this is causal, otherwise it is not causal.
¢ Linear:
T(az\[n] + b22[n]) = azi[n - ng] + bzy[n - ng)
oT(@:ln]) + BT (22]n})

This is linear.
¢ TL: T(z[n - ng] = z{n — ng ~ ng] = y[n ~ ny). Thisis TL
» Not memoryless: Unless ng = 0, this is not memoryless.
(e) T(z[n]) = ezl
o Stable: |z[n]| < M, |T(z[n])| = |e*"| < =)l < oM this is stable.
e Causal: It doesn’t use future values of z[n], so it causal.
e Not linear:

T(az1[n] + bz2(n]) g8 (Al +522in)

£%%1 [n]ehz{ﬂ]

oT(z:[n]) + bT(zsfm])

W

This is not linear.
e TL T(z[n — no]} = e*I"~7el = yfn  ny], so this is TL.
* Memoryless: y[n] depends on the n** value of z only, so it is memoryless.
{f) T(z[n)) = az[r]+ b
¢ Stable: {T'(z{n])| = laz[n] + b| < a|M] + [b], which is stable for finite a and b.
» Causal: This doesn’t use future values of z{n), so it is causal.
e Not linear:

T(c::;[n] + d:z[n]) acz;{n] + nd:z[ﬂ] +b

# T (z1fn}]) + dT(z2[n})
This is not linear.



s TL: T{z[n — no]) = az{n - ng] + b = y[n — ng}. It is TL
¢ Memoryless: y[n] depends on the n‘* value of z{n] only, so it is memoryless.
(g) T(zn]) = z[~n]
e Stable: [T(z{n])| < |z[~n)] < M, so it is stable.
» Not causal: For n < 0, it depends on the future value of z[r], s0 it is not causal.

« Linear:
T(azi[n] + dz2[n]) = azxi[-n]+ bz2z{-n]
= aT'(z1[n]) + bT(z2[n])
This is linear.
e Not TI:
T(aln-nol) = z{—n—no]
# yln - no] =z{-n+ng
This is not TL
e Not memoryless: For n # 0, it depends on a value of z other than the n** value, so it is not
memoryless.

(k) T(z[n]} = z[n] + uln + 1]
o Stable: {T{z{n])l < M +3forn > -1 and |[T(z[n})] < M for n < =1, so it is stable.
« Causal: Since it doesn’t use future values of z[r), it is causal.
s Not linear:

T(azi[n] + bz3[n]) = azi[n] + bzafn] + 3uln + 1}
# aT(z1[n]} + 8T (z2[n])

This is not linear.

+ Not TL
T(z[n—ne] = z[n -~ no]+3u[n+1)
= yln—no)
= z[r —ng)+3uln—ng+1)
This is not TI.

e Memoryless: y[n] depends on the n** value of z only, 5o this is memoryless.

2.2. For an LTI system, the output is obtaired from the convolution of the input with the impulse response
of the system:

drl= 3> Hlkzin - &

k=x—oc
(a) Since hlk] # 0, for (Ng <n < Ny},
N,y
vinl= 3 hlkjzin - &)
k=N,
The input, z[r] # 0, for (N; < n < N3), 50
zin—k]#£0, for N < (n—k) < N,
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Note that the minimum value of (n — k) is N2. Thus, the lower bound on n, which occurs for
k=Ngis
N.. = No + Nz.
Using a similar argument,
Ns =N + N3,

Therefore, the output is nonzero for
(No + N3) < n < (N, + N3).

(b) If z[n] # 0, for some n, < n < {n,+ N — 1), and A[n] # 0, for some n; < n < (n1 + M — 1), the
results of part {a) imply that the output is nonzero for:

(no+m)<n<(no+m+M+N-2)

So the output sequence is M + N — 1 samples long. This is an important quality of the convolution
for finite length sequences as we shall see in Chapter 8.

2.3. We desire the step response to a system whose impulse response is
h[n] = e "ul-n], for0<a <1

The convolution sum:

vin] = D hiklzfn - K}

— - -1

The step response results when the input is the unit step:

1, forn>0
zln] = uln} = 0, forn<O

Substitution into the convolution sum yields

vinl= > o7*ul-Kuln - k]
k=—00
Forn < (O
y) = Y a7t
k=00
- i n"
e
T 1-a
Forn > 0:
0
wnf = 3 ot

. d
I
1

8

n
LI

-
|
)



2.4. The difference equation: 3
1
vin} ~ Juln = 2+ guln -2 = 22[n - 1

To solve, we take the Fourier transform of both sides.
Y{e™) ~ %Y(e"”)e-i” + %Y(e"")c*”“’ =2 X(e)e

The system function is given by:

H(e™)

1-3eiv 4 jemitw

The impulse response (for z[n] = &[n]) is the inverse Fourier transform of H (e?).
-8 8

14 Le-sw 1< Lee
4 2

Hie™) =

Thus, :
b} = ~8(3)"uln] + 8 sl =y [n]
2.5. (a) The homogeneous difference equation:
y[n) - Syln — 1] + 6yln — 2 = 0

Taking the Z-transform,
1-527'+6z72=0

(1-2:"H(1-32"")=0.
The homogeneous solution is of the form
yuln] = A1(2)" + A2(3)".
(b) We take the z-transform of both sides:
Y(z)[1 - 5z~ +627% =221 X(z)

Thus, the system function is

Y(z
H(z) = —X((z))
_ 2z-1
T 1-5z-1 4627
-2 2

T=21 T 1=

where the region of convergence is outside the outermost pole, because the system is causal. Hence
the ROC is Jz| > 3. Taking the inverse z-transform, the impulse response is

hfn] = —2(2)"uln] + 2(3)"uln].
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(c) Let zjn] = u[n] (unit step), then

1

and
- Y(z) = X(2)-H(z)
2271
(1-2z"1)(1 ~2z-%)(1 - 3z-1)°
Partial fraction expansion yields
1 4 3
Y(z) = 1-2-1 1-2z1 + 1-3z-1

The inverse transform yields:

y[n} = u[n] - 4(2)"u[n] + 3(3)"u[n]-
2.6. (a) The difference equation:
vl = 39in ~ 1] = zfn] + 22z{n 1)+ zfn — 2)
Taking the Fourier transform of both sides,
V()1 — gemi] = X()[1 + 2675 + %),
Hence, the frequency response is
Y(e?¥)
X (e3v)
1+ 2e~3w 4 gmiw
1- je~dw

H{ev)y =

{(b) A system with frequency response:

1-1e~dv 4 gmi3w
14 je=iv + de-itw
Y(e)

X(ev)

H(e*) =

Cross mﬂtiplﬁng,

V()1 + 567 + 7] = X (e[t - T 4 e,
and the inverse transform gives

vln] + 3310 — 11+ Joln ~ 2 = 2fn] - S2in - 1)+ 2fn - 3.

2.7. z|n} is periodic with period N if 2{n] = z{n + N] for some integer N.

(a) z[n} is periodic with period 12:
HER) = TN +N) _ i(fns2nk)

= owk = %N,for integers k, N
Making k = 1 and N = 12 shows that z{n] has period 12.



{b) z[n] is periodic with period 8:
R — JOFNA+N) 3 nsank)

= 27k = 3—:~N,for integers k, N

= N= gk,for integers k, N

The smaliest k for which both k and N are integers are is 3, resulting in the period N being 8.
(¢) =z|n] = {sin{wn/5)]/(#n) is not periodic because the denominator term is linear in n.
(d) We will show that z[n] is not periodic. Suppose that z[n] is periodic for some period N:

HEN o JGnHN) _ Jigatank)

== 27k = %N,for integers k, N

= N = 22k, for some.integers k, N
There is no integer k for which N is an integer. Hence z{n) is not periodic.

2.8. We take the Fourier transform of both A[n] and z[n], and then use the fact that convolution in the time
domain is the same as multiplication in the frequency domain.

s 5

He™) = 171w

Y(e*) = HE)X(E)
_ 5 1
T o d4lemw - lemiv
_ 3 2
= T¥iem 1-fe-

dirl = 23)ul] + 33wl

2.9. (a) First the frequency response:
Y(e) = 2V () + g Y () = 3HX(E)
Y(e™)

X{eiv)
-2
 Lae

H(e™)

1—Zemiv 4 ge-2v
Now we take the inverse Fourier transform to find the impulse response:

-2 + 2
1-1e-3v " 1—ge-

~2(3)"ul] + 2(3)"ulr]

H(™) =

hin]
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For the step response sin}:

s[n] = i hlk]u[n - k]

k=—o0
= Y k¥

k=—o0
=1 (/2
= 2177 uln+ 297 ufn]

_ 1 _olyn
= (4 -2 il
(b) The homogeneous solution ya[n] solves the difference equation when z[n] = 0. It is in the form
ya[n] = 3 A(c)", where the ¢'s solve the quadratic equation

] 1
Cz—'6-6+§—0

So for ¢ = 1/2 and ¢ = 1/3, the general form for the homogeneous solution is:
1 n 1 n
wln] = A:(3)" + 42(3)
(c) The total solution is the sum of the homogeneous and particular solutions, with the particular
solution being the impulse response found in part (a):
yin] = yaln]+ ypln]
1., 1., 1., 1.,
= A;('é) + Az(s) + 2(3) u[ﬂ] + 2(2) u[n]

Now we use the constraint y{0] = y[1] =1 to solve for 4, and Ay

yfo] = Ai+A4-2+2=1

y[l} = A/2+A4x/3-2[3+1=1
A1+ 4 =1
A /24 A3 = 2/3
With A; = 2 and A; = —1 solving the simultaneous equations, we find that the impulse response
is
yin) = 201" = G+ ~2(3) uln] + 2(5)"ul
2 3 3 2
2.16. (a)
yin] = Aln]szn]
= z afu[—k ~ 1Juln - k}
e=—o0
n
E af, n<-1
- E=—-x
= ~1
E at, n>-1
kz~—0
a!l
—_ < —
_ 1-1/a’ — 1
la n> -1
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(b) First, let us define v[n] = 2*u[-n - 1}. Then, from part (2), we know that

ap=sinfeotel={ " 25Ty

Now,

uln — 4]+ v[n]
win — 4]

{ -3 n<3
= 1, n>3

(c) Given the same definitions for v[n] and w{n]' from part(b), we use the fact that hln] = 2= lyl—(n-
1) = 1] = v[n — 1] to reduce our work:

vn]

z([n] * h[n}
z[n] * vin - 1]
win - 1]

2®, n<0
- { 1, n>0

yln}

(d) Again, we use v[n] and w[n] to help us.

yin) = zin]« hin)

(ufn] - ufn — 10]) = v[n]

win] - win — 10]

= (2" u[—(n+1)] +uln]) - (2" %u{—(n — 9)] + u[n — 10))
{ glr+l) _ 9{n-9) g < -2

1 - 29, -1<n<8
0, n>9
2.11. First we re-write z{n] as a sum of complex exponentials:
. am ejtn/( - e—jln/l
z[n] = sm(—z—) = 5 .
Since cornplex exponentials are eigenfunctions of LTI systems,

H{ai*/4 eiTn/s _ g e—ir/4 e—ivn/t
y["'} = ( ) 25 ( )

Evaluating the frequency response at w = +x/4:

1—-e97/2

‘:- = ———— 1- "} — —iw /e
H(e%) T 2(1 - j} = 2v2

. l_ej'lz i

~I3 —_— }) = =/
H{e 7%) T 15 2(1 + j) = 2V2¢

We get:

2@-1’1/133':»/4 - 2\/'2ej:/4e-—jtnji
yin] %

2V2sin(xn/4 — n/4).
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2.12. The difference equation:
yln) = nyln — 1} + z{n]
Since the system is causal and satisfies initial-rest conditions, we may recursively find the response to

any input.

(a} Suppose z[n] = é{nl:
y[n] =0, forn <0

yloj=1
yit}=1
yl2]=2
y3]=6
yl4]=24

y[n] = hin] = nlyjn]

(b) To determine if the system is linear, consider the input:
z|n] = adin] + bd[n]
performing the recursion,
yin]=0, forn <0
y[0j=a+bd
y[l]=a+b
(2] = 2(a + )
y13] = 6(a + )
y[4] = 24(a + b}
Because the output of the superposition of two input signals is equivalent to the superposition of

the individual outputs, the system is LINEAR.
(¢} To determine if the system is time-invariant, consider the input:

zin] = éjn - 1]

the recursion yields
yln] =0, forn <0
yl0] =0
yltj=1
y2j=2
y[3] =6
yl4] =24

Using hln] from part (a),
hin - 1} = (n = Duln — 1] # ylnlis[a=sin-1)

Conclude: NOT TIME INVARIANT.
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2.13. Eigenfunctions of LTI systems are of the form a®, so functions (a), (b), and {e) are eigenfunctions.

Notice that part {d), cos(won) = -5(e7*™ + e=#") is a sum of two a” functions, and is therefore not
an eigenfunction itself.

2.14. (a) The information given shows that the system satisfies the eigenfunction property of exponential
sequences for LTI systems for one particular eigenfunction input. However, we do not know the
system response for any other eigenfunction. Hence, we can say that the system may be LTI, but
we cannot uniquely determire it. == (iv).

{b) K the system were LTI, the output should be in the form of A(1/2)", since (1/2)" would have been
an eigenfunction of the system. Since this is not true, the system cannot be LTI = (i).

{c) Given the information, the system may be LTI, but does not have to be. For example, for any
input other than the given one, the system may output 0, making this system non-LTI. = (iii).
If it were LTI, its system function can be found by using the DTFT:

Y (&)

X(eiv)

1 _

1-3eiv

(3)"uln]

H(e™)

h(n]

2.15. (a) No. Consider the following input/outputs:
nlnl =] = bl = (§)"uln)
zaln) =8 —1] = gafn] = (" uln]

Even though z3[n] = 2:{n - 1], geln] #wln — 1 = (})"'uin - 1] :

(b) No. Consider the input/output pair z2[n] and y2[n] above. z3[n] =0 for n < 1, but y2[0] # 0.

{c) Yes. Since hn] is stable and multiplication with uln] will not cause any sequences to become
unbounded, the entire system is stable.

€.16. (a) The homogeneous solution yx[n} solves the difference equation when z{n] = 0. It is in the form
ya[n] = ¥ A(c)™, where the ¢'s solve the quadratic equation

1 1
Cz—zc+§—0

So for ¢ = 1/2 and ¢ = =1/4, the general form for the homogeneous solution is:
1 1
waln} = A1(5)" + 42(=2)"
(b) Taking the z-transform of both sides, we find that
Y(z){(1- -1-2'1 - %z'z) = 3X(z)

and therefore

H) = ;%
_ 3
T 1-1/4z71-1/822
_ 3
T Q41742731 -1/2z71)
1 2

T+ /4 | 1-1/22-
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The causal impulse response corresponds to assuming that the region of convergence extends outside
the outermost pole, making
heln} = ((-1/4)" +2(1/2)")uln]

The anti-causal impulse response corresponds to assuming that the region of convergence is inside
the innermost pole, making :

hacln) = —((-1/4)" +2(1/2)")u{-n - 1]

(¢) he[n] is absolutely summable, while h,.[n] grows without bounds.

{d)
Y(z} = X(2)H{z)
1

= 11 g+ bha-§)

13 2 2/3

= {7/t T ITi 1o

1,1, 1o 21,

viel = 3(3) uln] + 4(n +1}(3) ufn +1]+ 3(3) ufn]

2.17. (a) We have
n] = 1, for0<n<M
Tifl=1 0, otherwise

Taking the Fourier transform

M

R(e™) S emn

n=0

1 - c-j“(“+l)
1-emiv

a= c‘f*u ("-!FU - e—jﬁf'-u)

e — g—Iw

|
(L]
1
e,
g
€
—
£
o

(b) We have '
_f 3 +cos(3p), for0<ns<M
win] = 0, otherwise
We note that, . 9
wln] = rin] - 51 + cos(F7 )]

Thus,

R(e&)s Y %(1+m(3§))e-i~"
jo o 1 1 1 —sagpy -iv
R(E)s Y 5(1+§a +ge F)e

n=—o0

W(e™)

R(e™) (%J(W) + 58w+ %') + %5@, _ %))
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(c)
RO )
-—n TN \/\/’1 -
- n
AIWeEl® )
) .\/\/ \/\/. _
- T ©

2.18. h[n] is causal if A[n] = 0 for n < 0. Hence, {a) and (b) are causal, while (c), (d), and (e} are not.
2.19. h[n] is stable if it is absolutely summable.

{a) Not stable because h[n] goes to oo as n goes to cc.
(b) Stable, because k|n] is non-zero only for 0 < n < 9.

(c) Stable.
-) oc
Thinll= Y 3"=3 (/3" =1/2<
n n=--o0 n=l

{(d) Not stable. Notice that
5

3" Isin(xn/3)] = 2V3
n=0
and summing |hfn]| over all positive n therefore grows to oo.

(e) Stable. Notice that |h[n}| is upperbounded by (3/4)™, which is absolutely summable.

(f) Stable.
2, ,-5<n<-1
h{n]={ 1, ,0&n<4
0, ,otherwise
So 3" |h[n]| = 15.
2.20. (a)} Taking the difference equation y{n] = (1/a)y[n - 1} + z[n - 1] and assuming hf0] = 0 for n <0

B = 0

Al] = 1

h2] = 1/e

K3 = (1/a)

An] = (1/e)* uln-1]

(b) h[n] is absolutely summable if [1/a] <1 or if la] > 1
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2.21. For an arbitrary linear system, we have
yin] = T{zinl},
Let z[n] =0 for all n.
vin] = T{z(n]}

For some arbitrary z,{n], we have
win] = T{z1[n}}

Using the linearity of the system:
T{afn) + ziln]} = T{zlnl}+T{zn]}
= yln] +wln]

Since z{n) is zero for all n,
T{zln] + z:[n]} = T{n1[n]} = niln]

Hence, y[r] must also be zero for all n.

2.22. We use the graphical approach to compute the convolution:

yin] = sin]«hin)

o

= Z zlk]h[n — k]

k=—0oc

(2) yin] = zin] = h[n}
yin) = 8[n = 1} # h{n] = hln - 1]

(b) yln] = z[n] * hin]

(¢) yln] = zln] » hn]

(d) yln} = =in] » k[n]



39 3
oL T‘T .~
-2-IlOl23456 n
. -1
2.23. The ideal delay system:
yin] = T{zln]} = z[n — n}
Using the definition of linearity:
T{azi[n] + bzz[n]} = amin ~n.)+ bza[n — no)
= ay[n] + by2in]
So, the ideal delay system is LINEAR-
The moving average system:
1 uk
=T = ————— -k
sir) = Telnl = gy 3 #h K
by linearity:
1 &L
T{az,[n] + bz2[n]} Mor M+l k;ﬂl (azifn] + bz2[n})
1 Mo 1 Mz
M+ M+ 1 t__;m azn] + M +M:+1 I:EM;
= ayi[n] + byaln}

Conclude, the moving average is LINEAR.

2.24. The response of the system to a delayed step:

Evaluating the above summation:

Forn < 4
Forn=4:
Forn=5:
For.n = 6:
Forn=T:
Fon=8&
Forn>9:

vin}] = zin}+ hlnj

a0

S zlklhin - &)
= —c0

S ulk - 4lhln - K]

k=—o00

ynl=) hln—k]

k=4

yn] =0

y[n] = hi0] =1

yin] = A{1] + A0} = 2

yln] = A[2] + A1} + A{0] = 3

yln] = h[3} + A[2] + A[1] + hl0} =4

yln] = hidl + h{3] + R{2} + hli]+ A[0] =2

yin] = h[5] + Al4] + h{3] + K{2] + hf1]+hl0] =0

bzz{n]

17
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2.25. The output is obtained from the coavolution sum:

vin] = zln]xAin]

o0

= Y zikhin- ¥
= i z[k]u[n - k]
k==-o0

The convolution may be broken into five regions over the range of n:

yln]=0,forn <0

n
yn] = Do
k=0
— g{ntl}
= 1-a Jort<n< Ny
l-a
Ny
vin) = Y &
k=0

— p{MN1+1}
= ! la p ,for Ny<n< M,

1

N n
y[n} zla" -+ z gl N2)
k=0

=Nz
i- a(N;+1) 1- a(ﬂ+1)

1-a l1-a
9 . g{N1+1) L. gln+1)

= , for N3 <n < (N1 + Na)
l-a

N+ N2

Ny
a* + alk—Nal
$as'S:

k=N
Ny
= Za" + Z Nia™
k=0 m=0
Ny
= 2 Za"
k=0

] = g +D)
= 2( 1-a ),forn>(N1+Ng)

[}

yin]

2.26. Recall that an eigenfunction of a system is an input signal which appears at the output of the syste
scaled by a complex constant.
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{(a) zin] = 5™u[n}:

oo

3" hiklzln - k)

k=~a0

i KK} Fy[n — k]

k=—0o
= 5" Y Ak
k=—o0

Becuase the summation depends on n, z[n] is NOT AN EIGENFUNCTION.
(b) zin] = er2n;

H

vin)

i h{k]ern=H)

k=—o0

e2m N hjklem it
]

% . H(e)

It

y[n]

YES, EIGENFUNCTION.
(c) ejum +ej2un:

o oo
3 e 4 3 hlkjes2etnh)
k=—-o k=—-0
o0 ad
= &9 3 nlkjeik 4 2 N plk]em M
k=~oo k=—oc

= evn. H(eW) + R H(e™)

It

yin]

Since the input cannot be extracted from the above expression, the sum of compiex exponentials
is NOT AN EIGENFUNCTION. (Although, separately the inputs are eigenfunctions. In general,
complex exponential signals are always eigenfunctions of LTI systems.)

(d) z[n} =5™

yln] = Z h[k}5(=*)

k= —o0
= 5" Y Ak)s
YES, EIGENFUNCTION.
(e) z[n] = 5mei2n:
yln] = O hlkJsinHeiin-h)
' k=—-o0
= §nefn N hfkjsTremIk

YES, EIGENFUNCTION.
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2.27. e System A:
1
zln) = (3)"
This input is an eigenfunction of an LTI system. That is, if the system is linear, the output will
be a replica of the input, scaled by a complex constant.
Since y[n] = ()", System A is NOT LTL

e System B: -
z[n] = e™™/%uln)

The Fourier transform of zfn] is

i eynjeton

n=-—0od

o
= 3 enitemiin
n=0
1
1- e-.ﬂ‘l’-i’) ’

X (&%)

The output is y[n] = 2z[n], thus

- 2
L N —
Y(e¥) = 1 - eitw=$)"
Therefore, the frequency response of the system is
; Y (e'v)
at
H(e) X(e)
= 2

Hence, the system is a linear amplifier. We conciude that System B is LTI, and unique.

e System C: Since z{n] = ¢7*/% is an eigenfunction of an LTI system, we would expect the output to
be given by _
o} = 2e™",

where 7 is some complex constant, if System C were indeed LT1. The given output, yln] = 25778,
indicates that this is s0.
Hence, System C is LTI. However, it is not unique, since the only constraint is that

H(e"Wumiys = 2.

2.28. z[n] is periodic with period N if z[n] = z[n + N] for some integer N.
(a) z{n] is periodic with period 5:
SN = JOFNR4N) — S nt2xk)
= 2rk = %N,for integers k, IV

Making k = 1 and N = 5 shows that z{n] has period 5.
(b) z{n] is periodic with period 38. Since the sin function has period of 2=:

z[n + 38] = sin(x(n + 38)/19) = sin(xn/19 + 27} = z|n]
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(c) This is not periodic because the linear term n is not periodic.
(d) This is again not periodic. e’ is periodic over period 2, so we have to find k, N such that

z{n+ N] = e‘i(ni—N) = cj(n-l-!fi)
Since we can make k and N integers at the same time, z{n] is not periodic.

2.29.

IREREEN.
* Iy
-2 3356
s 9090 9|
=*9%1 23 475
(c) 10
Tlrz
@) 1999
-*1 012
{c) b
- —y—tt— 00—

2.30. (a) Since cos(xn) only takes on values of +1 or -1, this transformation outputs the current value of
z[n] multiplied by either 1. T(z[n]) = (-1)"z[n].

o Hence, it is stable, because it doesn’t change the magnitude of z[n] and hence satisfies bounded-
in/bounded-out stability.

o It is causal, because each output depends only on the current value of z[n).

o It is linear. Let y3]n] = T(z1[n]) = cos(xn)z:[n], and yz[n] = T(z2[n]) = cos(mn)zz[n]. Now

T(ax1[n] + bxz[n]) = cos(xm){az;[n] + b22[n}) = am [n] + dy2(n)

o It is not time-invariant. If y[n] = T(z{n]) = (-1)"z[n}, then T(z{n - 1)) = (~1)zin - 1} #
y[n - 1}. . :
(b) This transformation simply “samples” z{n] at location which can be expressed as k.
o The system is stable, since if zin] is bounded, z[n?] is also bounded.
e It is not causal. For example, Tz{4] = z{16].
o It is linear. Let y1ln] = T(z:1[n]) = 2:[n?], and w2[n} = T(22[n]) = zz{n?]. Now

T(oz:[n] + bza[n]) = az:n?] + bz2{n®]) = ayy[n] + Byain]

o It is not time-invariant. If y{n} = T{z[n]} = z{n?), then T(z[n — 1J) = z{n® - 1] # y[n -1}
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{c) First notice that
Y éln - K] = uln]
k=0

So T(zn]) = z{nuln]. This transformation is therefore stable, causal, linear, but pot time-
invariant.
To see that it is not time invariant, notice that T'(8[n]} = é[n], but T(8[n+1])) =0.
(4) T(zfn]) = Titn-1 (K]
» This is not stable. For example, T'(u[n]) = oo for allm ; 1.
o It is not causal, since it sums forward in time.
» It is linear, since

i a::;[k] +b:z[k] =a i 31{k1 + b Z :2[*:1
k=n—1 k=n~1 k=n-—1
o It is time-invariant. Let o
vinj = TGl = 3 : z[k),
k=n-—
then -
Thn-nol)= 3 zlk]=yln—nol
k=n-ng-1

2.31. (a) The bomogeneous solution yxn] solves the difference equation when z[n] = 0. It is in the form
yr[n] = T A(c)™, where the s solve the quadratic equation

1 2
C2+T5-C—g-0

So for ¢ = 1/3 and ¢ = —2/5, the general form for the homogeneous solution is:
= 4G+ A1)
yp‘[ﬂ.] =M 3 2 5

{(b) We use the z-transform, and use different ROCs to generate the causal and anti-causal impulses
responses:
1 _5/11 6/11

Biz) = (1-1z1)(1+%:7) T1-1z 142!

helo] = = 3ol + (=g "uir]

buddn] = = (3an = 1) = (- "uln =1

(¢} Since hc|n] is causal, and the two exponential bases in h.[n] are both less than 1, it is absolutely
summable. hoc[n] grows without bounds as n approaches —oo.

(d)
Y(z) = X(2)H(2)
1

1-3z70 (1-§71)(1+3z7)
-25/44 _55/12 27/20
T=1/az-1 T 1+2/5z-1 & 1-3/5z1

sl = R(hyrulnl + S5(-2)muln] + 553 el




2.32. We first re-write the system function H(e™*):

i ; (14 e 4 gemiv
H{ew) = &*4.e ( T3 e )
e 1G(e)

Let y;{n] = z[n] * g[n],. then

™ ejrn/2 -+ c—j!ﬂ[!
z[n] = Oos(?) = 5

G(ejrjz )cj:nlz + G(c'j'/z)e'j'"fz
2

nhl =

Evaluating the frequency response at w = 2w f2:

1+e” 4+ k'jz') = 8e=I*/2
1+ je~i*

G(e'3) = e-ﬁ(

G(e™7#) gei*/2

Therefore,

yl[“] = (8ej(rn/2-t]2) +Sej(—rn/2+t/2))/2 - Scos(g—n - %)

and _ ‘ . .
yln] = "/*yln] = 87"/ cos(zn — 3)

2.33. Since H(e~7) = H*(e'), we can apply the results of Example 2.13 from the text,

yir) = 1B (% Yeos(Gon+ T + LHEF))

To find H(e¥), we use the fact that H(e’) is periodic over 2, $0
HEH) = H(e %) =¥

Therefore,
x 11n

An 2n 37
yin}= cos(-:!—n +3 + -3—) = cos(-i—n + -i-z—)

2.34. (a) Notice that
z[n] = zoln — 2} + 2z4fn — 4] + zoln — 6]

Since the system is LTI,
vin} = voln = 2} + 2y0fn — 4] + oln - 8],

and we get sequence shown here:

2




(b} Since

vo[n] = —1zo[n + 1] + Tofn — 1] = zon] * (=8[n+1]+8n-1}},
Rin] = ~8[n + 1] + &[n — 1]

2.85. (a) Notice that z;[n] = z2fn] + z3[n + 4}, so if T{:} is linear,

T{ﬂ?l[ﬂ}} = T{Iz{ﬂ]} + T{Ia[ﬂ -+ 41}
va[n] + ys[n + 4]

From Fig P2.4, the above equaﬂty is not true. Hence, the system is NOT LINEAR-
(b) To find the impulse response of the system, we note that

§[n] = z3fn + 4]
Therefore,

y;[n + 4]
34[n + 6]+ 28[n + 5]

T{s[n}}

{c) Since the system is known to be time-invariant and not linear, we cannot use choices such as:

8{n) = ny{n] — 23]

and 1
dn] = izg[n + I

to determine the impulse response. With the given information, we can only use shifted inputs.

2.36. {a) Suppose we form the impulse:

1 1

d[n} = 5::1[1:] - -2-::2{11] + z3[n)

Since the system is linear, . )
L{8[n]} = gwln] - g¥2ln] + wlnl
A shifted impulse results when:
1 1
6[1’1 - 11 = ---2'-21[!1] + 5.1:2[71]
The response to the shifted impulse
1 1
L{dn=1]} = ——2—y1[n] + Eyg[n]

Since,
L{3[n]} # L{sin - 1}}
The system is NOT TIME INVARIANT.
(b) An impulse may be formed:
' 8lnj = %zl[n] - %:g[n] +z3ln]

since the system is linear,

L{5[n}}

H

Lyain] - gualn] + wain]
= hin]
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from the figure, R
1[n] = =8[n + 1} + 33|n] + 33[n - 1] + 8[n — 3]
32[n] = —8fn + 1] + §[n] — 38[n — 1) — é[n - 3]
vs[n) = 28[n + 2} + 8[n + 1] - 35[n] + 28[n - 2]
Combining:

‘hjn] = 28[n + 2]+ 8[n + 1] - 25{n] + 38[n - 1]
+25{n - 2] + d{n - 3]

2.37. For an LTI system, we use the convolution equation to obtain the output:

oo

yinl= > z[n - K)afk]
letn=m+ N:

oo

ym+ N} = 3 szim+ N - khlk]
k=-o0

= Y z[(m- k) + Nhjk]
k=—oc
Since z[n] is periodic, z[n] = z[n + r N for any integer 7. Hence,

L]

S z[m - k]hlk]

k=00

y[m]

ylm + N)

So, the output must also be periodic with period N.

2.38. (a) The homogeneous solution to the second order difference equation,
3 1
vin] = gyln — 1]+ guln - 2] = 2zfn - 1),

is obtained by setting the input (forcing term) to zero.

3 1

yinl-Syln -1+ -yn-2]=0

4 B

Solving,

3 0,1 a_
1—42 +§Z =0,
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(b)

- -;-z"l)(l - i—z") =0,
and the homogeneous solution takes the form
1 1.
wln] = Au(3)" + Az(3)%

for the constants A; and A,.

Substituting the intial conditions,
-1 = .A;(%)'1 + Az(}li)_l =1,
and
yh[O} =A+Az= 0.
‘We have
24, + 44, =1
A+ Az = Q
" Solving,

A]_ = —'1/2
and

A: = 1/2.

(c)

(d)

Homogeneous equation:
1
yln] ~yin - 1+ gyin - 2] =0
Solving,

1-2z7t +§z'2 =0,

(- %z'l)(l - %z'l) =0,
and the homogeneous solution takes the form
wafn] = Ax(%)”-
Invoking the intial conditions, we have
wi-1]=241=1
yu[0j=A1 =0

Evident from the above contradiction, the initial conditions cannot be met.
The homogeneous difference equation:

1
yin] - yln - 1)+ gu{n - 2] = 0
Suppose the homogeneous solution is of the form
1 1
aln] = 4 (5)" + nBi(3)"
substituting into the difference equation:

yaln} - gnfn - 1] + -::y,.[n -2]=0

MG B - M) (- B3

I

1 ln—2 _]; - E n—2
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{e) Using the solution from part (d):
1 1
yafn] = Al('j)n + ﬂBx(E)ﬂ,

and the initial conditions

wm[-1=1
and
‘ yh[O] = 0,
we solve for A; and B;:
A =0
Bl = "1/2.
2.39. (2) For z;[n] = 8fn],
151 [01 =1
wll] = ayld]=e

For zz[n] = é[n— 1},

wo =1
w] = ayl0]+z(lj=a+1# wnio0]
Even though zz[n] = z:1{n = 1), y2[n] # y2{n — 1]. Hence the system is NOT TIME INVARIANT.
(b) A linear system has the property that
T{az:[n] + bzan]} = aT{z:[n]} + 8T{z2(n]}}
Hence, if the input is doubled, the output must also double at each value of n.
Because y[0] = 1, always, the system is NOT LINEAR.
(c) Let 23 = azn,[n] + Bz2[n}.
Fornz>0:
winl = zsin]+ayin - 1]
= ozi[n] + Bzaln] + a(zsln - 1] + ys[n — 2J)

n-1 n=1

= «a Z a*zifn - k] + ﬁza"::g[n -k}
k=0 £=0

= a(hin] » z:[n]) + B(hin] * z2[n})

= apln] + Byz[n}.
Forn <O

nin) = o 'win+1-zsin)
= —a Y dnn-kH-p) d'nln-4
k=-1 k=-1

= ayln]+ Byaln]-

Forn=0:
win] = nin] = winj =0
Conclude,
ysin] = awin] + Byain], for all n.

Therefore, the system is LINEAR. The system is still NOT TIME INVARIANT.
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2.40. For the input

cos(n)uln]
= (1w,

x{n]

the output is

!

i G2 ulk)(=1Y"Muln - k]

k= —o0

) SurEnT
=0

yir)

1

(- 1)"2(-1‘/2)"

= " (1 i il,z/);w)

For large n, (—3/2)("*1) -+ 0. Thus, the steady-state response becomes
I 0 i
vill = 137572
cos{mn)
1+3/2

2.41. The input sequence,
- <]
z[n] = Z 5[n + 16k],
k=—-00

has the Fourier representation

X&) = i i &[n + 16k)e™"

n=-—o0 k=-—0c

2 6(&5 + = 27I’k

k=—o0

]

Therefore, the frequency representation of the input is also 2 periodic impulse train. There are 16
frequency impulses in the range —F SwW S 7.

We sketch the magnitudes of X(¢’*) and H (e#¥):

jow
{H(e J\' T xd®
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From the sketch, we observe that the LTI system is a lowpass filter which removes all but three of the
frequency impulses. To these, it multiplies a phase factor e ™73,

The Fourier transform of the output is
. 1 1 _.q= 2x
" — e —_— -Jh‘ ——
Y(v) = 166(&))"' 16‘ $w 16)
1 ﬁ 2%
+~1—6e’ &{w+ 16)

Thus the output sequence is
] = 1 +lcos(2——m+3—’r)
O R T R ST X

2.42. (a) From the figure,

I

(zln] + z[n] « hi[n]) = k2 [n]
(zfn] * (3in} + huln])) « hzln].

Let h[n] be the impulse response of the overall system,

‘y[n] = z{n] » hin}.

yln]

Comparing with the abov'e expression,

hin] = (§{r]+ ha[n]} = haln]
hg[ﬂ] +h [ﬂ] * hzlﬂ]
= a"uln]+ i Yufn - 1).

(b) Taking the Fourier transform of h[n] from part (a),

Z h[ﬂ] e-un

H{e*) =
= E a"ufn]e™ " + 8 Z a‘“"’u[n— 1je~ "

) )
= T amemin gy altlei,
n=0 =0

where we have used ¢ = (n — 1) in the second sum.

) 1 Be—iv
w s
B() = -5 T T-aer
1+ B
rpapoet for jaf < 1.

Note that the Fourier transform of a™ufn] is well known, and the second term of hin] (see part (a_))
is just a scaled and shifted version of a™ufn]. So, we could bave used the properties of the Fourier
transform to reduce the aigebra.

(c) We have

H(e™)

¥



cross multiplying,

Y(&)[1 - ae~#] = X ()1 + Be™]

taking the inverse Fourier transform, we have

(d) From part {a):

yin] ~ ayln — 1} = z[n} + Bzln - 1}-

hin] =0, forn <0.

This implies that the system is CAUSAL.

H the system is stable,

2.43. For (-1 < a < 0), we have

(a) real part of X{&™}):

{b) imagipary part:

{c) magnitude:

(d) phase:

2.44. (a)

(b)

its Fourier transform exists. Therefore, the conditi
same as the condition imposed on the frequency response

Xp(e®) = 3-X(E)+ X0 ()]

1 - acos(w)
1 - 2acos(w) + a®

Xi(e) = %-[xw”)—r(eﬂn

—asin{w)
1 - 2acos(w) + a?

X&) = (X)X ()}

= (1—2acols(w)+a2)

(X () = um( —a sin(w) )

1 - acos(w)

E z[n]e"-"""‘i.,ﬂ
Z z{n]

= 6

X (c’w) lw=0

E z[n]e"""
T =l(-1)"

= 2

X (&) lu=r

i

on for stability is the

of part (b). That is, STABLE, if ja| < 1.



(¢) Because z[n] is symmetric about n = 2 this signa! has linear phase.
' X(*) = Alw)e 7
A(w) is a zero phase {real) function of w. Hence,
(X(P)=-2w, -x<w<lrx
()

f ) X(¢)e " dw = 27z[n]

forn=0: .
/ X(e5)dw = 2xz[0] = 47
(e) Let y[n] be the unknown sequence. Then
Y{e') X (e )
= z z[n}e?"

= Zz[-n]e'j“"
= 3 ylnle "

H

Hence y{n] = z[—n].

(f) We have determined that: _ )
X{(e~) = Alw)e™ ™

Xg(e™) Re{X (™)}
Alw) cos(2uw)

%A(w) (% + e77%)

Taking the inverse transform, we have

1 i 1 1
Ea[n +2]+ Ea[n -2]= ;2-::{11 +4] + Ez[n]

. 2
12 ¢! I * 1

0

31
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2.45. Let z[n) = 8[n}, then
x(e) =1

The output of the ideal lowpass filter:
W(e*) = X(e)H(E¥) = H(&)

The multiplier: '
(-1)*w[n] = e I win]

causes a shift in the frequency domain:

W) = Hie“™™)

The overall output: .
y[n} = e~ win] + win]

Y{e) = B(e“™) + H{ev)
Noting that:

jlw—-x 11 IS S

Y(ev) = 1, thus y[n] = &in).

2.46. (a) We first perform a partial-fraction expansion of X(e/):

. 1-a®
X)) = {1 - e T }{1 —ae’¥)
_ 1, ae’”
= J<ae-iw  1l-oae¥
zjn] = c"uln]+ a "u[-n -1}
"= o™
(b)
L [7 x(e N R A e
e _'X(e’ )eos(w)dw = o= ﬂX(e’) 3 dw
= Y= 'X(cj”)cj”dw+—1— 'X(ef“)e-i“’m)
To2\2x /. 27 o
= a1+ 1)
1
= = In-1| |n+il
2(cr. +almt)
2.47. (a)

yin] = zln]+2zlr- 1] + z[n — 2]

z{n] = Aln]

z[n] + (8{n] + 28[n —~ 1} + &fr - 2}}
8ln) + 25[n - 1] +48[n-2j

hin]

i

(b) Yes. h[n] is finite-length and absolutely summable.



{©)
H(EY) = 14275 e
- 1 ju _1_ -
2e7? (Ee’ +1+ 26 )
= 2¢7(cos(w)+1)

(d)

|H (™)
LH ()

2(cos{w) + 1)

—w

0 u

Magnitude

X

()
1

2 <2x>>

_ _1_ H(ej(u+w )ejwndw

2x <2x>
1

E <iz>

AL R (0 V¥
27 <2n>

—1%hn]

5[n] — 28[n — 1]+ &{n — 2}

hn] = Hy (/) dw

H(&H@)e =" du

[

n

2.48. (a) Notice that

s[n} = 1+ cos(xn} = 1+ (-1)"
S(e)y=2my &w—kr)
k

(b) Since yln] = z{n]s[n],

Y(e) = % /_:sw’)xw(“-'))@




1

27 J

i S(e7) X (7 )dw

X(e) + X (=)

Y {(e’“) contains copies of X (e?*) replicated at intervals of =.
(c) Since wir] = y{n] + (1/2)(yln + 1] +y[n - 1]},

(@) The following figure shows X (e*), Y (e}, and W(e') for a < 2 and a > 2. Notice that

So, for @ > 2, Y(e’¥) contains two non-overlapping replications of X(e’*), whereas for ¢ < 2,
“aliasing” occurs. When there is aliasing, W (e’“) is not at all close to X (¢’“). Hence, o must be

W(e')

X(&v) = {

Y(ev) + % (Y () + Y ()

Y (7)1 + cos(w))

greater than 2 for win] to be “close” to z[n).

15

X&)

wie')
~

L]

2.49.

X, Y, and W for a<2

6
i‘
s
0
—2 o 2
(-]
6
j.:4
Ea
_—
0
-2 o 2
©
10
g 5
o
-2 o 2
[}

(a) We start by interpreting each clue.

(i) The system is causal implies

1, jw|<x/a,
0, rla<jw|2~

-2

-2

/]

-2

hin]=0forn <0.
(ii) The Fourier transform is conjugate symmetric implies hn] is real.
(iii) The DTFT of the sequence hfn + 1} is real implies Aln + 1] is even.
From the above observations, we deduce that A[n] has length 3, therefore it has finite duration.

XY, andWforas2
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(b) From part (a) we know that hln] is length 3 with even symmetry around h{1]. Let Ao =h[2}=a
and A[1] = b, from (iv) and using Parseval’s theorem, we have

2% +b* = 2.
From (v}, we also have
2a-4=0.
Sclving the above equations, we get
1
Al)) = —=
o= 7
2
Al = —=
W=7
1
W2 = —&
W=
or
1-
o] = -—
=%
2
hil] = -—
= -7
1
Al2] = ——.
2 V3

2.50. (a) Carrying out the convolution sum, we get the following sequence gln):

4 4
L N
3 3

L Hff, n

01 2 3 4 5 6 7 8 9 10
(b) Again carrying out the convolution sum, we get the following sequence r[n]:

4 4 4 4 4 4 r[n]
3 3
G HTTT
0 1 2 3 45 6 7 8 9 10 11112113114f41516
-8
-12

-16




(c) Let aln] = v[—n] and b[n] = w[-n], then:

400
G[ﬂ] * b[n] = z ﬂ[k]b[n _ k]
k=—oo
+o0
Z v[—kjwlk — n]
= f v[rjw{-n — r] where r = —k

re=—oo

= q[-n].
We thus conclude that g[—n] = v[-n] + w[-n].

2.51. For (-1 < a <0}, we have

X(c"") = 1 — ge=iw
(a) real part of X (e%):
Xa(e™) = 3 [X(@)+ X))
1 — acos{w)

1 — 2a cos(w) + a*
(b) imaginary part:
fu? — _l_ fwy _ M fu?
Xi(e¥) = % (X (™) - X~(e)

—a sin{w)
1 — 2a cos(w) + 62

{(c) mggnitude:
X&) = X)X (N

(1 - 2a.coi(u) +a’)*

(d) phase:

LX(F*) = arcta.n( ~asin(w) )

1—acos(w)

2.52. z{n] can be rewritten as:

2n) = cos(S3)

= cos(T)
B
7 T2

We now use the fact that complex exponentials are eigenfunctions of LTT systems, we get:
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P L o s b o -
-if ¥
e 7 + ¢! 5
ei("}""i’) c—j(ll‘_*)
7t T2
x 1
cos(5(n - 3)-

yln]

2.83. First z[n] goes through a lowpass filter with cutoff frequency 0.57. Since the cosine has a frequency of
0.6, it will be filtered out. The delayed impulse will be filtered to a delayed sinc and the constant will
remain unchanged. We thus get:

_, 5in{0.57(n — 5))

vl =3— g~ **

yln} is then given by:

sin(0.57(n = 5)) _ ssin(O.Sfr(n —6)

yln]=3

x(n—5) x(n —6)
2.54.
dnf = eos(ign -3

™m 7

= os(-7 - 3)
4 3

_ e’i‘e’gf c'Ji'e’J"f

- 2 2

Using the fact that complex exponentials are eigenfunctions of LTI systems, we get:

"J‘E e-j’%

¥ ¢ IR
e""l"eﬁ;, L emits

]

y(n]
e iKd P i I
7t 2
. eI T - i
= e"f(e’ : + ;

3% os( ™R 4 2T
e cos(4+24).

)

2.55. Since system 1 is memoryless, it is time invariant. The input, z{n) is periodic in w, therefore win] will
also be periodic in w. As a consequence, y[n] is periodic in w and s0 is A.

2.56. (a)

i

yinl = Aln]s (e~ ln))

f e~k y[klh[n — K]

k=—00




Let z{n] = az:[n] + bza(n], then:

yln] = hin] = (e77“°"(az1[n] + bz2(n]})

+w .
3 emivek(az, k] + bza[k]hin - K]

kx—oo
= @ f e~z (k]hln ~ k] +& § e~k zy[klhin — k]
k=—cn> k= =00
= ayn] + byaln]

where y;[n] and ys{n] are the responses to z:([r] and zz{n] respectively. We thus conclude that
system S is linear.
(b) Let zz[n] = z[n — ng]. then:

v2[r] hin] & (e~ 7"z]n])

= +z°° e iwe(n=R) g, [n — k]h[k]

k= -0

= g e~ iw(n=Fgln — ng — k}hik}]
k=—o0
# yln—na}

We thus conclude that system S is not time invariant.

(c) Since the magnitude of e~#*" is always bounded by 1 and h[n] is stable, a bounded input z{n]
will always produce a bounded input to the stable LTI system and therefore the output yin] will
be bounded. We thus conclude that system S is stable.

{d) We can rewrite y[n] as:
vin] = Aln)x(e77"zin])

+ 00
= Y eriwin=Haln — kjhlk]
k= =00

i . N
= Y emiwnelotain - kjhlk]
k=—m

= g Jwen f ek zn — k]h(k].

k=—o0

System C should therefore be a multiplication by e~ iwen,
2.57. (a) Hy(e™*) corresponds to a frequency shifted version of H(e'“), specifically:
Hy(e*) = H(&W™).

‘We thus have:
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wyv_J O lw <087
HI(C"”) - { 1, 08x S i“"l ..<. T,

This is a highpass filter.

Hy(e?*)

1

—p 2}

—-x =08« 0 08r ¥
(b) Ha(e*) corresponds to a frequency modulated version of H(e), specifically:
Hy(e™) = H(e™)} » (§(w — 0.5%) + §(w + 0.57))  where | <.
We thus have:

0 , jw <03
Hy(e*)=¢ 1 , 03x<|wj<07n
0, 07r<w| &
This is a bandpass filter.

Ha(e?)

1

— L)

-7 —07r —03x 0 03x 07x 7

(¢) Ha(e’™) corresponds to a periodic convolution of Hy,(e”) with another lowpass filter, specifically:

Bae) = o [ BBl d

-

where H(e/¥) is given by:
v _J 1, |wl<0lx
H(e®) = { g0, Olx<j<x

Carrying out the convolution, we get:

01 , | <0lx
Hy(e*)={ =¥l +015 , 0lx<jw| <03
0, 03r<w <.




4 Ha(e?)

2.58. Note that X () is real, and Y(e/“) is given by:

wy_ | —iX(&¥) , O<w<x
Y(e,)—{+jX(e5“') , =7 <w<O.

win) = z{n| + jy{n], therefore: _ _ .
W(e'™) = X{e¥) + jY ().
Using the above, we get:

Ve X&) , O<w<sx

e )'{ “X{e®) . -m<w<O.
We thus conclude:

ey _ | 2X(e™) , O<w<w

W(ej)-'{ 0, - r<w<0
2
- W
- 0 @y T

2.59. (a) Using the change of variable: r = —k, we can rewrite R:[n] as:

o0

R,[n) = z z*{—rlzfr — r] = £*[~n] » Z[n].

We therefore have:
gin) = 2"[n]
(b) The Fourier transform of z*[—n] is X*{e), therefore:
R.(e™) = X*(“) X () = X ().

k=4

2.60. (a) Note that z3[n] = ~ 3,7, z{n — k]. Since the system is LTI, we have:

k=4
wain] = -3 yln - &)



2.61.

2.62.
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(b) By carrying out the convolution, we get:

-1, n=0n=2
hjn]=¢ -2 , n=1

0 , ow.

The system is not stable, any bounded input that excites the zero inpat response will result in an
unbounded output. '

The solution to the difference equation is given by:
yln} = ysir [n] + ysur(n]

where y,-[n] is the zero input response and Yzar[n] is the zero state response, the response to zero initial
conditions:

Viir[n] a(%)" where a is a constant determined by the initial condition.

Vewln] = (g)"uln] = zlnl

An example of a bounded input that results in an unbounded cutput is:
z[n] = é[n + 1}
The output is unbounded and given by:
. ¢Linn _l 1.,
yin = Gl + 1 - 3"

The definition of causality implies that the output of a causal LTI system may only be detived from
past and present inputs.

The convolution sum:

3 hlkletn -

yin] =
-1 -]
= Y hiKjzln - K+ Y hlklzin — K]

Note that the first summation represents a weighted sum of future values of the input. Thus, if the
system is causal,

-1
Z hik}z{n — k] = 0.
k=—o0
This can only be guaranteed if h{k] = 0 for n <0.
Using reverse logic, we can show that if h[n]=0forn <0,

a0

yin] = Y Afklaln — &}

=0

Since the copvolution sum specifies that the input is formed from past and present input values, the
system is, by definition, causal.
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2.63. The system could be LTI. A possible impulse response is:
1 1.,
Mn) = (6n] - géln—1)+(3)

Gr -3

2.64. Let the input be z[n] = &[n — 1), if the system is causal then the output, yin], should be zero forn < 1.
Let's evaluate y{0}:

1 [*,
W) = 5 | Y()d

xJ .
' O )

= _/ e"“’e"""’zdw
27 J _«

_2

3

# 0.

This proves that the system is not causal. -

2.65. z,{n] is even-symmetric around n = 1.5, furthermore since 3_1{n] < 0 and we want A;{0) > 0, we
peed to include a # factor in the phase. An appropriate choice for 6, {w) is therefore:

Hiw)= —g-w-wr hat < 7.

4 6:(w)

NN
\Iw

"l

27

Wl o

2,[n] is odd-symmetric around n = 3, therefore:

Ba(w) = —3w + g o] < 7.



4 8;(w)

{ |
L] win O (L] »
e
wafn /
/ |
ol /
. 'E
vl
P
€

2.66. (a)
E(@¥) = H()X(e)
F(ev) = E(e™)
= Hy{e ™)X {e™)
G(e¥) = H:(e"_”)F(e"“)_ _
= Hy(&V)Hi(e7 )X (™)
Y(e*) = G(e™)
= Hy(e W)H ()X (€).
(b} Since: _ ) '
Y{(e) = Hi(e ) H (V) X (),
We get:

H(e™™) = Hy(e™ ) Hy (™).
{¢) Taking the inverse transform of H(e?), we get:
h{n] = hy[-n]* hi[n].

2.67. (a) Using the properties of the Fourier transform and the fact that (—1)? = &7™", we get:

V(e-"") - X(cj(w+i))

Wi(e™) = Hi(e¥)V(e™)
= Hy(e”)X(e“*")

YY) = W)

By (e~ X ()

H(e?)} is thus given by:
H(e™) = Hy(efv ™).

(b)
H(e®) = Hy(&W™).




With the given choice of Hy(e%),

jur 0" - e
H(€)={1 , -l:rﬂl-i:q‘::}s:r.

4 H(e)

+1

> W

- =T+ W 0 R—w X

2.68. If z,{n] = z3[n], w1 {n] and wz[n] will not be necessarily equal.

wifn] = z=[-n-2]
wn] = Ff-n+2]
# z[-n-2

A simple counterexample is T, [n] = z2{n] = §[n]. Then:

§[n+2]
éfn — 2)-

wy[n)

wa[n]

2.69. (a) The overall system is not
nin] = znl
1aln] z[n]

yin] = ninhwln] = 2*(n)

which is not a linear system, therefore the system is not LTL.

(b)
Yi(e®) = Hi(e)X()
Ya(e¥) = Haie*)X(e)
Y(e¥) = Yi(e®)sYale™).
Using the above relationships, we get:
. _ [ unspecified , 0<w|<06
Y )‘{ 0 obrepln

2.70. The first difference:
y[n] = V(z{n]) = t[ﬂ] - I[H - 1].

guaranteed to be an LTI system. A simple counterexample is:



{a) To determine if the system is linear:

az,[n] + bzz[n] — az1[n — 1} — bza[n - 1]
a(zafn] - za[n — 1]} + b(z2(n] — 22ln — 1))
V(az; [ﬂ]) + V(ﬂg [ﬂ}).

it

V{er;[n] + bzzfn))

Therefore, the system is LINEAR.
To determine if the first difference is time invariant:

Vizin-1) = zin-1]-z[n-2]
= yln-1]
The system is TIME INVARIANT.
(b) The impulse response is obtained by setting the input to z{n] = é[n},
yin] = hin] = 8ln) - §[n - 1]
{¢) Taking the Fourier transform of the result of part (b), we find that the system function is
H{e)=1-e"3
Thus the magnitude of the frequency response is
HE) = V=P -e)

V2 - 2cos(w).

il

wa}

We calculate the phase of the frequency response:

H(e) = (1 - cos(w)) + j sin(w)

Thus, sin(w) )

LH(E) = arctan (—1 ~cos()
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§ LH(e™)
H
- W
- 0 s
-3
{d) In general,
Vizfn]) = z[n]*(8[n] - éln - 1]
= zn} - z[n-1].
So, for zfn] = f[n] * g[r},
V(zln]) = fin}=gln] = (8ln] - Sln - 1))
= f[n]* V(gin])
V(f[n]) * oln)-

Where we have used the commutivity of the convolution operator to obtain the last two equalities.
(¢) We desire the inverse system, h;[n], such that

hifn] + V(z{n]) = z[n]
The inverse system must satisfy:
hi[n] * h[n] = d[n],

in the frequency domain, ) )
H(e¥)H(e¥)=1.

Recall from part {c), _ .
H(e*)=1-¢e".

So, .
it erem
and
hi[n] = uln}.

Hence, the unit step is the inverse system for the first difference.
2.71. For impulse response hin}, the frequency response of an LTI system is given by
- m .
H(e)= Y hlnle™™"
n=—00
(a) Suppose the impulse response is h* [n],

i h*[nje "

nx -0

( _i h[n]e-""")

= H(e).
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(b) We have | ]

( i h[n]e"""“)
£ s

n=--00

il

H*(e")

If hin] is real,

E hln]e™"

n==00

= H(e").

H™(e)

Hence, the frequency response is conjugate symmetric.

2.72. The analysis equation for the Fourier transform:

o

Xy = 3 zlnje "

n=—0o0

(a) The Fourier transform of z*[n],

$ v = (5 o)

T = X':Tc-’e:”").
(b} The Fourier transform of z"{—n],
i *{-nle " = \:j z* [f]e?!
= f: z[i]e'j”‘)-
- X,
2.73. From property 1: -
XHe )= 3 2"nlen”
for z{n) real, z[n] = z"[n), so T
X e ™) = i z{n)e~ 7"
- X

Thus, the Fourier transform of a real input is conjugate symumetric.
X(e) = Xgle™) + i X1(e?)
X*(e7¥) = Xgle™) = 1 X1(e*)




From property 7, X (e*) = X*(e~#) for z{n}] real. Thus,
Xp(e™) + jX1(e™) = Xr(e™™) - §X1(e7*).

We may infer _ ‘
property 8: Xg(e') = Xa(e™7*)
property 9:  X;(e*) = —X;(e™?*)

X(e7) = X ()il X
X*(e73) = |X ()l X
From property 7: ) )
X(&) = X"(e ).
So,

property 10: [ X(%)] = |X(e=)|
property 11: /X(e) = =L X(em).

2.74. Theorem 1:

]

i (az1[n] + bza[n])e " i azjjnle” " + E bxa[nje= ™"

n=-0c n=—00 n=—0c
= aXi(e™) + bXa(e?)
Theorem 2
Z z[n — ngle™ ™" = Z g[fle~ivttna)
n=—Cco i==0o
= ™ z z{lle™ !
f=—o0
= ™ X (&)
Theorem 3:
- oo - .
z z[n]efwone " = z z[nje I —woln
n=—=o n=—20
= x(ei(w-wo))
Theorem 4:
o o .
S zf-njei = S z{fe*
n=—00 t=—oc
= X(e¥)
Theorem 5:

i nzlnle~ " = -;TE( i z[n]e"j“"')

n=—oc T — O

Ja (X))




2.75. The output of an LTT system is obtained by the convolution sum,

yin]= Y z{klhin - &)
k=—0
Taking the Fourier transform,
Y(¥) = i (i z[k]h[n-k]) i
n=-cc \bk=—o0
= 3 :[k]( 3 'h[n—k]c"""“)
k=0 A= —00
= i z[k]e-fw*( i h[n-l:}e"“"""")
Hence,

Y(e*) = X(e?V)H(e™).
2.76. The Modulation theorem: 1
Y(e) = 5 [ X ()W (2=9) df
the time-domain representation,

1
(@)

= ;; [.: d8 X (¥ )win)e?®"

]

vl /_ 46 '[_ do X (YW (0= 9))gom

= zin}win]

2.77. (a) The Fourier transform of y*[-n} is Y*(e?*), and X (¢’*)Y (¢/*) forms a transform pair with z[n] +
. So
vir) G(&¥) = X (&)Y (&)
and
gln] = z[n] x y"[-n]

form a transform pair.

{b)
= [ Xeyreenas = PO Ry
= Y Y k(e - nlen
A=—00 kx—o0
forn=20:

l’ X)W ()dw= Y =fkly"[k]

20 Jew k=00




{c) Using the result from part {b):

sin(xn/4)
2mn

sin{xn /6)
5tn

z[n] =
L

We recognize each sequence to be a pulse in the frequency domain:

§ X(e)
i
2
—x -2 0 I 4 -
4 Y(e"")
1
S
= 3 o & "
Substituting into Eq. (P2.77-1):
T sl = g [ XY
1,12
- =[]
= 1
60
2.78. X(¢¥) is given by:
- W
(a)
] = {z{n], n even

0, n odd
% (1+¢"") zin) ?

i



which transforms to . . .
V(o) = 5 [X(e) + X ()]

Yi(ev)

{b)
yaln] = z[2n}
a1 5 (% +)
Yal&) = 5[X(a )+ X ()]
= Yi(e'¥)
Yd(ej”)
1
-2r 0 2n -
{c)
- il = { 30 1
Yeo(e?) = X (%)
Ye(e?*)
-
2.79. (a)
&, (-N,~w) = z z[n — Njz"[n + N]e?v™.

BN = (3 zln+ Neln— Nem)e

n=-oo

51
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(b)

(c)

= Y (2in+N"ln~ Nle~#n)°
= i z"[n + Njzin - N
= ;:ZTN, —w).
$:(Nw) = i Aa™¥yu[n + NJAa™ Vuln - Nje™*"

n=—00

0o
= A* 2 a2re—un
n=N

= A? i(aze—jw)n
n=N

Az (aﬁc—ju)ﬂ
1 - g?e-iv
, a?NemiwN

1 - a?e~3v’

X(c’-("*("’/’”) = E z[n]c'-ﬂ"“‘“'/z)“,

n==00
o0

Xo(r-wr2)y = Z 2*[n]e T —/2m,

n=-—00
Let S = L [7, X(e+/)X+(eHo=w/D))es?*N do, then;

x [- -] .
5 = 51_ i z[ﬂ]e-j(vwlzln 2 3-[klej(v-u/2)iegzvﬂ dv
"

T n=—oo k=—o0

ko ki - x .
= 2 ¥ T e [ Aa
x -x

A= -0 k= -0

had — cwim+t) 25in(m(k — n + 2N
= -21; Z z x{n]:'[k]c"""'r— M(k(—n-n.;’ )

n=—0o k=—o
= i z{n)z"{n ~ 2N}~ i<

= Z zn + Njz"[n — N]e~7"

n=—00

= & (N,w).

We thus conclude that:
& (N.w) = 2_11; X{efteHw/a) X (Ivw/2)yei2eN 4,

bt




2.80.
win] = 2in] +in]
The mean of w(n}:
E{w|n}
E{z|n] + ylnl}
E{z[n]} + E{yln]}

my + My

The variance of w[n]:

az

E{(uln} - me)}

E{w[n]} - m

E{(z[n] + y[n])*} - m{,

E{z*[n]} + 2E{zlnlyln]} + E{y*[n]} - m3 — 2memy —m]

If z[n) and y{n] are uncorrelated:
o2

w

H

E{z*[n]} - m? + E{y’[n]} - m}
= 0'3. + 0': i
2.81. Let e[n] be a white noise sequence and E{s[n}efm]} = 0 for all n and m.
E{ylnlyln+m]} = E{s[nje[n]s[n + mle{n + m]}
= E{sln]s[n + mle[n]e[n + m]}
Since sin] is uncorrelated with efn}:

E{yinjy[n + m]} E{s|n]sin + m]} E{e[nle[n + m]}

3¢ 8{m]

non

2.82. {(a)

&z2[m) E(z[n}z[n + m])

E((s[n] + e[n])(sin + m] + e[n + m]))

E(s[n}s[n + m]) + E(e[nle[n + m]) + E(sinjeln + m]) + E(e]n]sfr + m])

G2slm] + Geelm] + 2E(e[n]) E(s[n]) since sin] and e[n] are independent and stationary.

Gus[m] + Geem}  where we assumed ¢[n] has zero mean.

{1 (T I B |

Taking the Fourier transform of the above equation, we get:
st(cju) = Qu(cjm) + Qec(cjw)-

(b)

E(alnleln + m])

E{{s[n] + e[n])efn + m])

E(s[n]}E(e[n]) + ¢eelm] since s[n} and ¢[n] are independent and stationary.
¢¢,.[m.} where we assumed e[n] has zero mean.

Gze {m]

Taking the Fourier transform of the above equation, we get:
Q:e(e',‘w) = Qu(e'w)-




(c)
¢z0fm] = E(zin]sin + m})
E((sln] + eln])sfn + m))
= ¢ueim] + E(e[n])E(s[n]) since s[n] and e{n] are independent and stationary.
= ¢ulm]  where we assumed e[n] has zero meas.
Taking the Fourier transform of the above equation, we get:
ta(cjw) = {)“(cf"’)_
2.83. (Throughout this problem, we will assume |a} < 1.)

(a)

It

¢nml = him] * h|—m).

Taking the Fourier transform, we get:

Ean(e™) H{&)H (™)
' 1 1
(1 - ge=7*) (1 - ae?*)
1 ( 1 +
T-ot'l-ae v 1-ae

)-

Taking the Inverse Fourier transform, we gei:
aln!

1-a?

$nalm] =

(b} Using part (a), we get:

H(}H" ()
H(e?)H(e ) since hin] is real
= &n(e)
1 1
(1 — ae=) (1 — ae?*)
1 P 1 + 1 .
1-az'l—ae"  1-aev

\H ()

).

(¢) Using Parseval’s theorem:

S bl

n=-00

-+
= Y lauln]
+o8
3 (lei?)
n=0
1
= faP

1 * -
= NGl

"




2.84. The first-backward-difference system is given by:
‘ y[n] = z[n] — z[n - 1].
(a)

byvim] E(y[n]yin + m))

E{{z[n] - z[n - 1){z[rn + m) - z[n + m - 1]})

E(zlnlzfn + m]) - Ezlnjzfn +m ~ 1)) - E(zfn — L[z + m])
+E(z[n — ljzln +m - 1)) '

¢::[m] - ¢=:[m - 1] - ¢:‘:[m + 1} + ¢::[m]

2¢==[m] - ¢:3{m - 1] - ¢:z[m + 1]

2028[m) ~ o28fm — 1] — o28[m + 1).

wwn

i

202 ¢yuim]
[~]
m
-1 0 1
=} ~o

To get the power spectrum, we take the Fourier transform of the autocorrelation function:

¥, (™) = 207 ~gle™ ~ gl
= 207 - 20%cos(w)
= 203(1 - cos(w)).
$ i) e vy )
osl 9

(b) The average power of the output of the system is given by ¢,,[0):
$0pl0} = 202,

(¢) The noise power increased by going through the first-backward-difference system. This tells us
that the first backward difference amplifies the noise of a signal.




2.85. (a)
Bt} = E{sln] 3 hnlsln — 4}
kw— o0

S KElln - K}

k=—o0

3 HkidelH

k=—00

Because z[n] is a real, stationary white noise process:

22in] = o26[n).
Therefore,
iy} = @ 3o MK
- ol
(b) The variance of the output:
ot = E{fylal-my)?)

E{y*In]} - m}-

When a zero-mean random process is input to a determistic LTI system, the output is also zero-
mean:

yin} = zinl+hin]

o0

S zlklhin ~ ).

k=—00

Taking the expected value of both sides:

Y E{zln]}hln — k]
k=—od

m, = 0, ffm, =0

my

So,
a2 = E{’Inl}
= E{ i him}z[r — m] Z h[k]::[n-—k]}
mas =00 k=—o0

= z Z him}h[k}E{z[n — m]z[n - k)}

mz =00 k=00
]

= o i 2 hfm]hik]s[m — k]
m=-—od k=00
a: = U: i hz[m] .

mE—od
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2.86. Using the solution to problem 2.85:
(a)

o
oi=02 3 K
k=00
this statement is TRUE, because z{n] is a white noise sequence.
(b) Since y[n] is not a white noise sequence, this statement is FALSE.

(c} Let
hifn] = o uln]
hain] = b ujn}
These systems are cascaded:
hln] = hiln]*hofn]
= Zakbﬂ_k, nz>0
k=0

_ n 1- (a/b)ﬂ+l

- ()
w(n] = z{n] = hin}.

Since z|n] is zero-mean, m,, = 0 also.

%% E{w’[n]}
= o2y KK
k=0

i

2.87. (a) x[n} is a stationary white noise process.

yinl= 3 hlklz[n -k, n20
k==c0

E{yin]} = E{ i h[k]a:[n—k]}, n>0
= Xn: h[k)E{z{r - k}}
- {m,z;;_,,h[kL n>0
B G, n<0

(b)
Gyy (1 :ﬂzl = E{yjnilyln2l}.
= E{ 5: hik}z[ny — k] Z h[m]zinz — m]} , n20

m=—00
ni

= 3 HEMmIE(im - kaln: - mi)

k==-00 Mm=—00

= 3N S Mkhimidetm — koo - m)

k=—0o M=—0C




(c) o

"1'523 m, i hik] = m, i hlk]
k=—00 k=—w0
m.E'Ewa z‘: E: h{k}h[m]¢:z[ﬂ1 —kny—m|= i z h[k]h[m}tﬁ,:{k,m]_
k=—oo m=—o0 . k=—0o M=—00
{d)
hin] = a"u[n]
E{y[r]} = m. z a"ufn]
— m'a_w
= 1o

2.88. (a) No, the system is not linear. In the expression of y[n], we have nonlinear terms such as z2[n] and
divisions by z{n], z[n — 1} and z[n +1].
(b) Yes, the system is shift invariant. If we shift the input by no, m.[n] shifts by ng as well as o2{n]
and o2|n], therefore y[n] shifts by no and the system is thus shift invariant.
(¢) I z{n] is bounded, m.[n] is bounded so is o2[n] and o?[n]. As a result, yin] is bounded and
therefore the system is stable.

{(d) No, the system is not causal. Values of the output at time n depend on values of the input at time
n + 1 {through o2[n] and m.[n]). Since present values of the ouput depend of future values of the
input, the system cannot be causal.

(e) When o3 {n] is very large, o?[n] is zero, therefore:
yin] = ms[n)

n+l

= % Y 2k

k=n-1
which is the average of the previous, present and next value of the input.
When o2,{n] is very small (approximately zero), then:

y[n] = z[n].

yin] makes sense for these extreme cases, because in very small noise power, the ouput is equal to
the input since the noise is negligible. On the other hand, in very large noise power, the input is
too noisy and so the output is an average of the input.

2.89. {(a)
E{z[n]z[n]} = ¢::[0}-
(b)
2,.() = X()X°(E)
= W{)H(&)W (*)H" (¢°)
= Bpu(e)H(E)
= o2 1

] —cos(w) + 1/4
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(c)
$::[n] = dwwln]*hln}+Al-n]
= o (G)"u{n]. (%)—nu[-n])
= ogémin].
2.90. (a)

¢y:in] = E{ylklz{k - n]}
= E { z h[r)z[k - r] z h{mju[k —n - ’"}} '

Note that ¢.,{n] = E{z{pjv[p — ]}, therefore:

bul = 3 S MMMl - (n + - )

rE—p0 m=—00

= h[—n] * h[n] * ¢son).
Qv:(ejw) = IH(C’U)[ZQIU(E’-U)-

(b) No, consider z[n] white and
| uln] = ~zn]

¢ze[n} = —o34[n]
&, (™) = ~02.
Noting that |H(e’*)|? is positive,
8. (™) = o H (&)
Hence, the cross power spectrum can be pegative.

2.91. (a) Since f[n] = efn} —efn - 1], , .
Hi(ev)=1-e7".

& ¢(e’“} is given by:

&) = Hi{(e*)YH (e77) 8 e (€7%)
= (1-e )1 -e*)a?
= o}2-e¥ —e)
= 032 - 2eos(w)).
o) et Sy )




(b) @;sim] is the inverse Fourier transform of & 11(e™). Using part (a), we get:

és5[m] = 062(28[m] — §lm + 1] - §[m — 1])-

()
&g() = Hy(e™)Hay(e )25 (™)
o2(2-2cos(w)) , lwl<we
- { 0, w<<n
. ._..H---.-e—-—n--——-—'-'".
(d)
IR G L

— 1 “e - d‘u
= 5 [_ " 22 - 2e0s(u)
22

= —{we- Sin("-’c))-
m
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The z-Transform
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3.1. (a)
n" ® 1\ a = /1\" _ 1 1
(- EWE@
(b)
1" <1\ 5
z|-{z -1 = - =) zm=-) 22
) wenes] = -2 ) ez
2z 1 1
= 1oz 1-3z-1 |1t<§
(c) '
0 1
(@) - forerty el
{d)
Zi§ln)]=2=1 allz
(e)
Zln-1jl=2z"" [z[>0
6]
Zlfn+ 1] =z™! 0<|zl <o
{e)
1\* (1) _1-(29)7%0
, z [(5) (u[n] — uln - 10])] = “go (ﬂ) =T @) lzt >0
32 n, 0<n<N-1 _
z[n]:{N N<n n ufn] - (n — Nu[n - N]
d 1
nz{n] & —ZZX(z) = n uln] & -—zal—l izl > 1
-1
null @ 5= z =il
zin -mﬂ & X@E)-z™ = (n-Nuun- N& - 2" :)2 lz] > 1
therefore 2=l z=N=1  z=1(1 = =N

X(z)= -2 T T (1-z)2

{(1-z




3.3. (a)
zo[n) = o™ 0<jal <1
-1 o0
Xo(z) = z a—nz—n+zanz—n
R==—00 n=0
o0 o .
= Ea"z" + Za“z""
n=1 n=0
_az 1 z(1-a?) 1
T leaz l=-az"! (1-az)(z-a) Ial(lzl(lal
XD
pole zero
/ a— Cance
N roots of 1
(b)
1, 0<ngN-1 N-1 1— 2N N
=4 0, N<n - = X = "= = z#0
""lo n<o o) nz=:02 T -Gy T

(c)
z[n] = zsfn = 1] # 23)n] & Xc(z) = 271 Xp(2) - Xo(2)

_ N -1 2 i N -1 ?
X.(z)=1z l(z”"(z—l)) =22N"1(z-1) z#0,1

Xd2D)
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3.4. The pole-zero plot of X(z) appears below.

X{z)

/*ﬁt circle
N g
FY FY
-K.y 2

{a) For the Fourier transform of z|n] to exist, the z-transform of z[n] must have an ROC which includes
the unit circle, therefore, |3 < |z < |2]-
Since this ROC lies outside }, this pole contributes a right-sided sequence. Since the ROC lies
inside 2 and 3, these poles contribute left-sided sequences. The overall z[n] is therefore two-sided.

(b) Two-sided sequences have ROC’s which look like washers. There are two possibilities. The ROC’s
corresponding to these are: |1] < |z| < |2] and 2] < |z} < |3I-

(c) The ROC must be a connected region. For stability, the ROC must contain the unit circle. For
causality the ROC must be outside the outermost pole. These conditions cannot be met by any of
the possible ROC’s of this pole-zero plot.

wX

3.5.
X(z) = (Q+22(1+3:7H1-z7)
922454zt - 3272
= Z: zjnjz~"
Therefore,
3.6. (a) z{n] = 28[n + 1] + 56[n] — 45[n — 1] - 38[n — 2]
1 1
X@ =13 1z Izl > 5

Partial fractions: one pole — inspection, z[n} = (—3)"u[n]

Long division:
1 -1zt 43277 4
4327} [ 1
1 + 4121
_'__;2_'2——1'
o %z"
+ %z‘z
-+ %z" + %z"




(b)

1
@)= F<g
Partial Fractions: one pole — inspection, z[n] = —(—3)"u[-n - 1]
Long division:
2: - 422 +82 + ...
12141 [ 1
1 +2z
-2z
-2z -4
+ 427
+ 422 +87°
1 n
= z[n] = - (_E) u[—n — 1)
(c)
1-3z71 1
X6 = g H7 s
Partial Fractions:
3 4 1
X(2) 1+lz-1+1+§z-1 I > 3
n l n
z[n] = [-—3 (—%) +4 (——) }u[ﬂ]
Long division:
1 +{(-3-3}): + (- +1)22 F ...
1+ 32714 1272 l 1 - 47
. 1 + 3z7! + 272
- D o
O RS T B e T B
[Fi+3E+0 3G+
1 n 1 n—2
= zfn] = [—3( (—Z) + (--2-) ] uln]
(d}
1-1z1 1
X(z)= 1= 2] > 3
Partial Fractions:
1-1:7? 1 1
= 2z _ -
¥@ = o= M

fl

()

z{n)



67
Long division: see part (i) above.
(e)
Xy =155 pe> e

z7l-a
Partial Fractions: " 2)

a'(l-a -1

X(z):—a—i—w lz1 > fa™7}

z[n] = —adfn] — (1 - a®)a™"*un]

Long division: .
et S G A ) LA S
~a+z71 I 1 —az™?
1 - az?
(c=? —a)z™?
= 2] = —adln] - (1 - a?)a="ufn]
3.7. (a)
z[n] = u[-n - 1} + (%) uln]
=> X(z) = 1_':_,+ 1_12—1 %(iz|<1
2
Now to find H(z) we simply use H(z) = Y(z)/X(z); i.e.,
H(z) = Y{z) _ -3z (1-z0-11) 1-z7t
?) = X(z) (1~ ;2711 +271) ' -iz-3 T1+27?

H{z} causal = ROC |z| > 1.

(b) Since one of the poles of X(z}, which limited the ROC of X(z) to be less than 1, is cancelled by
the zero of H(z), the ROC of Y(z) is the region in the z-plane that satisfies the retaining two
constraints |z| > § and |z{ > 1. Hence Y (z) converges on jz{ > 1.

{c}

v

-1
Y(z) = I 4 1
(2) 1-4z-1 " 1+ Il >

Therefore, n
viri = =3 (3) vl + 31wl

3.8. The causal system has system function

1-z71

B =17 1zt

and the input is z[n] = {3)" u[n] + u[-n — 1]. Therefore the z-transform of the input is

! ! - LA 1
X(2)= - = 1 1
(2) 1- %z'l 1-2z-1 (1- %z—l)(l -z ) 3 <zl <




(a) h{n] causal =

Ain] = (— g)".;[n] - (-2) " -1

-1

(v)

-2
3

E’-<|le

Y(Z) = (l 1 _1)(1+§z-—:) 4

]
o
—

N
—
o
—

N
e

L
3

1

.+.
— 1,- 3,-1
1-3z70  1+%2

il =5 (3) e+ 55 (-2)

(¢) For hfn] to be causal the ROC of H(z) must be 2 < |z| which includes the unit circle. Therefore,
" h{n] absolutely summable.

Therefore the output is

| 3.9.
14272 2 1
B = (1-3z7)(1+427) Ta- 127%) T a+izY)
(a) h[n} causal = ROC outside || = 1= |z > 3
(b) ROC includes jz] = 1 = stable.
()
il = ~3(-3) - @ruten -l
-1 4
Y(z) = P ;z‘l +3 _’22_1
14z} 1
- o+ Lz-1){(1-271) ra Il <2
z 1-1z7?
o - T e
zjn] = -(2)"u[-n- 1+ %(2)""11;[—11]
()
hin} =2 (%) u[n] - (—-1—) uin]
3.10. (a)

z{n]

)nu[n 10]-1-() un - 10]

(
() e (0
NOROEE

The last term is finite length and convu‘ges everywhere except at z = 0.
Therefore, ROC outside largest pole 2 <l

B B2
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(b)

{1, -10<n<10
zln} = 0, otherwise

Finite length but has positive and negative powers at z in its X(z). Therefore the ROCis 0 <
2| < o0.

(c)

zln] = 2%u[-n]= (;—)_n u{-n)
[-n) X(1/2)

&~
1\" . 1
5) ujn) = ROCis |>3

(
(%) ul-n] = ROCis |z|<2

{d)

2fn] = {(;)H - (e’"s)"] ufn - 1]

z[n] is right-sided, so its ROC extends outward from the outermost pole e/*/3 But since it is
non-zero at n = —1, the ROC does not include co. So the ROC is 1 < |2] < co.

(e)

z[n] uln + 10] — u[n + 5}

_ 1, -10<n< -6
- 0, otherwise

z{n] is finite-length and has only positive powers of z in its X(z). So the ROC is {z| < co.
()

z[n] = (%) "l + @4 3R - 1]

z[n] is two-sided, with two poles. Its ROC is the ring between the two poles: P<lzl< 12_'&3_5!"&

3 <lzl < I
3.11.
o0
z[n] causal = X(z) = Z:[n]z"‘
=0

. which means this summation will include no positive powers of z. This means that the closed form of
X (z) must converge at z = oo, i.e., z = 0o must be in the ROC of X(2), or lim; 400 X (z) # co-

(a)

. (1 - 2—1)2 _
Ty T

1 could be causal
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(b)
—1)?
(2 13 =00  could not be causal
oo [z — 2)
(c)
(z- 3
lim -~—2— = could be causal
z-+uo(z - %)5
(4}
(z - b
ts = could not be causal
s=o0(z = 3)
3.12. (a)
1-4z7?
%)= 7
The pole is at -2, and the zero is at 1/2.
(b)
1-3z72

X)) = qr L Ha- 3270

The poles are at -1/2 and 2/3, and the zero is at 1/3. Since 12
from the outermost pole: |z{ > 2/3.

xl {2

(<}
1+2z71V-2272
Xl = {Tg

The poles are at 3/2 and 2/3, and the zeros are at 1 and
the ROC must include the unit circle: 2/3 < {z| < 3/2.

X3 (z)

o
o
-2

Ht)

[r] is causal, the ROC is extends

-2. Since z3[n] is absolutely summable,

R T Ry
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3.13.

G(z) = sin(z"*)}1+3z72+42z7Y)
-3 -5 -7
-1 _Z zZ" z -2 —4
a3 + = T J1+3z7%242:277)

3 gl

=(z

g{11] is simply the coefficient in front of z~! in this power series expansion of G(z):

1 3 2
g[lll - —m + g - -]T"
3.14.
1
H = m——e
(z) 1-4.-2
_ 1
(< Fz D1 +352-1)
0.5 0.5

1-3z7' 1+ 3378
Taking the inverse z-Transform:

hin) = (5)"uln) + 5(-3)"ulr]

s 1 1
1 1
A1=§; ar = 3; Az='2-; az = =35
3.15. Using long division, we get
He = —wril
1- %:-3
n=%
1
= Y
2
Taking the inverse z-transform,
_J 3", n=01.2...9
hin] = { 0, otherwise
Since h[n) is 0 for n < 0, the system is causal.
3.16. (a)} To determine H(z), we first find X{z) and Y (z):
1 1
X@) = 1- %2‘1 T1-2:1
=5,-1
3 e lz] < 2

(-1zY)(1-221 3
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5 5
Y = -
G = T
5,-1
-%z o 2
-y M7
Now
_ Y(z)
#E) = X0
_ 1=-2271 2 > 2
To1- -g-z"l -3
The pole-zero plot of H{z) is plotted beiow.
H@)
4D
Y -t
K 213 2

(b) Taking the inverse z-transform of H(z), we get

M = C)uinl - 23 uln -1
= Gyl - 3un - 1)
() Since
. B = 3G = T E

we can write 2
Y{z)(1- 3z") = X(z)(1-271),

whose inverse z-transform leads to
2
yin] - gy[n -1} = z[n} — 2z{n - 1]
(d) The system is stable because the ROC includes the unit circle. It is also causal since the impulse
response h[n] = 0 for n < 0.

3.17. We solve this problem by finding the system function H(z) of the system, and then’ looking at the
different impulse responses which can result from our choice of the ROC.

Taking the z-transform of the difference equation, we get
Y(z)(1 - %z‘”‘ +270) = X(2)(1 - 7Y,

and thus

Y(z) _ 1-2z2

Az = X(z) 1-22-14272
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1-2z"1 o
(1—2z71H1 - 3z7)
273 1/3
T o1-2271 1= %z‘l
If the ROC is
(a) lz] < &: .
bn] = —32"u{-n — 1] - 3(z)"ul-n - 1]
= h[0} =
b) 3<lizl<2
hin} = -—-2-2"u[—n -1}+ ~l;(l)"n[ﬂ]
3 32
= =3
© 2> 2

hn] = -;—2"11.[11] + %(%)"u[ﬂ]
= L
)z} >20r |2 < §:

hin] = 2"u[n] )"u[n ~1]
= h[O] ==

3.18. (a)

1+22~142"2
@x -
1

-2+ —3—4
1+3271 1-2-1

H(z) =

Aadlod

Taking the inverse z-transform:
1, 1., 8
h[n) = -28[n] + 5(—-2-) ufn] + -3-u{n]‘

(b) We use the eigenfunction property of the input:
yln] = H(e™/*)2(n],

where
i ! :
x = -
H(C" ) - 2+ 1+%8"j'/2+ 1-—6""/2
1 ]
= 24 —d—4 3
1-3  1+4;
_ oy
T ois
3tz

Putting it together,
=25 cg(t/!)n
3+4

yln] =
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3.19. The ROC(Y (z)) includes the intersection of ROC(H(z)) and ROC(X (2))-
(a) :

1

Y@ =503 (11270

The intersection of ROCs of H(z) and X (z) is |z| > 1. So the ROC of Y (2} is |2} > §.
(b} The ROC of Y (z) is exactly the intersection of ROCs of H{z) and X(z): P<lzf<c2
(<)

1

Ye) = a0

The ROC is |z| > 3.

3.20. In both cases, the ROC of H(z) has to be chosen such that ROC(Y (z)) includes the intersection of
ROC{H(z)) and ROC(X(z)).

(a}
1-3:1
B = o=
The ROC is |2z| > 2.
(b)
Bz} = 1-3z7?

3.21. (a)TReROCisz]> i

yln] = 0 n<0 :

bid n ek n 1-—- a—(n-i-l) 1- an+l
yin] = Zz[k]h[n-k]zza =" 5 =1, 0<n<N-1
k=0 k=0
N-t Nl 1—a-¥ 1—a~¥
—_ - — -k _ .7 — n+d
yln] = z:[k]h[n k]_za" =a"y =9 —1 n>N
k=0 k=0
(b)
= 1
Hg) = Y a7 =70/ >l
n=0
il 1-2-%
X(z) = ngz'“ =5 fz{ >0
Therefore,
; 1-2z-VN 1 z ¥
= = - >la
Y(z) (1-ez-')1-2z"1) (1=-az7?)(1~- z71) (l-az7l)(1-271) Izl > el
Now,

1 _ = + s _( 1 )( 1 e )
(I-az-)(1-2z"1) l-az! 1-z' \l1-a/\1-2:"1 1-az7}
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So
— _1_ - antl _ - — g~ N+1 _
yin] T [u[n] - a™*'ufn] —u[n - N]-a uln — N
1-— cn-i-'.l 1- an—N+1
= i-a uin) = l1-a ufn - N)
0 n<0
vin] = { 55— 0<n<N-1
antl (1::‘1") n>N
3.22. (a)
yin) = Y hlkjzin—&]
k=—oc
- 1\ _
= - k -k
Py (s (-3) « 1) uln - H
n 1 k
= 3| =
23(-3)
_ fe(- 7). 20
0, otherwise
(b)
Y(z) = H(z)X(z)
3 1
T o1+irt1-2t
’ 3 ]
= 4
1+3z70  1-z71
sl = 3(-3) vlnl+quln
9 1 1\
= 1(+5(5) )
n+1
= % (1 - (-%) ) uln]
3.23. (a)
1-1:"2
B@) = (1- %z"l)z{l -4z
- _4 5+ Lz-1
= T 1-2z-1 4422
= -4 2 7

- +
1-12-1 1~ 42

Mn) = —4dn) -2 (%)" ulnj+7 (%)" uln]
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(b)

vin) - 2yl ~ 11+ Syl 2 = 2ln] - 32(n — 2

3.24. The plots of the sequences are shown below.

(a) Let
afn] = f: 8[n ~ 4k],
k=—00
Then ”
A(z) = Z z7
k==o00
(b}

bn) = 3

[(-—1)" + cos (%n) + 1] u[r]
%, n=4k, k>0

= {5. n=4k+2, k20

0, otherwise

>3 =1
B) = Y zeina Yy gamnd
n=0 n=0

)t

."‘+oos(-;—n)+sin(£+2m

_opdije
- 1—-z=4 °
1+ o
OB
E“---. -nod
[
[ X]d
[-F1 4
-0 ] -; -2 [ ] 2 4 'I I‘D
n
15k T ) : I i L
[
)
see aed
. [ L]
® . 4 9 . S, "
W -4 -4 -l -2 o 2 4 [ ] | ] w

3.25.
22 _ 2?2
(z—a)(z-b)  z22-(a+bd)z+ad

X(z) =

Obtain a proper fraction:



1
22— (a+b)z+ab rﬁ
22 —(a+b)z +ab

{a+b)z —oab
{a+b)a—ab {o+b)b—ab
X(Z) = 1 + (G -+ b)z Gb = 1 + a—b bea
(z—a)(z-b) z—-a z-b
02 b! . 2_—1 -1
= a=b a—b . 1 a‘z _ ¥z
= 1+ z—a z-b 1+a—b(1—az" l-bz“)
a’ n—1 b n=1
zin] = é&fn]+ —3° uln -1} - 3 uln - 1]

= d[n]+ (|ﬂ i b) (a"*! = 3" )uln - 1]

3.26. (a) z[n] is right-sided and

1—iz7?
X(z)=
(=) 14+ 3278
Long division:
1 — %' + 377 4
1+3z70 1 -}z
1 -1z
- %z-l
s L
+ %z"
Therefore, z{n] = 2(—1)"uln] - &[n}
(b)
3 327! 4 4

X = = = -
&= TITE T Ao+ ) 1-f 1-5

Poles at 1, and —§. z[n] stable, = jz| > } = causal

Therefore,
zfn) = 4 (%)nu[n] -4 (-%)" uln)
(€)
X@) = (-4 ld<g
Therefore,

z{n] = %(4)'“11[—11 -1}
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(d)

=15, iz} > (3)"t = causal

By long division:
1 +327% +42% + ...

1-4z73 11
1 - %z"
+ 3273
4173 1
+ 278
nt =
I
0, otherwise
3.27. (a)
A | 1
X = =< |z] <2
) = a3 (-2 (1-3z0) 2 2
1 88 1568 2700
- 35 41228 _ 135 13
(1+31z722 7 q+i7) (-2271) 0 (1-3271)
Therefore,
1 -1 n+1l 58 -1 " n
z[n] = gg(n+l) (?) ufn+ 1]+ —= ERE (—) ufn]+ (35)2 (2) u[-n—1]— (35)2 (3 Vru[-n—1)
(b)
- _ ' JE I
X(z)=¢ =1+z ‘+—2,—+ TR TR
1
Therefore, z[n] = ;ﬁu{ﬂ]'
(e)
=2z _ 4 2
X{z)= — =7 +2z+1—2z-‘ 2t <2
Therefore,
z{n] = &jn + 2] + 25[n + 1j ~ 2(2)"ul-n - 1]
3.28. (a)

nzn] & —z%X(z)

zin — ng] & z7™X(z)
X(#)=q fz—:)z J [— (1_—?7) ]

z[n] is left-sided. Therefore, X(z) corresponds to:

zjn] = —12{n — 2) G) " fen 1]



(b)
X(z) =sin(z) = z (‘2(k. :-)l)' i, s BN ROC includes |z| = 1
Therefore,
1
zln) = 2 (:fk +)1)- 2 _5in+2k+1]
Which is stable.
(€) .
7 -
X(Z)zi—z:—z—_?.?:z?—-l——'l—z:? lZI>1
X(z)=2 - i ™
n=0
Therefore,
ain) = 8ln+7) - Y 8[n — 7k
n=0
3.29.
X(z)=e"+e/* z#0
n 0 [- -]
X(z)= z—-z +Zn‘ ( ) Z '“+z-§-§z’"=>z[n]= i,:—l!-i-é[n]
n=- w n=0
3.30.
XD =lnG-2 <z
(a)
oo i -1 1 [4
X(z) = log(1 - 22) = _E (2f) = _lgw._l_t(zz)-f = t;@% (-;-) -t
Therefore, .
z[n] = % (%) w-n - 1]
(b)

nz[n] < —z%log(l -22) ==z (

1 L -1 1
-— = it —— < =
=) a=- (1_%2_,), ERT;

nzin] = (-;—)“u[-—n—'l]
i = 1(3) wn-n
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3.31. (a)
z[n] = o"u[n]+ b un]+c ul-n—1] ol <Ib] <e|
1 1 1
- - b
X(z) P wy ve ik g bl < |2l < ||
_ — 2¢cz7! + (be + ac — ab)z~?
X = goaa-s e M<k<H
Poles: a, b, ¢,
Zeros: z;,zs,00 where z; and z; are roots of numerator quadratic.
pole-zero pigt (Q) pole-zero plot (b)

W

Nk \\

nZa"u[n)

(b)

]

zn)

I1[ﬂ] a"u[n] ~ XI(Z) = l—:%z__—l IZI >a

za[n] = nz1[n] = na"uln] & Xa(z) = —ziX (z} = -ﬁzl— |z > a
2 1 . 2 dz"! (1- az-1)?
-1
z[n] = nz2n] = na™ufn] < —z%x,(z) = —zaé; ((l_—a—i'z_""_)z) jz{>a
—az~ {1 -1
x@ = =CEE) e
(c)
z[n] = (cos —-—n) uln} — (cos ;—211) uln — 1)

= e-‘ (cos —ﬁn) (u[n] = ufn - 1]) = &[n]

Therefore, X (z) = 1 for all |2|.
3.32. From the pole-zero diagram

z 3
X@)= (22-2+8)(z+3) Iz| > 4

yn] = z[-n+3]=z[-(n-3)
-3,-1

zZ Tz
G-t e+ D

= Y{(z)=z3X(z"1) =

8/3
z(2 -2z + zz)(:% +z}




81
Poles at 0,-3,1= j, zeros at &

z[n] causal = z{—n + 3] is left-sided = ROC is 0 < |2z| < 4/3.

Y@
-4/3
3.33. From pole-zero diagram )
x(x) =24
2
(a)
y[n] = (5) z[n) => Y(z) = X(22) = "‘%
zeros x1j
poles 1,00
Y@
ﬂ;\
AE T
N
(b)
w[n] = cos (?) zfn] = %(ejfnh + e~3™/2)z(n]
1o iz s Yycainz o Yxi—in o Axis
W(z) = -iX(e ™2+ EX(C’ z)= Ex("’) + EX(JZ)
1/-2241\ 1(-22+1 S
wa=3(527) 3 (G57) - 5y
poles at £

zeros at 1
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3.34.

(a)

(b)

3.35.

y(n]

Y(z)

yln}

"

37z 45272 1 3

H(z}= 1

h[n] stable = A[n] = 54[n] — 2"u[-n—1] -3 (l)ﬂ ufn]

- gz—l +z—2

=0ty ‘1-%2"1

2

hln] « z[n] = i hfk}

- z 2& — _2ﬂ+1

E=—0o0

-1 n k
1
k —_— e e . —
-3 +_5_23(5) =435 2+3(
k—ox k=0

1- (%)!H-l

-2ufn}+ 3 (-;—) i u[n] — 2" y[~-n - 1]

1

—H{z)= -2

1-2z1

1 1 1

—2ufn] - 2(2)"u{-n-1}+3 (%) i ufn]

H(z)
uln]

U(2)H(2)

ufn] » kin}

) I
1oz z-l(l z ) 2> 1

1—z‘= 1—2z—¢
1 z
1--z‘1=z—1 I >1
71—z
(A-z4)(1-2z-%)
-1 -
2 z |z] > 1

1-2z-1 1-z—4

u[ﬂ—l]-i&[n-4—4k]
=0

1—z“1+21—2z‘1 +:‘>1_%z_1 )

n<0

n
%) n20

-;-<13|<2

e ek




3.36.
z[n} = uln) & X(2) = 7 lz] > 1
yin] = (%)"—1 Wn+1]=4 (%)mH ufn +1) & Y(z) = -1-74:1—2_—1 2l > 5
(a)

Nk

-— z>_
1—%2'3 1-%2‘1 Izl 2

4 (%)“.H ufn+1] -4 (-;—)n ujn]

Mn+1]-2 (%)" uln]

L

7%

if

(b)

H{z)

|

hin)

(c) The ROC of H(z) includes jz] =1 = stable.

(d) From part (b} we see that h[n] starts at n = -1 = not causal
3.37.
1

1
P

X(z)= 7=

DO L L

bas polesat z = § and 2 = 2.

Since the unit circle is in the region of convergence X (z) and z{n] have both a causal and an anticausal
part. The causal part is “outside” the pole at 1. The anticausal part is “inside” the pole at 2, therefore,
z{0] is the sum of the two parts

i iz 1 1
= lim ———i— im =4 = = = =
20 = lim TS T I 2 3¥0=3
3.38.
-1 -2
Y(z)= z 1z 2 12 >1

=i Ha+iz1 1-z7




Therefore using & contour C that lies outside of |z| = 1 we get

1 2(z + 1)z"dz
i Jo (z- )z + Iz~ 1)

A +D@F) | 23+ | 20+D0)
(%+;)(%—1) I-P-1-1n a-Ha+d)

18
= -—5——- +6=2

y(1} =

3.39. (a)

z10

E-DE-3G+PE+3)E+3)

X(z)=
Stable = ROC includes |z| = 1. Therefore, the ROC is < [z| < 3.
(b) 2[-8] = Z[residues of X{z)z~? inside C], where C is contour in ROC (say the unit circle).

—DGE- DG+ D+ D)

z[8]=L [residus of . inside unit c.irc]e]

First order pole at z = £ is only one inside the unit circle. Therefore

2[-8 = 2 =1
(-G +32G+35G+7) %
3.40. (a) After writing the following equalities:
V(iz) = X(z2)-W(z)
W(z) = V{(z2)H(z)+ E(z)
we solve for W{z):
e solve for {z) . Hiz) HE ., . oo
@ =T ma X T Em E¢
{b)
_ O H@ e
BE = THG T
Hy(z) = T:._l”_'—';:I—z_l
l=-z—

(c) H(z) is not stable due to its pole at z = 1, but H;(z) and H,(z) are.

3.41. (a) Yes, hln] is BIBO stable if its ROC includes the unit circle. Hence, the system is stable if rmin <1
and rp.e > 1.
(b) Let’s consider the system step by step.
(i) First, v[n} = @~"z{n]. By taking the z-transform of both sides, V(z) = X (az).
{ii) Second, v[n] is filtered to get w(n]. So W(z) = H(z)V(z) = H(z) X (az).
(iii) Finally, yjn] = a"win]. In the z-transform domain, Y (z) = W(z/a) = H(z/a)X(z).
In conclusion, the system is LTI, with system function G(z) = H{z/e) and g[n] = a”A|n}.
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(c) The ROC of G(z) is armin < |z| < OTmez. We want min < 1/a and fma: > 1/e for the system
to be stable. -

3.42. (a) h[n] is the response of the system when z[n] = 4i{n]. Hence,

10
hin)+ Y awhln — &} = &fn) + B8[n - 1),
k=1

Further, since the system is causal, hfn} = 0 for n < 0. Therefore,
10
o]+ auh[-k] = h{0] = 8[0) = 1.
k=1
(b) Atn=1,

8- hl1]
hi0]
(c) How can we extend hin] for n > 10 and still have it compatible with the difference equation for §7

Note that the difference equation can describe systems up to order 10. If we choose

h{1] + a1 R{0] = &{1] + B4[0) =m =

= 8- A1

hin] = (0.9)" cos(:-‘n)u[n],
we only need a second order difference equation:
m=m=as=as=ar=ag=ag=a;p=0

The z-transform of h(n] can be found from the z-transform table:

1- 08
_ V2
H(z) = a- 0.9¢i*/1z-1)(1 - 0.9e-75/4z-1)
H(@)
/ S
K N
3.43. (a)
1 ! 1
X(Z)—l_%z_l"'l__zz_g’ 5<IZI<2
6 6 3
Y(z)=1—%z"1-1—%z_1, lzi>z
. Yz —':;,—:':!";_1.,.—1
H(z) = X((z)) U - ):1-1 )

G=fha-2-1)
_ 1= 2z7? 2] > 3
T o1- %z"" 4
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s o sElT s 7
(b)

h[n} = (g)" uln] -2 (g) . uln — 1]
()

yin] = 3vin — 1) = 2[n] - 22l - 1]

(d) The system is stable because the ROC includes the unit circle. It is also causal since A[nj = 0 for
n <0

3.44. (a)

arih

1
_ 3
e e e

The ROCis § < |z] < 2.

{(b) The following figure shows the pole-zero plot of Y (z). Since X (z) has poles at 0.5 and 2, the poles
at 1 and -0.5 are due to H(z). Since H(z) is causal, its ROC is |z] > 1. The ROC of Y(z) must

contain the intersection of the ROC of X(z) and the ROC of H(z). Hence the ROC of Y (z) is
1<zl <2

Pole-pwro piot of Y(2}

=05 uOéml 15 2
(e)
H(z) = -;-,{-%
14:7?

=z} 1+§z-1}{1-2:-1)

1
(1--—12:‘1 i(l—?x"‘s
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(1+z71)1- 3271
{(1—-z"1)(1- %z"l)
2 2
3 —3

= 1 3
-'-l—z"-!”il+;-z"1

Taking the inverse z-transform, we find
2 2, 1.,
h[ﬂ] = élﬂ] + Eu[n] - -3-(-'2-) ﬂ[ﬂ}

{(d) Since H{z) has a pole on the unit circle, the system is not stable.

3.45. (a)
nyln] = zin]
—zdl;iz) = X(2)
Y@ = -fz-IX(z)dz

{b) To apply the results of part (a), we let z[n] = u[n — 1], and w(n] = yn}.

12
Wi(z) = —[z_ i —dz

-z

= _[_z_(z_‘_T)d.-.

_ -1, 1
- z z-1

= ln(z) - ln(z - 1)

dz

3.46. (a) Since y[n] is stable, its ROC contains the unit-circle. Hence, Y (z) converges for § < [z} < 2.
, {b) Since the ROC is a ring on the z-plane, y[n] is a two-sided sequence.
(c) z{n] is stable, so its ROC contains the unit-circle. Also, it has a zero at oo so the ROC includes
o0. ROC: 2| > §.

(d) Since the ROC of z[n] includes oo, X (2) contains no positive péwers of z, and so0 z{n] = 0 for
n < 0. Therefore z[n) is causal.

(e)

z{ﬂ] = X{Hizao
AQl-£z7Y)
Q+ 21~ gz-l)l”‘”
= 0

- (f} H{z) has zeros at -.75 and 0, and poles at 2 and co. Its ROC is |z} < 2.




(g) Since the ROC of h{n] includes 0, H(z) contains no negative powers of z, which implies that
h[n] = 0 for n > 0. Therefore h[n} is anti-causal.

3.47. (a)

3.48.

X(z) zz[n]z'"
n=0

X(oo) = 'If"né Zz(n]z_" = z[0]
‘=°

Therefore, X (c0) = z{0] # 0 and finite by assumption. Thus, X(z) has neither a pole nor a zero
at z = co.

(b) Suppose X (z) has finite numbers of poles and zercs in the finite z-plane. Then the most gepera.l

form for X (z) is
M
o [[e-a

X(z) = Z z[plz™" = Kz"-t;-!-———

=0 Hz-a)
K=1 .
where K is a constant and M and N are finite positive integers and L is a finite positive or negative
integer representing the net number of poles (L < 0} or zeras (L > 0) at z = 0. Clearly, since
X (00} = z{0] # 0 and < oo we must have L + M = N; i.e., the total number of zeros in the finite
z-plane must equal the tota! number of poles in the finite z-plane.

P(z)

Q(z)

where P(z} and Q(z) are polynomials in z. Sequence is absolutely summable = ROC contains jz| = 1
and roots of Q(z) inside |2} = 1.

These conditions do not necessarily imply that zjr] is causal. A shift of a causal sequence would only
add more zeres at z = 0 to P(z). For example, consider

X(z) = z_‘z.%. 2| > &

X{z)=




3.49.

5fn) + ad(n = N) lal <1
1+az ¥

z(n]

X(z)
X(2)

2,-2N . adz—3¥
2 3

log X(z) = log(1 +GZ-N) =az" ¥ - a

Therefore,
O ¢ yyk+l
in)=>" (——l’);——ai‘é[n - kN]
k=1

3.50. (a)
z[n] = z[-n] = X(2) = X (-};)

Therefore,

Xy =0=% (%)
i.e., 1/zo is also a zero of X(z).

(b)
z[n] real = zln} = z~[n] = X(z) = X*(z")
Therefore
X(z) = 0= X(z)
i.e., zg is also a zero and by part {a) sois 1/z5.
3.51. (a)
Zi'inll= 3, X'k = ( Y ={n1(z')‘“) = X"(z")

n=-—-o n=—0o00

(b)
Zz[-n]l = Z z(-njz " = }: x[n](z“)‘“:X(z“)
(¢)

ziretaln = 2 [ = S 1xce) + )

(d)

ZImizinl}) = 2 [EL’L;J_L[@ - Lxe-xe)

3.52.

21(n) = (~1)"z(n) = Xi(2) = 3 (-1)z(m)" = X (-2)

n=—00

The poles and zeros are rotated 180 degrees about the origin.

89



N-1
3.53. (a) . - zln}sin(nw)
_ (Im{X(e**}) =
b,{w) =tan? { =) = tanf;(w) =
Re{X (e Nl
( {X( )}) T zfn] cos(rue)
n=0
N=-1 N-1
tang,(w) 3 z[n]coslwn) = - S z{n) sin(nw)
n=0 n=l
N-1
tan 8, (w)z{0] + Z z{n}(tan 8, (w) cos(nw) + sin{nw)) =0
n=1
N-1

tand,(wp) + — [01 z z[n](tan 6, {w) cos(ruwn ) + sin(nwi)) =
for N — 1 values of w; in the range 0 < w; < 7.
b) zin] = &[n] + 26{n — 1) + 3[n — 2] = X(z) =1+ 274 + 3272

( ~2sin(w) — 3 sin(2w) )
1 + 2 cos{w) + 3 cos(2w)

0;(w) = tan™?
Consider the values 6, () = 3% and 6, (%) = %, which give the equations

00 (3) + oy [r (e (§) oo+ 5)

tanf, (%—1) + ;1; [z[l] (tanﬂz (231) 6052: + sin 2?“)

+ z{2] (t.ane, (%’-r—) cosfz-;E + sin %‘)] =9

1+-[3]-(:[1] 1+z[2)--1)

1 Ji 1 V3
[0]([1 2‘/_. )+z[2](2\/--?) = 0

0 z{1}
=
0 z{2]

zfn) = z[0)(d{n] + 28[n — 1] + 38[n — 2))

1
o

z[0] + z[1] — =(2] 2z{0]

0

—=[0] + 22{1) - =[2] 32{0}

Therefore

where z[0] is undetermined.

3.54. z[n] = 0 for n < 0 implies:

lim X(z) = lim i z{n]z " = z{0] + Lm Z z[n]z™" = z[0]
n=0 n=1



"9

For the case z[n] = 0 for n > 0,

0 o
lim X(z) = lim 3 zfnje = 2f0] + lim 2 z[-n)z" = z[0]

3.55. (a)
cezfn] = i z[kjzin + k] = i z[—k]z{n - k] = z{—n] » z[n]
ko m—cd

Caelz) = X(z71)X(2) = X (2)X(z7")

X (z) bas ROC: rg < |z| < r and therefore X(z~!) has ROC: r7* < jz| < r3'. Therefore Cys(2)
bas ROC: max{r;*,rg] < |z| < min[rg’,re}
(b) z{n] = a™u[n] is stable if |a] < 1. In this case

1

= 1 -1y -1
X(@)=g—0= lal<izl and X(T)=g—— |z <]a7]
Therefore
1 1 -az™}
Cos(2) 1-az-11=-az {1-az"}(1~a"1z")
e e -
— = 1-11':2‘l T 1-aizt lal < l=i < la”'|
This implies that

[a™ufn] + e u[-n - 1]]

Casln] = 1-a?

Thus, in summary, the poles are at a and a™!; the zeros are at 0 and co; and the ROC of C:.(2)
is {a| < Jzi < ja7%}.

(¢) Clearly, z;[n] = z[—n] will have the same autocorrelation function. For example,

1 1
l1-gz1=-az"!

(@ =ioe <k = Gl = = Cul)

(d) Also, any delayed version of z{n] will have the same autocorrelation function; e.g., 23[n] = z{n—m)
implies

=™ =™ ™
X(z) =y lal < 2| = Coras) = T 70

= Cyal2)
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3.56. In order to be a z-transform, X (z) must be analytic in some annular region of the z-plane. To determine
if X(z) = 2* is analytic we examine the existence of X'(z} by the Canchy Riemann conditions. If

X(z) = X(z + jy) = u(z,y) + ju(z,y)

then for the derivative to exist at z, we must have

Gu B g &
oz by 8y~ oz
In our case,
: X(z+jy)=z—-Jy
and thus, o
8::“1 ¥ 8y

unless £ and y are zero. Thus, X*(z) exists only at z = 0. X(z) is not analytic anywhere. Therefore,
z[n] = 2’% f X (z)2""'dz does not exist.

3.57. If X(z) has a pole at z = z; then A(z) can be expressed as a Taylor's series about z = z,.

= "(Zo)

A(z) = A(z0) + Z -z)"
where A(zo) = 0. Thus
Res [X(z) at z=20] = X(z)(z~ 20)lsm2s = %%

= B(z){z - z)
EA rfzo)(z — zo)le=se
n=1

_ O _ Bz

= 5
A'(zo) + z (Zo) zo)"'l 234 (Zo)



Solutions — Chapter 4

Sampling of Continuous-Time Signals
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4.1.
z.(nT)
sin (2«(10.0):;&)

sin (37)

zln] = cos(7)

z{n]

n

4.2. The discrete-time sequence

results by sampling the continuous-time signal
z.(t) = cos(Q2).
Since w = 1T and T = 1/1000 seconds, the signa! frequency could be:

n.=§-1ooo=25mr

or possibly: .
/ = (27 + 7) - 1000 = 22507
4.3. (a) Since z[n) = z.(nT)}, -
332 = 400%nT
1
T 12000
(b) No. For example, since
g T
cos(sn) = cos(—-a-n),

T can be 7/12000.
4.4. (a) Letting T = 1/100 gives
z[n] = z(nT)

. 1 1

= sin (201rn—100) + ¢os (401m 100)
. fm™m 2xn

= siln ('—'5-) + cos (T)

(b) No, another choice is T" = 11/100:

zfn] = z(nT)
= o (i) +om (s0mn35)
- w(57) = (5)

4.5. A plot of H(e’*) appears below.




bH(EI?)

/8 /8 o
(a)
"z (t) =0, 2 2x-5000

The Nyquist rate is 2 times the highest frequency. = T = rzigg sec. This avoids all aliasing in
the C/D converter.

(b}

= 10kHz
= TN
1
l(:i,l:l)(lnc
= 2n-625rad/sec
625Kz

P i N~

()

= 20kH:

= TN

_1 q
20,000 °

2x - 1250radsec
= 1250H:z

i

o 2 ooing M-

4.6. (a) The Fourier transform of the filter impulse response

. H.(iQ) he(t)e~ 7 dt

-0
o Iy
= / a~e=i% gy
0
1

a+jfd

So, we take the magnitude :
. H
a6 = () -

1r | H (G
1/a
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{b) Sampling the filter impulse response in (a), the discrete-time fil..r is described by
hyln] = Te*Tuln]

i T c-onT e—jun

n=0

T

1 —e—sTe—iv

[

Hy(e™)

Taking the magnitude of this response

{Ha(e*)| = T

(1 — 27 cos{w) + e-2aT)
Note that the frequency response of the discrete-time filter is periodic, with period 2x.

g3y

- i1 1 1 I B .

T —4n -2n 0 2z 4n ©
(¢) The minimum occurs at w = x. The corresponding value of the frequency response magnitude is

; T
[Ha(e™)| =
‘ (1+2e-oT 4 ¢-2T) 1
= 1
T 14 e
H,(c 1®)
ﬂ%& )
T ————————————————————————
12 1 [ \
o 1/a 2a 3a T

4.7. The continuous-time signal coptains an attenuated replica of the original signal with a delay of 4.
z(t) = s.(t) + asc(t - 7a)
(a) Taking the Fourier transform of the analog signal:
X () = Sc(j) - (1 + ae™7)

Note that X.(j?) is zero for || > x/T. Sampling the continuous-time signal yields the discret
time sequence, z[n]. The Fourier transform of the sequence is

1 [d
X(e) = 3 P Sc(!%‘i'.r"ir)
=00
% Z Se +J_)C-Jf¢(¥+3¥)_



{b) The desired respcnse:
' o _ [ 1+ae~i?, for O] < ¥
H(®) = { 0, - otherwise

Using w = T, we obtain a discrete-time system which simulates the above response:
H(e™) =1+ ae™ ¥

(¢) We need to take the inverse Fourier transform of the discrete-time impulse response of part (b).

Wn) = o= [ H(e*)Hmdw

o
- l— ¥ "j:’: e
% _'(1 +ae )" dw

(i) Consider the case when 74 =T
1 : 3

hfn] = - -’(ej""‘ +aev"=N) du
_ sin(xn) a sin[x(n — 1}]
B x(n—1)

= §[n]+adln-1]
(i) For ra=T/2:

L7 (e ¢ ety

Ajn] = 3 ]

_ sin(mn) asin[r(n - %)]
T x(n - §)

_ : asinfr(n — )]

8in] + -——_Z_r(n D
4.8. A plot of X.(jQ) appears below.
X (@)
T mi0® 2xx10? &

(a) For z.(t) to be recoverable from zin], the transform of the discrete signal must have no aliasing.
When sampling, the radian frequency is related to the analog frequency by

w=0T.
No aliasingwﬂloccuriftheumplinginternlutkﬁstbeNyquistCﬁmion. Thus, for the band-
limited signai, z.(t), we should select T as: '

1

TS2x10"
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(b) Assuming that the system is linear and time-invariant, the convolution sum describes the input-
oytput relationship.
(-
yinl= Y =lkhln - &)
f—"—
We are given

n

vin]) = T 3 li]
k= -0

T Y zlkluin - K

k==—00
Hence, we may infer that the impulse response of the system
hin] = T - u[n].

(c) We use the expression for yjn] as given and examine the limit

Zm vl = Nm T 3 =l

k=—ue

o
= T- ) =k

kx—00

Recall the analysis equation for the Fourier transform:
o hioed +
X)) = Y afnlem"

n=—cc

Hence, .
tim yln] = T- X(e*)lmo

. (d) We use the result from part (c). Noting that

o1 = jw  j2xr
X{e*) =5 S X(F + =)
L 2l -]

Thus, we have
T XMoo= Y, Xel5F)

r=—00

From the given information, we seek a value of T' such that:

> x2T) - j: zo(t)dt
= XA(ift)iomo

Fortheﬁm.lequalitytobemn,thaemmbenomtﬁbnﬁon&omthemsforwhichr#0.
That is, we require no aliasing at 2 = 0. Since we are only interested in preserving the spectral
component at {I = 0, we may sample at a rate which is lower than the Nyquist rate. The maximum
value of T to satisfy these conditions is

1

Tslxlﬂ"
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4.9. (a) Since X(e/¥) = X(efv—")), X{e#*) is periodic with period .
(b) Using the inverse DTFT,

1 L
= [ x(ev)edmdw

L[ xEt)erd
2x Jiaw)

z[n}

= L[ x(Eeerriw

i (ax)
= Lo [ x()Pmd
3 (2x)
= (~1)"z[n).
All 0dd samples of z[n] = 0, because z[n] = —z{n}. Hence 2[3] = 0.
{c) Yes, y|n] contains all even samples of z[n}, and all odd samples of z{n] are 0.

o) = { $7%  pise

4.10. Use z{r] = z.(nT), and simplify:
(a) z{n] = cos(2xn/3).
(b) z[n] = sin{4rn/3) = - sin(2n/3)
(c) =ln) = *2TRL
4.11. (a} Pick T such that
z[n] = z.(nT) = sin(10xnT) = sin(rn/4) =T =1/40
Theze are other choices. For example, by realizing that sin(xn/4) = sin(9mn/4), we find T = 9/40.
(b) Choose T = 1/20 to make z[n] = z.(nT). This is unique.
4.12. (a) Notice first that H{e/¥) = 10jw,~x <w < 7.
(i) After sampling,
3
B
vl = |H(E¥)cos(Tn+ LH(EF))

zln] = cos(—n),
= Gwcos{s?'n-l-;)

= —Grsin(%,’!n)
—6 sin(6xt).

velt)

(ii) After sampling, z[n] = cos{3Zn) = cos(3Fn), 50 again, y.(t) = —6x sin(6xt).
(b) yc(t)iswhatyouwouidetpectfromadiﬁumhtorintheﬁMcmbutnotintheseoondusc-
This is because aliasing has occurred in the second case.
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4.13. (a)
z(t) = sin(z50)
y.(t} = sin{— (t-5))
= m( t—-—)
yin] = sin (& _I)

(b) We get the same result as before:
() = sin(35t)

ve(t) = Slﬂ(--(l-25))

. Mm%
vln] = sin{5~7)
(c) The sampling period T is not limited by the continuous time system h(t).

4.14. There is no loss of information if X(e*/?) and X (e/*“/3=*)) do ot overlap. This is true for (b), (d),
(e}.
4.15. The output z,[n} = z|n} if no aliasing occurs as result of downsampling. That is, X(e’) = 0 for
n/3< |w| <. ,
(a) z[n] = cos(¥n/4). X(e’) has impulses at w = x/4, so there is no aliasing. z.[n] = z[n].
(b) z{n] = cos(n/2). X{e’) has impulses at w = £ /2, so there is aliasing. z,[n] # z{n].
(c) A sketch of X(e/) is shown below. Clearly there will be no aliasing and z.[n] = z[n].

1 .
X(e-'m )
- —=/4 w4 o
4.16. (a) In the frequency domain, we have
1; X(e j"’) , “)-((e jm)
-3 %3 0 ~swe 506 ©
M_5/6_5
L™ =x/3 2

This is unique.
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(b) One choice is —

— T —— R e—
= -

4.17. (a) In the frequency domain, .
: oy o | 1 Wl <2x/3
X(e™) = { 0, /3<lul<

After the sampling rate change,

= ey _ 413, | <=x/2
x¢(a)—{0’ x2<|wj<x’

which leads to 4sinfrn/2)
sin{wn
A =3
(b) Upsampling by 3 and low-pass filtering z[n} = sin(37n/4) results ip sin(wn/4). Downsampling by
5 gives us Z4[n] = sin(57n/4) = —sin(3xn/4).
4.18. For the condition to be satisfied, we have to ensure that wo/L <€ min(x/L,x/M), so that the lowpass
filtering does not cut out part of the spectrum.

(a) wo/2 < T/3 = wo.mas = 27/3.

(b) 3’0/351/5'—_-’“’0.“:3’/5-
{c) Since L > M, there is po chance of aliasing. Hence wy maz = 7.

4.19. The nyquist sampling property must be satisfied: T < x/§l.

4.20. (a) The Nyquist sampling property must be satisfied: T < x/Qo = F, > 2000.
(b) We'd have to sample so that X (¢’*) lies between jwj < #/2. So F, > 4000.

4.21. (a) Keeping in mind that after sampling, w = QT, the Fourier transform of z[n] is

X (@ X (%)

\ =7
01024?2 == %;,‘:‘h

(b) A straight-forward application of the Nyquist criterion would lead to an incorrect conclusion that
the sampling rate is at least twice the maximum frequency of z.(1), or 2f};. However, since the
spectrum is bandpass, we only need to ensure that the replications in frequency which occur as 2
result of sampling do not overlap with the original. (See the following figure of X, (jf2).} Therefore,
we only need to ensure ox :

r
Qg——,f<ﬂ,=>T<-A—n




X9
f Q, ZLQZ o)
> 9.2- T
(c) The block diagram along with the frequency response of h{t) is shown here:
band
xo} | Somence | o e |0
iofmeie [ | w0

o Q 0 9
4.22. (a)
w=QT, T= %E
Xe 19)
1T
™ Y
(b) To recover simply filter out the undesired parts of X (e/).
x[n] |Bandpass| x.(t)
Filter
—28/T /T wl 2x/T
(c)
2z
T< —
=

4.23. In the frequency domain, we have

103
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X Q) Xel® Y i)
“xIT, 0 ® @ X/ w1,

= =0, 2F
Therefore, since we are sampling this z.(¢) at the Nyquist frequency z[n] will be full band and unaliased.
z[n] = z.{nT})

ye(t) is a band-limited interpolation of z[n] at a different period. Since no aliasing occurs at z[n], the
spectrum of y.(t) winbea&equencyaﬁssalingofthespecmofzc(t) forTy >Toor Ty < Ta. As

we show in the figure,
_%, (D
yC(!) = lec (Tj t)

4.24. The Fourier transform of y.(t) is sketched below for each case.



(a) X(e19)
T,

0
VT,
il -2 i)
© X!
T,
- -— ™ -
d .
@ § X1
‘”v
Il X O

4.25. (a) z,(t) = z.(t)s(t) = X (55} » s(551)

— Y GR)
l\
-xxSx103 uxSx|03
Y (jﬂ)

K

-2:;51!03 21::51&103 2

/Nm

-ﬂx5x103 ﬂxleO3

2xx5x10° 21;;5“03

[ ]

[

[

)

X GO)
‘A/ UTV\

ZR/T ) =TT Q -
dxei®)
Qt;\J///A\\\\

- = 3% _

105
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~ (b) Since Hy(e’) is an ideal lowpass filter with w, = {, we don’t care aboat any signal aliasing that
occurs in the region § < w < #. We require:

2x x
T —2x-10000 > T
1 8
T 2 7 - 10000
T < T 104sec
8
Also, once all of the signal lies in the range w| < §, the filter will be ineflective, i.e., § < T(2rx10%).
So, T 2 12.5usec.
(c)
[} w
Q= ? >0 = E
Q.
slope = n/
- 8/7 x 10% 8x10% T

4.26. First we show that X,(e/) is just a sum of shifted versions of X(e?v):

z[n], n=Mk, k= 0, %1, %2
zn) = 0, otherwise
M=1

(_;\1? b ei(zrh/M')) zin]

kx0

2 z,[n]e~ "

=~ Q0

X, ()

= - z[ﬂ]ejﬂ:kn/ ) g—iwn
na =00 M o)
1 M-1 =
— z Z z{nle‘j[“_(z'k/")]“
M k) nx=-o0
M-1
X (,:‘lw-(zrt/un)

k=0

1
M

Additionally, X4(e’*) is simply X,(e?) with the frequency axis expanded by a factor of M:

Xo(e™) = f: X, [Mn]e™ ™"

= i z.[qe-:'(wlﬂ K

00

= X, eﬂ“"”)
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() (i) X.(e™) and Xu(e™) are sketched below for M = 3, wy = 7/2.

1 Xs €19 )

1173 "
”' .\ 4 \‘ P \\
‘ <! S -

-.-! ‘I - r'd ~ L ' -
- ~2x/3-m2 2 223 X
l’ \:<I’ ‘:(:, \\.

- L i n\‘ PR 1 -

~2n -R x 2% W

(ii) X,{e’”) and Xs(e™) are sketched below for M =3, wy = x/4.

X (@ )
/K
- -2w/3 ~/4 w4 23 R @

Xg(ed® )
- -'21: —11: ‘ 'u l21: o

(b) From the definition of X,(¢7”), we see that there will be no aliasing if the signal is bandlimited to
/M. In this problem, Af = 3. Thus the maximum value of wy is /3.

4.27. Parseval's Theorem: o .
) Y o \
2 - wyj
3 et =5 [ e
When we upsample, the added samples are zeros, so the upsampled signal z,, [n] has the same energy as
the original z{n]:

0 ot

Y knr= Y P

R -0 -0

and by Parseval’s theorem:
.1_ bl N2 1 '1_ r 2
3 [ X = [ K )an
Hence the amplitude of the Fourier transform does not change.

When we downsample, the downsampled signal z4[n] has less energy than the original z[n] because some
samples are discarded. Hence the amplitude of the Fourier transform will change after downsampling.
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4.28. (a) Yes, the system is linear becanse each of the subblocks is lineazr. The C/D step is defined by
z{n) = 2.(nT), which is clearly linear. The DT system is an LTI system. The D/C step consists
of converting the sequence to impulses and of CT LTI filtering, both of which are linear.

(b) No, the system is not time-invariant.
For example, suppose that Aln] = 8[n}, T = 5 and z.{t) = 1 for =1 £t £ 1. Such a system would
result in z[n] = 8[n] and y.(t) = sinc(x/5). Now suppose we delay the input to be z.(t — 2). Now
z[n] = 0 and yp.{t) =0.

4.29. We can analyuthesymintheﬁiquency domain:

X9 € 1) 2 Vi)

X(e J® 2j0 )
XeTD [y, Ke™ Lneio)

Y; (e/) is X {37} H,(e?) downsampled by 2:

V) = 3 {X@HAEE + X

%{X(J”)H‘(eﬁlt) + X(Cﬂu_z'))ﬂl(cﬂ"’"))}

= {mEem + mE}XE)
= Hye™)X(e*)
Hye®) = %{H;(cj“”)+ﬂl(e’(!’"))}

4.30.
X0 =0 [l > 4000=
Y (i) = QX (58), 1000x < |Q] < 20007
Since only balf the frequency band of X.(j(2) is needed, we can alias everything past 1 = 2000x. Hence,
T =1/3000s.
Now that T is set, figure out H(e) band edges.

I

w;:ﬂ;T =>w1=21r-500§&°.7 =S u =

Q’MM

we = LT »wy=21-1000 g3 Fw2 =3

oy Wl FEMISE
me={ ¢ 3E0ISS
4.31.

XGm=0, 181>z

1§
i) = [ _sclriar = Helif) = T

In discrete-time, we want

. L x<wsr
("} - bl 1] — -
HE™) {o'f otherwise
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He 19 )
~ -;: 1; 2x o
§arg(H(e ¥ ))
I — K x
-x

o &
1
F
&
J
i

I T T T |

‘Megiute Aaspers (ou)
i .

[-]
»
[-]
et

o TS e
{¢) To filter the 60Hz out,
w—mzm—lo-m-zx-sh;—;
4.33.
yin] = 2n

V() = X(eM)s X(e™)

therefore, Y (/) will occupy twice the frequency band that X (e) does if no aliasing occurs.
BY(e) #0, -x<w<rthen X(e™)#0, —§<w<}andsoX(j1)=0, 0] 2x(1000).
Since w = T,

v

T - 2x(1000)

AL
7

L
4000
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4.34. (a) Since there is no aliasing involved in this process, we may choose T to be any value. Choose T =1
for simplicity. X.(j0) = 0,|0}| > x/T. Since Y.(j) = H.(GO)X.(39), Y.(R) = 0,10] 2 «/T.
Therefore, there will be no aliasing problems in going from y.(t) to y(n].
Recall the relationship w = §IT. We can simply use this in our system conversion:

H(eY) = e—w/3
H(jn) = 372
= ¢ 02 T=1

Note that the choice of T and therefore H(jQ) is not unique.
(b)

S x\ _ 1 iea-§) 4 miEn-D
cw( n ) = 2[e’ +e ]

- %e-j(g[4)ej(5'/2)n+%ej(r/i)e"i(!"/z}ﬂ

Since H{e’) is an LTI system, we can find the response to each of the two eigenfunctions separately.
— 1 —itwja) j(Sx/2)) J5%/2)n _1. j(x/4} -j(5%/2) ,—§(5%/2n
yin] = eSO () S 4 5 B (e796/) e

Since H{e?) is defined for 0 < |w] £ x we must evaluate the frequency at the baseband, ie.,
5%/2 = 57/2 — 21 = x/2. Therefore,

. ) i 1. s _ n
yin] = .;.,-mm H (ev(-'ur!z)) LI%/2n _ieg{:m H (e ;(5:/2)) =5/

- %(ej!(fwﬁ)n-(:lz)] + e--j[(SIIZ)n—(wlz)]) ’

- 2 2)

yin] 1

Q

Q]

oD
a

-1

4.35. The frequency response H(e) = H.(jQ/T). Finding that

. 1
HU® = g agm + 3°

1
(10jw)? + 4(10jw) + 3
1
—100u? + 3 + 40jw

H()

4.36. (a) Since T = w, @2r-100T=5=T= 3-(“7
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(b) The downsampler bas M = 2. Since z[n] is bandlimited to . there will be no aliasing. The
frequency axis simply expands by a factor of 2.
For y.(t) = z.(t) & Y.(jf2) = X(i90)-
Therefore QT = 2x- 1007 = T’ = g5

4.37. Inbothsystems,thespeechmﬁlteredﬁrstnthnthesubsequmﬂmP“th““l“innom-
Therefare, going s{n] to s, [n] basically requires changing the sampling rate by a factor of 3kHz/5kHz =
3/5. This is done with the following system:

s(n) Digital LPF| sy(n]
SR E cutoff =3 s
gain =3
4.38. X (j0) is drawn below.
X G2)
Ut
- 0

z.(t) is sampled at sampling period T, so there is no aliasing in z{n].

X(e 19)
T

-x x )
Inserting L — 1 zeros between samples compresses the frequency axis.

Vie 19 )
LT

o <=L &L T

The filter H{e’) removes frequency components between x/L and 7.

W(e jo )

A A
=L %L Y

The multiplication by (—1)" shifts the ceater of the frequency band from 0 to 7.

Y 1? )

NV
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The D/C conversion maps the range —x to ¥ to the range —x/T to =/T.

4.39. (a)

Anj=0, [nl>(RL- 1}

Therefore, for causal system delay by RL -1 samples.
(b) General interpolator condition:

Ao} = 1
hlkL) = G, E=41,%2,...

(c)

(RL-1) AL-1
yinl= 3 hlklvln - k| = Alojuln} + Y Alnlvln - K +vin+ k)
=={RL=-1} k=1
This requires only RL-1 multiplies, (assuming R0} = 1)
(d)
n+{RL-1)
yinj= . viklhln -4
k=n—{RL-1}

If n = mL (m an integer), then we dou't have any multiplications since h[0] = 1 and the other
non-zero samples of v[k] hit at the seros hin]. Otherwise the impulse response spans 2RL - 1
samples of vn], but only 2R of these are non-zero. Therefore, there are 2R multiplies.

4.40. Split H(e’) into a lowpass and 2 delay.
H(c"") = HLp(ejw)e'j"

jw — 1, |“"|<
Hup(e®) = {0. i<l«?|5w
2O op PR 4L =E ) il e (MO e v
| J
1deal Upsampler with gain
of 1instead of L

Then we analyze the system as follows:
z[n) = z(nT) DO aliasing assumed
wln] = i—z,(u%) rate change
vfn] = wn-1]= %z, (n% - '-I-.L—) ,  delay at higher rate

yin] = olnll= T (nT - TE)
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441 (a) See figures below.
(b) From part(a), we see that
Y.(6) = Xl - 20+ X6@+ F)
Therefore,
pelt) = 22c(6) cos( 30

X(e 1@
n,(e )

N~ e

-~ x

X e e )
T

T Swd -4 -xid x4 Iwd SK4 o

Y (e jo
4T
- ., 7 S T S 7Y ®
Y GO
1
o -3 T =T IRT Q

4.42. (a) The Nyquist criterion states that z.(t) can be recovered as long as

2x 1
-_— € —_—
7 _2x2t(250)=>T_5m

In this case, T = 1/500, so the Nyquist criterion is satisfied, and z.(t) can be recovered.

(b) Yes. A delay in time does not change the bandwidth of the signal. Hence, y.(t) has the sam
bandwidth and same Nyquist sampling rate as z.(t). :

(¢) Consider first the following expressions for X (¢'*) and Y(e*):

X(e®) = 2Xli) ey = 5o Xeli500)

) | B 1 _ .
L Y(e) = el lany = 5 ONXGD) laey

= -'ﬁe-fwﬁx,(jsom

eIl X ()
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Hence, we let

Wy 23-,-“! Ih’i <
B )-{ o, otherw;ise
Then, in the following figure,
R(e™) = X(&™)
, -3 i ”
wier) = {prxen. kSl
Y(e) = e i/2X(e™)
x[n] | §2 r{n] - win] $2 y[n]
(d) Yes, from our analysis above,
Ha(e!¥) = e~ 3v/2
4.43. (a) Notice first that
FoG) Hao (jM)e™#F, |02} < 4007
X(i) = E.(i0)|Hea (i)™, 4007 < |02] < 8007
\ otherwise

For the given T = 1/800, there is no aliasing from the C/D conversion. Hence, the equivalent CT
transfer function H.(j{1) can be written as

H(e™)o=ar, |9 </T
0, otherwise

H (iQl) = {
Furthermore, since Y.(jf}) = H ()X (i1}, the desired tranfer function is

%,

am = { &7 < 0o

otherwise

Combining the two previous equations, we find
oy L | 00 < x/2
H“’)'{o, /2% fol < 7

(b) Some aliasing will occur if 27 /7 < 1600x. However, this is fine as long as the aliasing affects only
E.(5Q) and not F.(j§), as we show below:
‘D((e jo )]
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In order for the aliasing to not affect F(jf1), we require

2x _ 800x 2 400 = 3% > 1200%
The minimur 3F is 1200x. For this choice, we get
000l < 2x/3
B ={ o 23Sl S ¥
4.44. (a.) See the following figure:

“R(e j‘”)

1

o - " o
X(e oy
12000

=77} - -3 =3 n Sns3 w

(b) For this to be true, H(e’) needs to filter out X(e*) for /3 < |w| £ 7. Hence let wy = 7/3.

Furthermore, we want
%2- = 22(1000) =+ T3 = 1/6000
(¢) Matching the following figure of S(e#*) with the figure for R.(j{?), and remembering that @ = w/T,
we get T3 = (2x/3)/(2000x) = 1/3000.

S(e Jm)

o —2x%/3 2n3

e

4.45. Notice first that since T.(t} is time-limited,
10
A= [ e [zt = X5lom.

To estimate X.{j - 0) byDTpmossing,nneedtompleonlyfastenoughsothat Xc(5-0) is not
aliased. Hence, we pick
2x/T = 2x x10* = T =107



116

The resulting spectrum satisfies
X&) = $X0-0)
Further,

o0
X% = 2 zn).
n=—00
Therefore, we pick hln] = Tuln], srhich makes the system an accumulator. Our estimate A is the output
yin] at n = 10/(10~%) = 10°, when all of the non-zero samples of z[n] bave been added-up. This is
an ezacl estimate given our assumption of both band- and time-limitedness. Since the assumption can
pever be exactly satisfied, however, this method only gives an approximate estimate for actual signals.

The overall system is as follows:
A = y{100000
RO [P R PR ' L W
T = 1/10000
4.46. (a) Notice that
win] = 3[3n]
win] = slan+1)
win] = z[3n + 2,

and therefore,
w(n/3}, n=3k
zfn] =< wi(n-1}/3}, n= 3k+1
| wl(n—2)/3 n=3k+2

(b} Yes. Since the bandwidth of the filters are 2x/3, there is no aliasing introduced by downsampling.
Hence to reconstruct z[n], we peed the system shown in the following figure:

_3_'0!“_]..* 3 * 3 (z)

Y
12100 ’ 3 ol 31,2) s
RLILAY HA2)

(¢) Yes, z[n] can be reconstructed from ysn] and yq[n] as demonstrated by the following figure:

x[n] o H, @ wal!n| ‘2 y,Jn 12 v, [n] ___q?m]
- H, @ *dol |2 %ol 4, I8 4@ (o}




117

In the following discussion, let z.[n] denote the even samples of z[n), and z,[n] denote the odd
samples of zn]:

z.[n] { z[n), n even

0, n odd
[ = 0, n even
Zoln] = z[n), nodd

In the figure, y3[n] = z[2n], and bence,

nfn] = {:,[n]’ :3?

= zn]

Furthermore, it can be verified using the IDFT that the impulse response hy[n] corresponding to
Hy(ev) is
_ | -2/(jxn), nodd
haln] = { 0, otherwise
Notice in particular that every otner sample of the impulse response hy[n] is zero. Also, from the
form of Hy(e7*), it is clear that Ho(e’)H (e’*) = 1. and hence hy]n] » hu[n] = &[n}.
Therefore,

i = {0 05T

{ wy[n), neven

H

0, n odd
_ { g“ hy)[n}, n even

n odd
= zofn}* haln]

where the last equality follows from the fact that A4[n] is non-zero only in the odd samples.
Now, s[n] = ve|n]» hefn] = 2,[n)* hu[n] s hq[n] = z.[n]. and since z{n] = z.[n] + z,/n}, s[n]+vs[n] =
z[n].

4.47. Sampling random processes
bronu(r) = B2t 4 ) @ Pra @) = [ bus (e ar
(a)

E(z[n]z"[n + m]} = E(z(nT )z (nT + mT))
$:.2.(mT), ie., sampled autocovariance

Pz [m]

(b) Since ¢..[m] is a sampled ¢4, (7)

Pai) =3 3 Pu. (;‘_J * #)

Kz—ao

{c)
Py =0, forlwl>nx

then 1 o
Pes(w) = fngs. (T) ’ w|<x
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4.48. (a)
bss.(T) = E(z.(t)zc(t + )
észlm] = E(z[nlzfn + m]) = E{z(nT)ze(nT + mT))
= ‘:.s.(mT)
(b)

| 1 « w | 2xr

Peglw) = F rgw}’,.,, (T + T

Therefore, we require that % > {lo.

(c) For the spectrum of Fig P382itis clearthat if T = & then the discrete-time power spectrum
winbewhiu,asshmintheﬁgueabou.

IIPxx(m)

L 1
—4x 2% 4n
{d) For white discrete-time signal = ¢..[m}=0, m # 0 but ¢es(m] = 2.2, (mT). Therefore, any
analog signal whose autocorrelation function has zeros equally spaced at intervals of T will yield a

white discrete-time sequence is sampled with sampling period T. For example, for Fig P3.8-1:

sinfloT sin QomT
buo(r) = D52 = bl = —1p
. x sinxm
lfT -— ﬁo' ¢83[ml - ﬂm/ng - 0! m # 0
4.49. (a) Consider the following plots.
/rium
= o R
System 1: Sysiem 2:
/V{n\em)/\ ﬁ“{
-~k s 3 Saac = =
\ /\/Iw\(émf\
" 5 - = ;a1
N | /r\zm |
-— &1, iy - —E. =iy o
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y1(t) = y2(t): Convolution is a linear process. Aliasing is a linear process. Periodic convolution is
equivalent to convolution followed by aliasing.
vi(t) # z2(t): System 2 at Step 1 shows X3(jf2). This is clearly not Y1(iQ). ¥1(jQ1) is an aliased

version of X.(5)
(b) Now,

X(e)®)

5w -ix4 i ST4 W

Y(c}®)

g2 -2 0 %2 n? @
x2G @) Y,62)
) T il K
(x O 3002x) @ ~102x) ¢ 10(2x) 2
(c)
z{t) = Acos(30xt)
) = %A cos(30xt) + %A cos(3 - 30xt),
v[n] = gAcos (g-am) + %Acos (%m)
v[n] = zn]
vin} = zln}

We can see here that sometimes aliasing won't be destructive. When aliased sections do not overlap
they can be reconstructed.
(d) This is the inverse to part (c). Since multiplication in time corresponds to convolution in frequency,
d a signal z2(t) has at most two times the bandwidth of z(t). Therefore, z1/2 will have at least } the
bandwidth of z(t). If we run our signal through a box that will raise it to the 1/M power, then
the sampling rate can be decreased by a factor of M.

4.50. (a)
zin] = z«|n)* heonin}
heonfn] = {tl): 215“51‘-1
Heorle™) = o) © |
(b) The impulse response hiin[n] corresponds to the convolution of two rectangular sequences, as shown
below.
P finl"] \ }
1 1 1
= lL * '
i PSS "Ll kg ¢ Lkl L ”
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o _ 1 (sin@L/2)}?
)= 1 (7))

(c) The frequency response of zero-order-bold is flatter in the region [~%/L,x/L}, but achieves less
out-of-band attenuation.

M G% )

4.51.

¢zzln] = zin]ez(-n]
Boa(e”) = X(€9) s X°(e)

The bandwidth of ®.,(e’*) is no larger than the bandwidth of X (¢%¢). Therefore, the outputs of the
systemswi]lbethesameifH;(e"")isanideallowpasﬁlmﬁthacutoﬁof:/b

4.52. The idea here is to exploit the fact that every other sample supplied to h[n] in Fig 3.27-1 is zero. That
is,

hin] * win] = Z win ~ kjhlk]

aw(n] + bw(n :‘;]i cuw[n — 2] + dwin — 3] + ew[n — 4]

{ axin/2] + ez{(n/2) - 1] + e[(n/2) ~ 2], neven
bz{(n/2) - (1/2)] + dz{(n/2) - (3/2)), nodd

nin]

wn] = { i/ st/ o
= { hafolz[n/2] + B (1el(n/2) - 1} + hi[2}z[(n/2) - 2], n even
& n odd
woln] = { gftﬂlzl *<in/2, neven
= { AafOlzin/2) + haltl=((n/2) = 1)+ hal2le(/2) =2}, n even
' n



121
Comparing w, [n}, us[n] with g, [n] above:

w(n] can give even samples if h;{0] = a, hi[1} = ¢, h3{2] = e. Similarly, wz(n] can give the odd samples
if hy[n] delays wa[n] by one sample, i.e., h3[0] = 0, A31] = 0, h3{2] = 0. Thus

wifn] = { 3:[0]::{(!1 - 1}/2) + ha[l)zf(n - 1)/2 - 1] + ha[2]z[(n —1}/2~2], n even

n odd

hf0) =3, haft]=d, hal2]=0

4.53. Sketches appear below.
{(a) First, X(e?) is plotted.

X(e? )

The lowpass filter cuts off at §.

Rye® )

h -x/2 w2z o

The downsampler expands the frequency axis. Since Ry(e’“) is bandlimited to 5, no aliasing
occurs.

X@ )

- 3 [

The upsampler compresses the frequency axis by a factor of 2.
Gyd® )

| ———

-r X o
The lowpass filter cuts off at § = Ya(e?) = Ro(e™) as sketched above.
(b) Go(e?) = } (X(e"‘)ﬂo(e’“) + X(ei(lﬂ'bi))ﬂo(ej(ud-r)))
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“ Vo) = LEa(e™) (X(He) + X Bl )
Yi(e®) = .;.m(e*")(X(e*)m(e*)+X(e*""mW"))
V() = Yo(e®) - Hile)
= X() (B - Hie)]
AR () [Bale ) Bl ) ke M)

E )

The aliasing terms always cancel. Y(e"")ispmporﬁmdhl(c"’)im{e’i’}-ﬂﬁé")ﬁisa
constant.
X(e*)=0,x/3 < | £ 7. z[n] can be thought of as an oversserried sigmal. The apwroach is to
determincwhethernokoddorm&mnmpkwﬁﬂmknﬁd,ﬂﬂﬂmﬂtet.
This recovers z{no).

" 4.54. (a) In the case where ng is not known, we determine whether i s esen ox odid as {ollows:

#{n] = zin]- Adfx - mg)
X(e*) = X(&v) - de™™
X (@ Noug = Y zinl-7"

n

Xy = -A(=)™

If the result is real, ng is even. If the result is imaginary, ng is oddl

(b) If ng is even, sample Z[n] so that the even-numbered sequence vaimes. are set. 3o 7w H ng = odd,
sample so the odd-numbered samples are set to zero

{c) Filter the sampled sequence with a lowpass filter with cutoff Freqeescy 7/3. and gair 2 Thix s an
exact procedure if ideal filters are used.

4.55. (a)

_ /2, =
ulnl = {:;%?n—ll)/zl, " cdd
zi[n] = wi2n]
zafn] = w(2n+1]

~ {2 [l
win)
Feeli— {2 %2t

The system is linear, time-varying (due to downsampling), nem-cansal (dme to Ex+1)), and stable.
(b)

x L Lun _
T= g = mxae = 0 T ¥
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: To avoid aliasing in y.(t):
- B
“o= L
W0x+2x = Lx

(c) The Fouarier transforms are skeiched below.

i /T
e \/]m\/

'l

- x © -K x )
Afer f L /\M BT
I Y, B"Y D "o - =y Y, P
LAT LB/T
After LPF
-t ) — T N | I—
T -t -x/l. =L T oW - -m/L =L T oo
LBR2T
After cosine
modulation
tl 1 1 i S | L 1 | S
= - 0w, % w R —w, 0w, X O
LBR2T
e /) MI\ 11N
’ 1 L 1 d
-= -0 = @ -k —Wy w, & o
$
. LB2T
- —0y =, 0, o, )
'y
M NY
N Lo, Lo, ke
T T

{d) To generalize for M channeis, we would use the same modulators, but we would choose a larger
value of L to make room for additional spectra above the lower frequency bound. If the lower
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bound remained 2z - 10%, L would become L = 20 + M for M channels.
A branch of the TDM demultiplexing system would be:

L S B Y

4.56. Since we want W(e™) to equal X(e#), then H{e?) must compensate for the drop offs in Ho.(if2)-

;H(ej"’)
F10
= QP:T X o
4.57. (a)

1 ron
E(e) = [ oiete = [ ede= —|‘_‘f,, )
1 e an A’
= “9=3 -2 2de'_:;_A-a'.\/z =
rim,n] = E(efmie[n]) = { E Eii’{,‘,’,’)‘?““‘]” m#n

2
rinm]=rfn—mj= %J[ﬂ —m]
{b)

SNR =

=

l&a'oﬂo

1202
Al
{c) Let ¢,[n] be the output noise.

S hikle[n ~ &]
E (): hikleln — ] Allle[n - ) z Z h{kA{t] E(efn — Klefn = 1))
k ]

CHU -l]

eyin]

E(e}[n])

i

L

e = &Zh:[k]
k

agziwﬂ-a)*)’- 2( * +2a*(—a)* + (-a)*)

el

= S X g-“”‘) -4 (Zs+ =)

(1—1¢4) = 12(1!5134)

The variance of z{n] is weighted similarly so the SNR does not change. SNRoyt = 12-&;.

A,

]
N8
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(@) ftn) = zinleln]

| E{fin]) = E(zlnje[n]) = E(z[n]) E(eln]) = 0

0} = E(f*[n)) = E(@*[nle’[n]) = E([n]) B(e[n]) = 020

rsln,m) = E(ainls{mlelnlelm]) = E{zinjzim]) - E(elnlelm])
-] eldn-m]

(e)

{f) Using the results of part {c}.

1 olo?
"f. = o} (l-a‘) = 1:,34
Again, the variance of z{n) is weighted by the same factor, so the SNR does not change.
12
SNRout = 237"

4.58. First, notice that since y(t) = z1(t)z2(t), Y. (i) = £(X1(Q) » X2(j)), and so Y.(j2) = 0 for
€Y > 11x/2 x 10*. Bence the Nyquist rate T = 1/55000s.

Choose System A and B such that w;[n] = az1(nT) and wy(n] = dz2(nT).
For System A, we need to resampie such that

710 I o m o g

L=l @ =w1l M=10

For System B, we need to resample such that

om | - w, [n}

System C is simply the identity system.

4.59. Thespeechisﬁrstsampleda.tu.lkﬂz,mdwewishmrsampleitsothuthesamplingrmisate
kHz There are no aliasing effects anywhere in the system. Hence
) L 41 441
e D e——

M~ 8 8
We simply make L = 441, M = 80, and w, = x/441.
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4.60. 1, and 2, has to be chosen such that
(a) The region [ < 02, maps to | < x/4:
0T =2 =0,=x

(b) No aliasing occurs in the region |} < 0, during sampling:

2"'1:""‘13 =‘!’=9.=2’(4‘“)—“'=3081

4.61. (a)
V(z) = B()(X(z}-Y(z))
Ulz) = Hi(z){(V(z) -Y(2)}
Y(z) = U{z)+ E(2)
_ H,(z)}Ha(z) 1
1+ Hzl(z)(l + H,(z))x AN Py APTEY-AE) £
Substituting Hy(z) = 1/(1 ~ z~?) and Ha(z}) = z7}/(1 - z71), we find
Hyy(z) z7!

Ho(s) = (=377
Hence the difference equation is y[n] = z[n — 1] + f[n], where
fin]=eln]—2en-1)+e[n~ 2.

(b)

o3| Hey ()

a1 — e

i (1 - e PPl - ey
o2(2 - 2cos(w))?

0% (4sin?(w/2))?

1607 sin* (w/2)

Pyy(e™)

nwow

The total noise power o5 is the autocorrelation of fin] evaluated at 0:
a3 El(e[n] - 2¢[n - 1] + efn - 2))}

E{e*[n]] + E[-2¢*[n — 1]] + Ele[n - 2J*]

67,

where we have used linearity of expectations, and the fact that since e[n] is white, Efe[n)e[n—k]] = ¢

for k£ 0. .

)

\ / ’

AN

- R

L
' 8
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(¢) Since X{(e*) is bandlimited, z[n] * hs[n] = z(n]. Hence,
win] = yin] » hs[n] = (zfn = 1) + fIn])  hs[n} = zln - 1] + gln}.
where g[n] is the quantization noise in the region k| < x/M.

(d) For a small angle z, sin z = 2. Therefore,

a? 1 'ma’ inw/2)4dw
* = 5 2 (25inw/2)

1 = /M R
~ 5], et

Uz‘l’s =M
= i;? —x /M
_ o
T 5M®

(&) X.(j01) must be sufficiently bandlimited that X (¢?*) = X.(jQT) is zero for |w| > /M. Hence
X)) =0 for |} > »/MT.
Assuming that is satisfied, v,[n] = z[Mn = 1] = z.(MTn - 7).
Downsampling does not change the variance of the noise, and hence o; = ;-

P«(eju) = p"(e.r'w/lf)

1602 sin* (w/2M)
i
5
-X b A (]

Hence y;[n] = z[n - 1}.
(ii} The transfer fanction from e[n] to y.[n] is

__ Y .
Hyy(2) = P 1-:1 1—-2z
So
P,. {w) Pe(W)Heg(c’-w)qu'ju

a1~ e )1 - &)
02(2 - 2 cos(w))

(b) (i) z{n] contributes only to y:{n], but not yz{n}. ‘Therefore

nsft] = z{n -1
ryfn] = z[n -2}
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(ii) In part(a), the difference equation describing the sigma-delta noise-shaper is
) yin] = zin ~ 1) + efn] — e[n - 1}
So here we apply the difference equation to both sigma-deita modulators:

vie[n] = ei[n]-erfn 1}
wefn] = en -1 +exfn] —exn-1]
refn] = yreln ~ 1] - (vaeln} - y2eln - 1])
= —e3[n] + 2e3(n ~ 1] — euin - 2]
He(z) = —(1- ")
P W) = o3(2~2cosw)?



Solutions — Chapter 5

Transform Analysis of Linear Time-Invari

ant Systems
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5.1.

1, 0<n<10,
vln} = 0, otherwise

Therefore,

Y(e™) = e"’“%

This ¥ (e/) is full band. Therefore, since Y {e') = X[e?*)H{e’), the only possible zJn] and u. that
could produce y(n] is zfn] = y[n] and w, = =.

5.2. We have yln — 1] — Ryn] + yln + 1] = z[n] or z73Y (2} - Y (2} + 2Y(2) = X(2). So,

1
-4,

H{z)

:
(z-§)z - 3)

= _..l_ _L
z-l z-3

(a)

1zempalZz=w

. (b

z-!

1-4§z-1 =3

H{z)= ml 1200 —%

Stable = ROC is § < 2] < 3. Therefore,

n-1
hln] = -—% (%) uln—1] - g(S}“‘lu[-n]
5.3.

yin-1]+ %v(ﬂ - 2] = z[n]

1Y (2) + %z"Y(z) =X(2)

Yz} _ 1
X(z) - 1+§:?
z

H(z)

Be) = 1=
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i) 3 <|z|, hfn] = (=1)"*ufn + 1] = answer (a)

5.4.

i) § > |z,
Ml = - (-3)" sn-2
= -(53) (3) wn-a
-1 (—%)‘u[-n-ﬂ = answer (d)
(a)
2fn] = (;)" uln] + (@)*u[-n - 1]
X()= o~y g <M<
i) =6(3) wtol -5 ( 3) ut
Yiz) = 1-;—1 T 1-2:—1’ §< 12
H(z) = Y(z) _ —3;1 -3 -227)  1-2:70

T X(z) T (1-izY)(1- 3271

-3 1-3z-1

Im

/‘ Nzl > 3/4?
N

(b)
1

b3
7

H(z)= 3

-3z T1- -V

hn) = (%)au[n] -2 (%)n—l uln -1}

(c)

_Y() _1-2"1

H{z)

TX@ - 1-1

¥(s) - %z"Y(z) = X(z) - 2571 X(2)

uln) ~ 3yin ~ 1] = zfn] - 22fn - 1]

ES-
4



133
(d) The ROC is outside |z} = 1, which includes the unit circle. Therefore the system is stable. The

h{n] we found in part (b) tells us the system is also causal.
5.5, ‘

vt = (3) stol+ (3) " str+ i

1 1 1
= 1
Y() 1- 3§21 * 1- 42! M Izl >
zjn] = un)

1 .
X{(z)= 1—?, 'ZI >1

_Y(z) _ 3-3:14%2 1
B& = 3o =12 Er i+ gt I21> 3

(2) Cross multiplying and equating z~! with a delay in time:
7 1 19 2
yln) - uin -1+ To¥ln - 2] = 3z{n] - - 1+3zln-2
(b) Using partial fractions on & {2} we get:

1 z~! 1 7! 1
= - - + 1, > =
HG) 1-3270 1-4z 1o {27t 1-i =l 3

hln] = (%)au[n] - (%) " un -1+ (%) " uin] - (41)"-1 ufn - 1] + 6]
(c) Since the ROC of H(z) includes |z} = 1 the system is stable.

So,

5.6. (a)
el = -3 (3) ool ~ d2ruton -1
_ _% (] _ 1 1 )
X(z)= P + 1_;2,1 0 Ehaay 1< Iz] < 2
L ()
| Y(s) et 2

T A= )a -2

This has the same poles as the input, therefore the ROC is still < 2] <2
(<)

H(z)=%:l—z"eh[n}=5[n]—d‘]n—2]
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5.7. (a)

(b}

1

yln] = (2 (-

2

2[n] = 5uln] & X{2) = iTs'z-—T' iz|>1

n 3 n 9 3 R
) +3(-z) )u[nlcrY(z)= =5 + perey 21> 3
Yz} _ 1-2z"1 3
Xz @-fh0+3t) 41> 1

H(z:)=

im

iz [Re

1-21 4 z 3

H(z) =

{c)

5.8. (a)

Therefore,
H(z)=

= ”3 + 5 ,
A-lkH+i7)  (-47Y) 4 3z-1)

|21>2

h[n] = -g (%)nu[n] + -;— (—%)“u[n]

Y{(z) _ 1-2z-1
X(z) 1+3:-3:3

H(z)=

Y(2)+ 3:7¥ () - 357 (2) = X(2) - 27X ()

vinl + Soin - 1} - 3vln = 2] = el) = 2l ~ 1)

yin] = gy[ﬂ -l +yn-2+z{n-1]

Y(z)

%z"}’(z) +2Y () + 271X (2)

Y(z) _ z-? _ z!
XG) 1-3z7-2% (1-2Y)(1+3270)

lz} > 2

Im
1zefoalZ=oo

-2 Re 2




(b)

. - ) ,
&) = a-zas ) -z A+’
4= = _2
. B (1+1z2-1) im} =5
z—1 2
B = a- 2:—1)1‘_,”2 =-3

M= 2@~ (-3) ]t

lz] > 2

(¢} Use ROC of £ < |z] < 2 since the ROC must include {z| = I for a stable system.

hin] = -g(z)"u[-n —1]- § (-%)" ufn]

yin =1}~ Syln] + yin + 1) = 2]

7Y (z) ~ g}’(z) +zY(z) = X(2)

H(z) = —

1-3z-1 4272

(1-2z-1)(1 - 3z71)

2
i 3

3 -
1-22-0  1- 4271

Im
l1zeroatZ = oo

12 [Re 2

Three regions of convergence:
M) [zl < §:
] = ~2(2"uf-n ~ 1]+ 3 (%) " uf=n—1]
M) }<lizl<2
hn] = —§(2)"u[-—n -3 (%)‘u[n]

Includes {z] = 1, so this is stable.

135
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(© l2] > 2
2 .0 2 f1\"
Al = S(@utnl - £ (3) i
ROC outside of largest pole, so this is causal.
5.10. Figure P5.16 shows two zeros and three poles inside the unit circle. Since the number of poles must
equal the sumber of zeros, there must be an additional zero at z = co.
H(z) is causal, so the ROC lies outside the largest pole and includes the unit circle. Therefore, the
system is also stable. _
The inverse system switches poles and zeros. The inverse system could have a ROC that includes [z] = 1,
making it stable. However, the zero at z = oo of H(z) is a pole for H;(z), 30 the system H;(z) cannot
be causal.
5.11. {a} [t cannot be determined The ROC might or might not include the unit circle.
(b) It cannot be determined The ROC might or might not include z = co.

(¢) False Given that the system is causal, we know that the ROC must be outside the outermost pole.
Since the outermost pole is outside the unit circle, the ROC will not include the unit circle, and
thus the system is not stable.

(d) True If the system is stable, the ROC must include the unit circle. Because there are poles both
inside and outside the unit circle, any ROC including the unit circle must be a ring. A ring-shaped
ROC means that we have a two-sided system.

5.12. (a) Yes. The poles z = +5(0.9) are inside the unit circle so the system is stabie.

(b) First, factor H(z) into two parts. The first should be minimum phase and therefore have all its
poles and zeros inside the unit circle. The second part should contain the remaining poles and
28105,

1402z 1-9272
o= o 1
rm— —— |, —
minimum phase poles & zeros

outside unit circle

Allpass systems have poles and 2eros that occur in conjugate reciprocal pairs. If we include the
factor {1 — }2~2) in both parts of the equation above the first part will remair minimum phase
and the second will become allpass.

(1+02:7)(1-1:7%) 1-9z72
1+ 0.81z-2 1-}z-2
= Hi(z)Ho,(2)

H({z) =

5.13. An aside: Technically, this problem is not well defined, since a pole/zero plot does not uniquely
determine a system. That is, many system functions can have the same pole/zero plot. For example,

consider the systems
H(z) = 27!
Hi(z) = 227}

Both of these systems have the same pole/zero plot, namely a pole at zero and a zero at infinity.
Clearly, the system H,(z) is allpass, as it passes all frequencies with unity gain (it is simply a unit
delay). However, one could ask whether H;(z) is allpass. Looking at the standard definition of an
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allpass system provided in this chapter, the answer would be no, since the system does not pass all
frequencies with unity gain.

A broader definition of an allpass system would be a system for which the system magnitude response
IE(C’“)I=a,wh¢reaisarea!oonstant. Such a system would pass all frequencies, and scale the output
by a constant factor a. In a practical setting, this definition of an allpass system is satisfactory. Under
this definition, both systems H,(z) and Hj(z} would be considered allpass.

For this problem, it is assumed that none of the poles or seros shown in the pole/zero plots are scaled,
8o this issue of using the proper definition of an allpass system does not apply. The standard definition
of an allpass system is nsed.

Solution:

(a) Yﬂ,the:rttemisallpans,sinoeitisofthe.appropﬁmfom

(b} No, the system is not allpass, since the zero does not occur at the conjugate reciprocal location of
the pole.

(c) Yes, the system is allpass, since it is of the appropriate form.

(d) Yes, the system is allpass. This system consists of an allpass system in cascade with a pole at zero.
The pole at zero is simply a delay, and does pot change the magnitude spectrum.

5.14. (a) By the symmetry of z,{n] we know it has linear phase. The symmetry is around n = 5 so the
continuous phase of X;(e’*} is arg[X,(e’*)] = —5w. Thus,

gl X, ()] = - = {arglX, ()]} = = (-5} =5
40
3 x,(n]
2
T 1
0 3 2 3 456 7 8 9 n

(b) By the symmetry of z3[n] we know it has linear phase. The symmetry is around n = 1/2 so we
know the phase of X;(e’*) is arg{X;(¢’*] = —w/2. Thus,

X)) = -5 {asalXa(e ) = - 2 (-4} = ]

Az e )
x,‘,[n]

5.15. {a) h[n] is symmetric about n = 1.
’ H(e™) = 24e™™ 429
= (2 +1+2e7v)
(1 + 4cosw)e™ i«
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Aw)=14+4c08w, a=1, =0 .
Generalized Linear phase but not Linear Phase since A(w) is not always potitive.
(b) This sequence has no even or odd symmetry, 30 it does not possess generalized linear phase.
(c) A[n] is symmetric about n = 1.
H(e) = 1+3 ™ 470
e (e 4347 )
= (3+2cosw)e™
Alw)=3+2cosw, =1, =0
Generalized Linear phase & Linear Phase.
(d) Aln] bas ever symmetry.

He*) = 14e v
=112 (IR 4. o=503/3)0)

= 2cos(w/2)e~ i1/

A(w) = 2cos(w/2), @ = % B=0
Generalized Linear Phase but not Linear Phase since A(w) is not always positive.
{e) h[n] bas odd symmetry.

He*) = 1-e™
= e-jw(eiw - e-jur)
= e M2jsinw
= (2sinw)e dw+i¥
Aw) =2sinw, a=1, = -;

Generalized Linear Phase but not Linear Phase since A(w) is not always positive.

5.16. The causality of the system cannot be determined from the figure. A causal system h;[n] that has a
linear phase response LH(e'Y) = —aw, is:

hin] = &§fn]+ 28[n —1]) + 8[n ~ 2
Hi(e) = 142 472
= e 424+ e7V)
= e (2 + 2cos(w))
[Hy (&™) = 2+ 2cos(w)
LHy(&Y) = -w

An example of a non-causal system with the same phase response is:
§fn + 1]+ én] + 4d[n — 1) +d[n — 2} + S[n - 3]

hajn] =
Hye) = 41 4de i i ot
= e (e LY th+ eI 47
= e™“{4 + 2cos(w) + 2 cos(2w)}
|Ha(e™)| = 4+ 2co8(w) + 2 cos(w)
LHa(e”) = ~w

Thus, both the causal! sequence h;{n] and the non-causal sequence A;{n] have a linear phase response
{H{e’) = —ow, where a = 1.
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5.17. A minimum phase System is one which bas all its poles and zeros inside the unit circle. It is causal,
stable, and has a cansal and stable inverse.

(a) Hl(z)haslwooutﬁdetheunitdrdea:=2soitisnotminimumphne.
(b) Hz(z)isminimumphmﬁnceitspolsmdmminﬁdethennit circle.
(c) H;(z)hmmpmmammmdmmmmmmde.

)] H;(Z)huththeunitdrdenz:wmitilnotminimumph&. Moreover, the
invusetystemwuldnotbeausdduetothepdeainﬁnity.

5.18. A minimum phase system with an equivalent magnitude spectrum can be found by analyzing the system
funtﬁon,andreﬂecﬁnglﬂpolummth:moutddetheuitdrdehthd:wnjugnendpmml -
locations. Thisvﬂlmmthminﬁdetheunitdrde. Maﬂpo!sandmforﬂmm(z)winbe
inside the unit circle. Notethatascalefaaormybeinmducadwhuthepoleoruroismﬂeczed
inside the unit circle.

(2) Simply reflect the zero at z = 2 to it conjugate reciprocal location at z = 1. Thex, determine the
scale factor.
1-42-1
Hmin(2) =2 (1 + ;—:-l)

(b) First, simply reflect the zero at z = -3 to its conjugate reciprocal location at z = —4. Then,
determine the scale factor. This results in

_ _ L1441 (1 - $:71)
At = 3L o

The (1 + 1z71) terms cancel, leaving

sequently, it can be removed. Thus, the remaining term has a zero inside the unit circle, and is
therefomminimumphase.hlmh,'emld’tﬁththem

Huyin(z})=3(1- %z"‘)

(c) Simply reflect the zero at 3 to its conjugate reciprocal location at 1 and reflect the pole at § toits
conjugate reciprocal location at 1. Then, determine the scale factor.

oy 204 (- 1)
T ey

5.19. Due to the symmetry of the impulse responses, all the systems have generalized linear phase of
a.rg[H{e"‘)}:ﬂ—n,wvhaen,isthepointofsymmetryintheimpulsemponsegnph& The group
y is

o [H(e™)] =~ {arg [Be™)]) = -2 (8 iy <,

To find each system’s group delay we need only find the point of symmetry n, in each system's impuise
response.
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grd [Hz(e’”)] = 15 grd [H;(e"")] = 3
grd [Hy(e™)] = 2 grd (He(e)] = 35

8.20. (a) Yes. The system function could be a generalized linear phase system implemented by a linear
constant-coefficient differential equation {LCCDE) with real coefficients. The zeros come in a
set of four: a zero, its conjugate, and the two conjugate reciprocals. The pole-zero plot could
correspond to a Type I FIR linear phase system.

(b) No. This system function could not be a generalized linear phase system implemented by a LCCDE
with real coefficients. Since the LCCDE has real coefficients, its poles and zeros must come in
conjugate pairs. However, the seros in this pole-zero plot do not have corresponding conjugate
ZLT06.

(c) Yes. The system function could be a generalized linear phase system implemented by a LCCDE
with real coefficients. The pole-zero plot could correspond to a Type II FIR linear phase system.

5.21. hypln] is an ideal lowpass filter with w, = §

(a) yln] = zln] - 2[n] * hypln] => H(e) = 1 ~ Hip(e?)
This is a highpass filter.

-R ~R/4 0 n/4 T ©

(b) z[n] is first modulated by =, lowpass filtered, and demodulated by ». Therefore, Hip(e?v) filters
the high frequency components of X (7).
This is a highpass filter.

1 i

- -3x/4 ] 3x/4 x o

(c) hip[2n) is a downsampled version of the filter. Therefore, the frequency response will be “spread
out™ by a factor of two, with a gain of 1.
This is a lowpass filter.
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* 0 9 i@i L Y
x =y 0 X2 X ©
(d) This system upsamples h;,n] by a factor of two. Therefore, the frequency axis wil] be compressed
by a factor of two.
This is a bandstop filter.
E——— 1 J—
- x8 0 %3 TRE X W
(¢) This system upsamples the input before passing it through A,fn]. This effectively doubles the
frequency bandwidth of Hyp(e9<).
This is a lowpass filter.
.- o 9 12 * a8
-.n -nf2 0 n2 n o
5.22. ‘
= 1-a7iz7t .
H(z) = oo = XG)’ causal, 50 ROC is |z] > o
(a) Cross multiplying and taking the inverse transform
1
¥in] — ay[n ~ 1] = z{n] - ;z[n =1
{b) Since H(z) is causal, we know that the ROC is |z] > a. For stability, the ROC must include the
unit circle. So, H(z) is stable for Ja| < 1. . '

() a=1i

D Zs1e

\ cizfRe 32
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{d)

1 a~1z™}
l1-az-! 1l=—az=V’

H(z) = iz >a

hin] = (&)"uln] - 3 ()" uin - 1]
(¢) '
1—a le ™
1-ae~
l1-g™le=# l=a~leM
l1-ae7 1-ae"

H() = H(2)lpmem =

|H (™) = H(e™)B" () =

8 (™))

(1+J,-1mw)*

1+ a? - 2acosw

1 a’+1-zacosw)*
a\l+a®—2acosw

|
LN

5.23. {a) Typel:

My2
Afw) :Z a[n] cosumn
n=0
cos0 = 1, cos ¥ = —1, so there are no restrictions.
Type II: '
(M+1)/2 1
Alw) = 2 b{n] cosw (n - -2-)
=1
cos0 = 1, cos (nx — §) = 0. So H(e/*) = 0.
Type HII:
M/2
Alw) = zc[n]sinum
v}
sin0 = 0, sinnr = 0, so H(e?®) = H(e’") =0.

Type IV:

{(M+1)/2 ' 1
A(w) = 2 Qn]linw (ﬂ - E)
sin0 = 0, sin (nx — §) # 0, 50 just H(e™) =0.
{b) Type1 | Type I | Type IIT | Type IV
Lowpass Y 4 N N
Bandpass Y Y Y Y
Highpass Y N N Y
Bandstop Y N N N
Differentiator Y N N Y
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5.24. (a) Taking the z-transform of both sides and rearranging

Y() —{+:7

X(@) 1-1iz?

Since the poles and zeros {2 poles at z = £1/2, 2 zeros at z = +2} occur in conjugate reciprocal

pairs the system is allpass. This property is easy to recognize since, as in the system above,
the coefficients of the numerator and denominator z-polynomials get reversed (and in general

H(z)=

conjugated).
(b) It i B: property of allpass systems that the output energy is equal to the input energy. Here is the
proof.
N-1 ]
el = Y Wil
nxl n=—oo
= l i |Y(J~)|’du (by Parseval’s Theorem)
= = |H(a~')xw-')| dw
= ;f X (|H(e™)|* = 1 since hfn] is alipass)
= Z iz[n]l {by Parseval's theorem)
N-1
= D lzlnl’
n=0
= 5

5.25. The statement is false. A non-causal system can indeed have a positive constant group delay. For
example, consider the non-causal system

h[n] = é[n + 1] + 4[n] + 48[n — 1] + é[n — 2] + é[n — 3]
This system has the frequency response

H(™) = & +1+44e™ 4772 4 73
= e e+ 4t e emi)
= e"™(4+ 2cos(w) + 2 cos(2w))
|H({e™)] = 4+ 2cos(w)+ 2cos(2w)
(H(E®) = -w
grd{H{e™)] = 1

5.26. (a) A labeled pole-zero diagram appears below.

R
NES
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The table of common z-transform pairs gives us

ST
which enables us o derive hfn].
Mt = (s ) e simontule
(b) When wp =0
H(z) = rz rz71 2] >r

1-{2rcoswy)z~1 +r2z-2 = (1-rz-1)*
Again, using a table lookup gives us

h[n] = nr™u[n]

1zervatz =

Re
2nd order pole

5.27. Making use of some DTFT properties can aide in the solution of this problem. First, note that
haln] = (-1)"Min]
hz[n] = e ""hy[n]

Using the DTFT property that states that modulation in the time domain corresponds to a shift in the
frequency domain,

Hy(e¥) = B

Consequently, Ha(e*) is simply H)(e’) shifted by x. The ideal low pass filter bas now become the .
ideal high pass filter, as shown below.

H, @)

1

-la -n2 0 n2 T
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5.28. (a)
A
H(Z) = (1- %z—l)(l -+ %Z‘l)' 'ZI > h[ﬂ} causal
H)=6=>A=4
(b)
4 1
B = 42 I+ §2) 1> 3
_ () €3]
B 271 I+ 4271
Wl = 2 (3) v+ E(-3) v
(&) @)
i) = sl - uln = 100 X() = S22, pal>
Y(z} = X(z)H(z)
= 1- %2-_1. 4 fz} > 1
R -2+ 32Y)
_ 4
T -1+ -y
_ 3 1
= 1-z=T b4 3271
yin] = 3uln]+ (—%) u[n]
(1)
z(t) = 50 + 10 cos{20xt) + 30 cos(40xt)
T= 41_0 t=nT

zfn] = 50+ 10006%1: + 30 cos *n
- 50+5e_1‘(u'/3) +5e—j(lr/2)+lscju: + lsc-jnl
Using the eigenfunction property:
vin] = S0H () +57 M D H(H /D)4 5e D B (=301 41568 H (™) + 1567 H(e ™)

4
1 %e_,.w lg‘jzw

B(*) =

H(e®®) = 6, H(e#*/)y = 7 () - ji}, H(e 2/ =7
H{e'*) =4, H(e™i") =4 ( ) (%) +J%

y[n] = 300+24\/_cos(§n tan™! (_1())+12Dcnsm
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5.29.

_ 21
(1-42-1)(1-221)(1 - 42-1)
- 1 _ 28 + 48

1-1z1 1-2:71  1-4z?

H(z) =

Since we know the sequence is not stable, the ROC must pot include |z} = 1, and since it is two-sided,
the ROC must be a ring. This leaves anly one possibie choice: the ROCis 2 < |z} < 4.

(a)
hln) = (%) } u[n] - 28(2)"u[n] — 48(4)"u[~n — 1]

(b)

1
1- 3z 1-2z71

Hl (Z) =
Ba(s) = g
5.30. (a)

H(z) = fera)e-3) )A(: k18 z=(M-2 (1 - 412'2)

z

1

M
M-2 M—1 1 )| n

(b)

zfn — (M =~ 2)} - 32{n — M]

sl = witn]=2[2n~ (M ~2)] ~ J2l2n ~ M]

win]

Let v[n] = z[2n], .
vl = vl — (M — 2)/2) - Joln — (M/2)]
Therefore,
o} = bfn - (M - 2)/2) - J8n - (M/2)], M even
Glz) = z-M-212 _ %z-u/:
5.31. (a)
72
(1-32-1(1-321)

H(z)= stable, so the ROCis } < {2/ <3



47

2[“} = u[ﬂ] = X(Z) = -1-—-_--—le, IZl >1
Y X{z)H % % ! 1 3
(Z)—- (Z) (z)_l_%z_l'*'l_az_l—l_z_l' ([Z](

vind=§ (3) wiel - 3@"ul-n ~ 11 - ufo

(b) ROC includes z = 00 50 hin] is causal. Since both A[n] and z[n] are 0 for n < 0, we know that y[n]
isalso0forn <0
Y(z) _ z-2

X@)  1-f1+3:

H(z) =
Y(z) - -2-2"}’(3) + 5:"!’(:) =z7*X(z)

7 3
vin] =2[n — 2]+ Sy[n - 1] - Syln - 2]
Since y[n] = 0 for n < 0, recursion can be done:

viol=0, yl1]=0, y2]=1
(c)

z? 7z-(-?’

Hi(z) = H( ) =3 3’

ROC: entire z-plane

hifn] = 8fn + 2] - gé[n + 1]+ gé[n]

5.32. Since H(e¢’”) has a zero on the unit circle, its inverse system will have a pole on the unit circle and
thus is not stable.

5.33. (a)
X(z) = S(z)(1 —e7227%)

Hi(z)=1-¢ %8

There are 8 zeros at z = e™®e’$¢ for k = 0,...,7 and 8 poles at the origin.

© (b)
Y(z) = Hy(2)X(2) = Hy(2) H:(2)5(2)

1
H(;) S l-etas

|z{ > ¢™* stable and causal, |z] < €™ not causal or stable

Hyzn) =
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{c) Only the causal h;[n] is stable, therefore only it can be used to recover sin].

h[ﬂ]={ e n=0,816,...

0, otherwise
{d)
s[n) = §|n} = z[n] = d[n] — e~ ¥ 4[n - 8}
2ln) s hafn] = Ofn] - e~*5[n - 8]
+ e~ % (5[n - 8) ~ e *5[n — 16])
+ e 152(5[n — 16} — e 6[n — 32]) +---
= bin]
5.3.
el = (3) utnl+ (5) vl
(a)
__1 L 2-ge 1
Hiz) = 1-4zt 1= 171 1-3271+4 ;-7 I2> 3
Since A[n], z[n] = 0 for n < 0 we can assume initial rest conditions.
5 5
vin} = 2vin - 1) - gyin - 2)+ 2fn] - geln - 1)
(b)
_{ hn], n<10?
h,[n]—{ 0, ) n > 10°
(c)
_Y® NS, em N=10°
H(z)= XG) - ’;h[m]z , N=10"+1
N-1
yin] = Y himlzin - m]
. m=0
(d) For IIR, we have 4 multiplies and 3 adds per output point. This gives us a total of 4N multiplies
and 3N adds. So, IR grows with order N. For FIR, we have N multiplies and N — 1 adds for the
nt* output point, so this configuration has order N2, '
5.35. {a)

20log, | H(e/*/®))| = 0o = pole at eitx/%)
20logyo ‘H(e’-u'ﬂ))] = =00 = zero at oi(2x/3)

Since the impulse response is real, the poles and zeros must be in conjugate pairs. The remaining
2zerosa.reatwo(thennmbuofpolealnysequdsthenumberofm),
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Re

T
e/

(b} Since H(z) bas poles, we know hin] is IIR.

(¢) Since Afn] is causal and IIR, it cannot be symmetric, and thus cannot have linear phase.

(d) Since there is a pole at {z) = 1, the ROC does not include the unit circle. This means the system
is not stable. ’

5.36. (a)

(2 =2z"Y)(1 + $z-1)(1 + 0.92~1)
(1~2-1)(1 +0.7jz-1)(1 - 0.75z-1)
1-06z"! -235:-2-.0.9:"3

!~ 2z-140.49:-2 = 0.49:3
Y(z)

X(z)

H(z)

Cross multiplying and taking the inverse z-transform gives
y[n] - yln — 1] + 0.49y[n - 2] - 0.49y[n ~ 3] = z[n] - 0.6z{n ~ 1] - 2.35z[n - 2] - 0.9z{n - 3]

(b)

Re

Note that since Afn] is causal, ROC is |z| > 1.
(c)
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1 H(e) | .
20
o-t 0 n
[

(d) (i) Tbe system is not stable since the ROC does not include izl = 1.
(ii) Because h[n] is not stable, hin] does not approach a constant as n = co.
(iii) We can see peaks at w = £ 5 in the graph of [H(e’)] shown in part (c), so this is false. -
(iv) Swapping poles and zeros gives:

There is a ROC that includes the unit circle (0.9 < |z] < 2). However, this stable system
would be two sided, so we must conclude the statement is false.

5.37.
- {1- %’“1)(1 = *2—1)(1 - 3z2) _6 {1-—~ %z")(l - 1711 -52z"1)
X(2}= %) $2) o : = grl)
= Laz—1}{1 — laz—1)(1 - -
a"z[n] & X(a7t2) = g(l. 3% )8 — é::—:))(l 5az-!)

Aminimumphasesequenoehasaﬂpobmdminsidetheunitdrde.
le/2l<1 = |al <2
la/4 <1 = jaj <4
Saj <1 = ia](%
1

[6al <1 = ial<§




Therefore, az[n] is real and minimum phase iff a is real and |a| < 1 3

5.38. (a) The causal systems have conjugate zero pairs inside or outside the unit circle. Therefore

H(z) = (1-09¢05"2-2)(1 0.9 #4"z71)(1 - 1.25¢"47271)(1 ~ 1.28e7704727)
(0.9)2(1.25)2(1 — (10/9)e™®8%2~1)(1 - (10/9)e™F**"27%) -

Hz) =
(1 - 0.8e7472-3)(1 - 0.8e~ 87 271)
Hy(z) =
(1 — 1.25¢~ 1082 51)
H;(z) =

(1 - 0.8e~30-4%5-1)

(1.25)2(1 — 0.9¢757z~1)(1 — 0.9¢~ 7+ z~1)(1 - 0

.Be”"'z‘l) .

(0.9(1 - (10/9)e?**z3)(1 ~ (10/9)e~ 757 z71)(1 ~ 1.25¢7°4727)..
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Hy(z) lns all its zeras outside the unit circle, and is a maximum phase sequence. H3(z) bas all its
zeros inside the unit circle, and thus is 2 minimum phase sequence.

(b)

H(z)
h[n]
H:(z)
by [n]
Hy(z)
haln]
Hy(z}

(c)

1+2.5788z71 + 3.49752~2 + 2.5074z % + 1.2656: "
8[n] + 2.57888[n — 1] + 3.49758[n — 2] + 2.50748[n — 3] + 1.26564[n - 4]
1.2656 + 2.5074z" + 3.49752"2 + 2.5788273 4+ 24
1.26565(n} + 2.50748]n — 1] + 3.497548[n — 2] + 2.57885[n - 3] + é{n - 4]
0.81 + 2.1045z1 4 3.3906z~% + 2.8917z% + 1.5625z™*
0.818[n] + 2.19458[n — 1} + 3.39064[n — 2] + 2.89178[n — 3] + 1.56254[n - 4]
1.5625 + 2.8917z~" + 3.3906z~% + 2.1945:7 + 0.81z~*
haln] = 1.56258[n] + 2.89175[n — 1) + 3.39065[n — 2} + 2.19456[n — 3] + 0.814[n - 4]

n | E(n) | Ey(n) | E2(n} | Es(n)
o 10| 16| 07] 24
1} 72| 79| 55| 108
2} 109] 201 170] 223
3| 262 26.8 253 271
4| 278| 278| 278| 278
5| 278| 278| 278} 278
B 278 A 78
%2 “g° ‘g x5 g
En} ws 1 E,l7 x|
7.7 79 i
1 T 18 T
—_— (-]
0 1 2 3 4 5§ n 0 1 2 3 4 5
278 278 21y 718 218
AL =% 9 Ejn) = § 1 9
17
0L
ss » T
o7 T 3
0 1 2 3 4 5 n 0O 1 2 3 4 5
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The plot of Ey[n] corresponds to the minimum phase sequence.

5.39. All zeros inside the unit circle means the sequence is minimum phase. Since

M M
Y- hminlnll? 2 Y Iain]?
n=l n=l
is true for all M, we can use M = 0 and just compute h?[0]. The largest result will be the minimum
phase sequence. :
A|B|C|D|E| F | G |H
MS[Ba|18| 2818|1777 [113.8| 7.1
The answer is F.
5.40.

(i) A zero phase sequence has all its poles and zeros in conjugate reciprocal pairs. Generalized
linear phase systems are zero phase systems with additional poles or seros at z = 0,00,1 or
-1.

(ii} A stable system’s ROC includes the unit circle.

(a) The poles are not in conjugate reciprocal pairs, so this does not have zero or generalized linear
phase. H;(z) has a pole at z = 0 and perhaps z = 00. Therefore, the ROC is 0 < |2| < o0, which
means the inverse is stable. If the ROC includes 7 = oo, the inverse will also be causal.

{b) Since the poles are not conjugate reciprocal pairs, this does not have zero or generalized linear
phase either. H;(z) bas poles inside the unit circle, so ROC is |z] > § to match the ROC of H(z).
Therefore, the inverse is both stable and causal.

(¢) The zeros occur in conjugate reciprocal pairs, so this is a zero phase system. The inverse has poles
both inside and outside the unit circle. Therefore, a stable non-causal inverse exists.

(d) The zeros occur in conjugate reciprocal pairs, so this is a zero phase system. Since the poles of the
inverse system are on the unit circle a stable inverse does not exist.

5.41. Convolving two symmetric sequences yields another symmetric sequence. A symmetric sequence con-
volved with an antisymmetric sequence gives an antisymmetric sequence. If you convolve two antisym-
metric sequences, you will get a symmetric sequence.

A : hi[n] = hy[n] » h3[n] = (hy[n] « hz[n}]) » As[n]
hyi[n] * hy[n] is symmetric about n =3, (-1<n<7)
(hy[n] » h2n]) » hs|n] is antisymmetricabout n =3, {(-3<n<9)
Thus, system A has generalized linear phase
B: (hi[n] = ha[n]) + hsn]

hy[n] * ha[n] is symmetric about n = 3, as we noted above. Adding As[n] to this seqne.nce will destroy
all symmtery, so this does not have generalized linear phase.

5.42. (a)

AE¥) =1, l<x
#w) = —aw, <~
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#{w)
. mEresrrrarroity m
Ale™)
1
e ae e —-‘ a : @
_m .............
(b)
1 " —jows jurn sin x(n — a)
h["']=2_’ “'C e’ &1}:—-’7(—;-—‘;)-—
?
a=3
e 1 -4 © -—o——o
0 1 2 3 4 5 6 n
@
a=35
tte 0 ? 2 5 ? )
é 1 l 3 4 L 6 n

a=325
"ss 0 9 2 T g o R
© 1 . 3 4 & 6 n

(c) If o is an integer, then h[n] is symmetric about about the point n = o, If a = ¥, where M is odd,
then hin] is symmetric about 4, which is not a point of the sequence. For a in general, h[n] will
not be symmetric.

5.43. Type I: Symmetric, M Even, Odd Length

M
H(e™) = Y Anjes
n=l

(Mf=3}/2 M

= Y Amle ™+ b hinje= + h[M/2]e3(M/2)
n=0 na{M42)/2
(M-2)/2 (M=-2)/2

= Y hnlem+ 3 M- m)e=FM=m) o pIpf/2]e~ oM/
n=( med
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Then

and we have

(M-2)/2 {(M-2)/2 )
e—iw(M/2) E h[m}ejw((lllz)-u) + E h[m}e"“‘“"’m"‘) + h{M/2]
m=0 me=0

St

(M—2)/2
e~ du(M/2) ( 3 2h{m]cosw((M/2) - m) + h[M/2])

D

M2
e~ i(M/3) (z 2h{(M/2) — n)cosuwm + h{M/:])
nxl

M/2], n=0
"{"]={ g[h[(fu}z)-n], n=1l,...,M/2

M/2
H{e) = ¢~ 3(M/2) Z afn] coswmn
nw=l

M/2
M =0

Alw) = Z aln}cos(um), a=

n=0

Type II: Symmetric, M Odd, Even Length

H(e)

Let

and we have

M
= Zh[ﬂ]e"—"’“
a=d
(M-1)/2 M .
= ) hnlerm+ 2 h[n]e=7e
n=0 na=(M+1)/2
(M-1)/3 (M-1)/2

2 h[n]e~*" + E h{M - mle~iw(M-m)
n=0 -0

{M-1)/2 (M-1)/2
- e-ﬁ‘(”/” Z h[m]eiﬂ((lfﬁ)-ﬂ).'. z: h[m]e“i“““'/z]"")
max0 m=0

m=0

(M-1)/2
- e-:‘wwm( ) 2h{m]c°w((M/2}—m))

(M+1)/2

= e-iwlM/2) ( S 2h[(M +1)/2 - njcosw(n - (1/2)))

nxl

Bn) = 2A[(M +1)/2=n}, n=1,...,(M+1)/2

(M+1)/2
H(e) = e~ #4/2 3" bnjcosw(n - (1/2)}
n=l

(M+1)/2
¥ =0

Aw)= Y binjeosw(n-(1/2)), a=




Type III: Antisymmetric, M Even, Odd Length
- M
H(e™) = zh{nle“"""

(M~-2)I2

= Z hinle™" + 0+ 2 hinje~ "

(M+3)/2

(-2)/3 (M-2)/2 .

= E hinle™™"+ Y hM- mjeSvM=m)

nal vl

Then

and we bave

m=0

(M-2)/2 - (M~2)f2
=M/ |5 pfmjetM/2=m) 57 plmjemrliM/2-m)
mal

(M~2)/2
e—Tw(M/2) (,- 2 2h[m]sinw((M/2) - m))
m=l
Mf2
o= Iw(M/2) ilx[2) (Z 2h{(M/2) - n]smum)
n=}

cln] = A{(M/2) —n], n=1,...,M/2

M/2

. Type IV: Antisymmetric, M/ Odd, Even Length

H{e")

n

H(eIv) = e~ 3w(M/2) Jl2/2) Z cin]sinwn
n=l
iy M x
Aw) =Y dnjsin(wn), a=7, B=3
n=1
M
Z h{n]e~ "
n=0
{(M=-1)/2 M
3" Anje™m+ 3 hfnlemrm
n=0 n=(M+1)/2
(M-1)/2 (M-1)/2

Y. hfnlem 4+ Y. AM - m]emiviM-m)
n=0 0
(M-1}/2 (M=-1)/2
- ie(a/2) ( T himjer M/ _ Z h[m],-w«wz)—m}
m=0

(M-1)/2
e~ (M/2) (J’ b wmlﬁnw((ﬂﬂ)—ﬂt))
m=0

{(M+1)/2
eI (M/2) ilx/2) Z 2K[(M +1)/2 ~ n]sinw{n - (1/2))
nx=l

|
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din} = 2h{(M +1)/2-n], n= 1,...,(M+1)/2

Then

(M+1)/2

H(&) = MM S 3™ din]sinwin - (1/2))
n=l

and we have
(M+1)/2

Aw)= Y dalsinv(n-(/2) a=7, B
nx]

5.44. Fﬂml‘ypenmdmmbehighpmﬂunmmquhmmhwamaz=

Type I = Type I could be highpass:

L]

Type II - Type IV can be highpass:

L[]

Type III. — Type I cannot be highpass:

s

|

TypeIV-rTypelImnotbehighpass:

|

| |

ok
2

1.
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5.45.
_ (1-052"Y(1 + 22711 - 2570
Az) = — 0811 + 082Y)

p2j

im

1)

-2

(a) A minimum phase system has all poles and zeros inside |z] =1
(1-05z"1)1+ 3179
{1-064:-3%)

Hi(z)=

(1+4z7%)
(1+32z79)

Hop(z) =




(b) A ;eneralized linear phase system has zeros and polesat z = 1, —-'1,0 or oo or in conjugate reciprocal
- (1-0.5z7%)
{1-0.64z-2)(1 + %z")

H;(z) =

Hin(z)=(1+ }z‘z)(l +427%)
2
Im

(172)i

O—{1/2)

4th order pole

-2

5.46. (a) Minimum phase systems have all poles and zeros inside {2z} = 1. Allpass systems have pole-zero
pairs at conjugate reciprocal locations. Generalized linear phase systems have pale pairs and zero
pairs in conjugate reciprocal locations and at z = 0,1, -1 and oo. This implies that all the poles
and zeros of Hopin(z) are second-order. When the allpass filter flips a pole or zero outside the unit
circle, one is left ip the conjugate reciprocal location, giving us linear phase.

(b) We know that h[n] is length 8 and therefore has 7 zeros. Since it is an even length generalized
linear phase filter with real coefficients and odd symmetry it must be a Type IV filter. It therefore
has the property that its zeros come in conjugate reciprocal pairs stated mathematically as H(z) =
H(1/z*). The zero at z = —2 implies a zero at z = —}, while the zero at z = 0.8¢7*/4) implies
zeros at z = 0.8¢~H%/0) z = 1.25¢7(*/%) and z = 1.25¢~(#/49) Because it is a IV filter, it also must
have a zeto at z = 1. Putting all this together gives us

H(z) = (1+227"N(+05272)(1 - 0.87(*/9z71)(1 - 0.8e~F(*/4) 1)
(1 — 12567/ 95=1)(1 — 1.25e=3(x/9)z=1)(] _ =)

5.47. The input z{n] in the frequency domain looks like
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while the corresponding output y[n] looks like

Therefore, the filter must be

X

(10x) ) (10x)
5

% 06x-04x O  04x065=% x ©
Y&
10e10@

= 03%x 0 03 T ©
H(e')
ge—jioﬁi

-.u —03x O 0.3x u W

In the time domain this is

_ 25inf0.3x(n - 10)]

hln] = x(n—10)
5.48. (a}
| Property Applies? | Comments
[Stable No For a stable, causal system, all poles must be
inside the unit circle.
IR Yes | The system has poles at locations other than
r=0o0rz=0. .
[ FIR : No | FIR systems can only have poles at z = 0 or
Z=00.
Minimum No Minimum phase systems have all poles and zeros
Phase located inside the unit circle.
Allpass No Allpass systems have poles and zeros in conjugate
reciprocal pairs.
Generalized Linear Phase No | The causal generalized linear phase systems
presented in this chapter are FIR.
Positive Group Delay for all w No This system is not in the appropriate form.
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(v)

Property Applies? | Comments ‘
Stable Yes The ROC for this system function,

Iz] > 0, contains the unit circle.

(Note there is 7th order pole at z = 0).

R No The system has poles only at 2 = 0.

FIR Yes The system has poles culy at z = 0.

Minimum ~ No By definition, & minimum phase system must

Phase have all its poles and seros located

- inside the unit circle. )

Allpass No | Note that the zeros oo the unit circle will
cause the magnitude spectrum to drop zero at
certain frequencies. Clearly, this system is

' _ not allpass. _

Generalized Linear Phase Yes | This is the pole/zero piot of a type Il FIR
linear phase system.

Positive Group Delay for all w Yes This system is causal and finear phase.
Consequently, its group delay is & positive
copstant.

(c)

Property Applies? | Comments

Stable Yes All poles are inside the unit circle. Since
the system is causal, the ROC includes the
unit circle.

IR Yes | The system has poles at locations other than

' z=00rz=00.

FIR No Fleymcmoniyhavepolﬁatz-—Oor
z =00

Minimum No Minimum phase systems bave all poles and zeros

Phase located inside the unit circle.

Allpass Yes The poles inside the unit circle have
corresponding zeros located at conjugate

' reciprocal Jocations.

Generalized Linear Phase No The cansal generalized linear phase systems
presented in this chapter are FIR

Positive Group Delay for all w Yes Stable allpass systems have positive group delay
for all w.

5.49. (a) Yes. By the region of convergence we know there are no poles at z = co and it therefore must be
causal. Another way to see this is to use loag division to write H,(z) as

1-z"% _ -
H1(2)=1—_-—z_—1=1+2"1+2 L ’+z"",|z|>0

(b) ky[n] is a causal rectangular puise of length 5. If we convolve A; [n] with another causal rectangular
pulse of length N we will get a triangular pulse of length N +5 = 1 = N + 4. The triangular pulse
is symmetric around its apex and thus has linear phase. To make the triangular pulse g[n] have at
jeast 9 nonzero samples we can choose N = § ot let hz[n] = A;[n].

Prook:
G(e™) = H(&)H (™) = Bi(™)
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1-e9%7?

1—e—jw

eiwS/2 (eI3/2 _ ¢=1u8/2) z
e=iw/2 (ej”/z - c"j‘-'/z)

sin? (50/2) e
sin? (uw/2)

(c) The required values for hs{n] can intuitively be worked out using the flip and slide idea of convo-

lution. Here is a second way to get the answer. Pick h3[n] to be the inverse system for h;[n] and
then simplify using the geometric series as follows.

i-z1

1-2-%

= -z 14234270+ 270+ ]

= Qe Vg g6 gm0l 15,16 L

Hy(z) =

This choice for hs[r] will make g[n] = 4[n] for all n. However, since we only need equality for
0 € n £ 19 truncating the infinite series will give us the desired result. The final answer is shown
below.

5.50. (a) This system does not necessarily have generalized linear phase. The phase response,

) = wat (I L Hale)

Re(H\(e7) + Hz{e))

is not necessarily linear. As a counter-example, consider the systems
hiln) = én]+48[n-1)
hyln] = 24[n}-28[n-1]
@ln] = hln]+ ha[n] = 36[n] — §[n — 1]

Gi{¢¥) = 3-e =3 -cosw+ jsinw
oy 1 sinw
LG1(e“) = tan (——-—-—3_:05“)

Clearly, Gy (e’) does not have linear phase.

(b) This system must have generalized linear phase.

Gale™) = Hi(e™)Hi(e)
[Ga(e™)| = |Hy(e)] [ Hale)]
LGa(e®) = LHy(e®)+LHa(e)

The sum of two linear phase responses is also a linear phase response.
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{c) This system does not necessarily have linear phase. Using properties ¢’ the DTFT, the circular
convolution of H;(e’) and Ha(e’¥) is related to the product of hy{n} and hz[n]. Consider the
systems .

hi[n] = d[n]+8fn-1]
ha[n] 8{n] + 28{n — 1] + é[n — 2]
93n] hy[njhaln] = &[n] + 28[n — 1]
Gy(e™) = 1+2e7% =1+2c0sw — j25inw
" 1 2sinw )
e - (222

Clearly, Gy(e?“) does not bave linear phase.
5.51. False. Let hin] equal

_ sinwfn ~ 4.3)

A |w] < W
Wl = = —13)

T

— H(e™) = { ;, otherwise

Proof: Although the group delay is constant { grd [H (e7)] = 4.3 ) the resulting M is not an integer.

Aln] = h[M -n

H(e™) = zMeH(ev)

e-ji.3w - :tej(M+4.3)u, le<wc
M = -86

5.52. The type Il FIR system H;;(z) has generalized linear phase. Therefore, it can be written in the form
Hyp(e%) = A (&°)e oM/

where M is an odd integer and A.(¢’“) is a real, even, periodic function of w. Note that the system
G(z) = {1 — z7Y) is a type IV generalized linear phase system.

Gev) = 1=
= e—ju/?(ejw/2 - e-—ju/2)
= e 77 (2jsin(w/2))
2sin(w/2)e—jw/2+f!’/2
Ao(ejw)e-ju/2+j:/2
Ay = 2sin(w/2)

Gy = =242

22

The cascade of H;;(z) with G(z) results in a generalized linear phase system H(z).
H(eY)

Ag(e,'...)Ao(ejw)c—jwulze—ju/2+ja/2
- A'e(cj“ )ejul{'ﬂ-i-j:ﬂ

where A',(e7*) is a real, odd, periodic function of w and M’ is an even integer.

Thus, the resulting system H{e/*) has the form of a type III FIR generalized linear phase system. It is
antisymmetric, has odd length (M is even), and bas generalized linear phase.
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5.53. For all of the following we know that the poles and zeros are real or occur in complex conjugate pairs
since each impulse response is real. Since they are causal we also know that none bave poles at infinity.

{a) e Since hy[n] is real there are complex conjugate poles at z = 0.9e*97/3,
o If z[n] = uin]
Hi(z)
1-zt
We can perform a partial fraction expansion on Y(z) and find 2 term (1)"u[n] due to the pole
at z = 1. Since y|n] eventually decays to zero this term must be cancelled by a zero. Thus,
the filter must have a zerc at z = 1.
» The length of the impulse response is infinite.
(b) e Linear phase and a real impulse response implies that zeros occur at conjugate reciprocal
locations so there are zeros at z = 2;,1/2,,2%,1/z] where z; = 0.8¢77/4,
s Since hy[n] is both causal and linear phase it must be a Type I, H, III, or IV FIR filter.
Therefore the filter’s poles only occur at z = 0.
o Since the arg { H>(e7*)} = ~2.5w we can narrow down the filter to a Type Il or Type IV filter.
This also tells us that the length of the impulse response is 6 and that there are 5 zeros. Since
the number of poles always equal the number of zercs, we have 5 poles at z = 0.
« Since 20log |H2(e"?)] = —co we must have a zero at z = 1. This narrows down the filter type
even more from a Type II or Type IV filter to just a Type IV filter.
With all the information above we can determine H»(z) completely (up to a scale factor)

Y(z) = Hi{z)X(z) =

Ha(z) = A(1 — z71)(1 ~ 0.867™ /427 )(1 — 0.8e~7*/4271)(1 - 1.25¢7"/4271)(1 - 1.25e7"/4271)

(c) Since Ha(z) is allpass we know the poles and zeros occur in conjugate reciprocal locations. The
impulse response is infinite and in general looks like

(z7! ~ 0.8e7%/%)(2~} — 0.8e—7"/4) Hoo(2)

H:;(Z) = (1 - o.scj'/‘z-l)(l _G_Se—jl'/Gz—l) op

5.54. {a) To be rational, X(z) must be of the form

ﬁ
(1~ C),z-l)

X(Z) - hk.——l

% N
Ha-dz™)

k=1

Because x{n] is real, its zeros must appear in conjugate pairs. Consequently, there are two more
26108, at z = ¢77*/%, and z = Je73"/4, Since x|n] is zero outside 0 < n < 4, there are only four
zeros (and poles) in the system function. Therefore, the system function can be written as

1= (1= Jomen) (1= Jommeem) (3= B (1 o)

Clearly, X{z) is rational.
(b} A sketch of the pole-zero plot for X (z) is shown below. Note that the ROC for X(z) is |2] > 0.
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o FI

ﬂﬁ

4th order pole
(c) A sketch of the pole-zero plot for Y (z) is shown below. Note that the ROC for Y(z) is |z] > 1.

Im

Y2)

Re

D
N

4th order zero

§.55. e Since z[n] is real the poles & zeros come in complex conjugate pairs.
e From (1) we know there are no poles except at zero or infinity.
e From (3) and the fact that z{n] is finite we know that the signal has generalized linear phase.

¢ From (3) and {(4) we have o = 2. This and the fact that there are no poles in the finite plane
except the five at zero (deduced from (1) and (2)) tells us the form of X(z) must be

X(z) = z[-1z + 20} + 2[1]z"* + z[2]z % + 2[3)z 2 + z[d)z™* + Z{5)"°

The phase changes by 7 at w = 0 and 7 so there must be a zero on the unit circle at z = £1. The
zero at z = 1 tells us  z{n] = 0. The zero at z = —1 tells us 3 (—-1)"z{r] = 0
We can also conclude z{rn] must be a Type III filter since the length of z{n] is odd and there is a
zero at both z = 1. z{n] must therefore be antisymmetric around n = 2 and z{2} =

¢+ From (5) and Parseval’s theorem we have 3" |z[n]|* = 28

e From (6)

ylo] = 2% " ¥ (e)dw = 4

-

= z{n]*un]|n=o = z[-1] + z[0]

1 hd . .
vl 5o | Y(E)FTdu=6

-

z[n] * un] |a=1 = 2[-1] + z[0] + [1]

¢ The conclusion from (7} that 3 (-1)"z[n] = 0 we already derived earlier.
o Since the DTFT {z.[n]} = Re {X(e/*)} we have

z{5]+z{-5 _ 3
2 - T2

z[s] = -3+z[-§)
zf5] = -3

Summarizing the above we have the following (dependent) equations
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(1) z[-1] + 2[0] + z{1] + z[2] + z[3] + z[4] + =z[5] = © ST
(2) —z[-1} + z{0] - z[1] + z[2] — =[3] + ={4] — z[5) =0
(3) z[2]=0
(4) 2[-1] = -={5]
(5) z[0] = —=l4}
(6) =[1] = —=[3]
(7 2[-12 + 2[0]* + 2[1]* + z[2]* + =[3]* + z[4]* + =[5}* = 28
(8) z[-1] +=z[0] =4
@) z[-1]+z[0] + z[1) =6
(10) zs) = -3

z{n] is easily obtained from solving the equations in the following order: (3),(10),(4),(8),(5),(9), and (6).

-~
L3}

-3

5.56. (a) The LTI system S; is characterized as a lowpass filter.
The z-transform of hy[n] is found below.

Vil -yl -1]+ juln -2 = zln]
Y(z) - Y(2)z~ + %Y(z)z" = X(z)
Y(z) (1 -z7l4 %z") = X(z)

1 1
Hy(2) = A-z1+127%) " (1-3z1)°

This system function has a second order pole at z = 3. (There is also a second order zero at z = 0).
Evaluating this pole-zero plot on the unit circle yields a low pass filter, as the second otder pole
boosts the low frequencies.

Since

Hy(e) Hy(-¢)
Hi(z) = Hi(-2z}

If we replace all references to z in Hy(z) with —z, we will get Hz(2).

1
Hi(z) = -——v—
(=) 1+3:27)
Consequently, Hz(z) has two poles at z = —1. (There is also a second order gero at z = 0)-
Evaluating this pole-zero plot on the unit circle yields a high pass filter, as the second order pole
now boosts the high frequencies.
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()

{©)

(d)

The LTI system S; is characterized as a highpass filter. Hs(e/) is the inverse system of H;(e’*),
since Hy(e’*)H}(e’) = 1. Consequently, H3(2)Hy(z) = 1.

As shown in part (a), Hi(z) has a second order pole at z = %, and a second order zero at z = 0.
Thus, Hs(z) has a second order zero at z = }, and a second order pole at z = 0. Evaluating this
pole-zero plot on the unit circle yields a high pass filter, as the second order zero attenuates the
low frequencies.

S is a minimum phase filter, since its poles and zeros are located inside the unit circle. However,
because the zeros of S; do not occur in conjugate reciprocal pairs, 53 cannot be classified as one
of the four types of FIR filters with generalized linear phase.

First, we compute the system function Hy(z)

y[n] + cayln — 1] + azyin - 2 Boz(n]
Y(2) + o Y{z)z +0:Y(2}27? = foX(2)

bo
l1+eo;z71 + @zz~2
S, is a stable and noncausal LTI system. Therefore, its poles must be located outside the unit
circle, and its ROC must be an interior region that includes the unit circle. We place a second
order pole at z = 2, which is the (conjugate) reciprocal location of the second order pole of H,(z)
at z = §. This gives

H4 (z} =

_B
(1-2z-1)2

Bo
(1 -4z +4273%)

Hy(z)

In order for 7 .
{He(e™)| = |Hi(e™)]

an appropriate value of B must be found. Consider the case when z = 1. Then,

Bo 1
-4 +a 7| |02+ 19
Bo 1
a —4+4)| = |m
1Bl = 4

The values a; = —4, oz = 4, and By = 4 satisfy the criteria. Note that Sy = —4 also is a valid
solution.

If hsln] « Ay [n] is FIR, then the poles of Hy(z) must be cancelled by zeros of Hs(z). Thus, we
expect a second order zera of Hs(z) at z = }. Therefore, Hs(2) will have the term (1 — 327)%
In order for the filter hsn] to be zero phase, it must satisfy the symmetry property hsin] = h3[-n],
which means that Hy(z) = H¢(z). For this property to be satisfied, we need two more zeros located
at z = 2. In addition, we want these zeros to correspond to a noncausal sequence. Therefore, Hs(z)
will also have the term (1 - 3z)%.

Combining these two results,

Hs{z) =




Taking the inverse z-transform yields

hsln) = 58l = 2] - Sn - 1]+ Sa] - Soln-+1]+ Foin+2

5.57. (a)
1 jwgn 1 ~jwon
z[n] = s{n) coswgn = -és[n]e’ on -2-s{n]c
X(*) = %S(e’(""“)) + -;-S(ej(““"')
Y(e) = H()X(e) = 2 S(ee) + gees(elerr))

_ 1 (wan—do) 4 1 ~flwon—so}

yln] = is[n]e’ + Es[n]e
= s{n]cos(won — ¢o)

(b) This time,

Y(eY) = H(e“) X (e) = %e-woe—w’*'S(eﬂ“-w)) + %J%'J’“’NS(J‘“*W’ )

I

¥{n] 8n - ng)+ (%s[ﬂ]t’“""“"“’ + -;-s[n]e'-ﬂ“”"“))

&[n — ngl = s[n] cos{won — o)
s[n — na) cos(won — wontg — o)

Therefore, if ¢, = ¢p + wona then
yln] = s[n — ng] cos(won — 1)
for narrowband s[n).

(e)

d ) d
Tgr = —o—arglH ()] = ~={~¢0 ~ wnd] =

it

Tph -—éarg[H ()= —;1;[-% —wng) = % -n4

yin] = s{n — 7gr(wo)] cosiwo(n — Tpalwn))]

(d) The effect would be the same as the following:

(i) Bandlimit interpolate the composite signal to a C-T signal with some rate T
(ii) Delay the envelope by T - 74, and delay the carrier by T - Tpa.
(iii) Sample to a D-T signal at rate T

5.58. (a)

g = 0= @yy[m] = Tylm] & Tpp(2) = $yy(2)

gy [m] = yln] « y[—n} = z[n] « z[—n] » A[n] + A[-n]

167
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B, (2} = X(2)X(z V) H(2)H(27}) = 8, () H(2)H(z™?)

$s2lm] = 26lm] & $..(2) = o2

N M
y[n] = Ztlgy[n -k + Zbg:[n -k, =1
k=1 i=0

Y(z)= ZagY(z)z +X(2)+ Zng(z)z""

k=1

M M
1+Zbkz—k H(l -'ng-l)
H(Z) = k:1 = A k:l
I—Zmz"‘ H(l-dgz_l)
k=1 k=1
3o,
M M
(1 + thz-‘) (l + 2 bkzt)
Tyy(2) = &:.(2)H(2)H(z™) = 22— kel
22
k=1 k=1
Or equivalently,
M
H(l - Chznl)(l — ng)
Ty(z) = A202 2
[0 -dez")1 - di2)
k=1

(b} To “whiten” the signal y[n] we need a system:
Ho()Hou(z™) = T
v H(z)H(z™1)
Therefore,

N
[I0 -dez")(1 - di2)

Ho(2)Ho(z ™) = 222

1'[(1 —az (- cu)

The poles of Hy(z) are the zeros of H(z) andthemosofE.(z) are the poles of H(z). We must
now decide which N of the 2N zeros of H.(z)Hw(z7') to associate with H,(z). The remaining
N zeros and M poles will be reciprocals and will be associated with H_(z~!). In order for H,(z]
to be stable, we must chose all its poles inside the unit circle. Thus for a pair c;,c; > we chose the
one which is inside the unit circle.
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{¢) There is no real constraint on the zeros of Hy(z), so we can select either d; or d 1 Thus, it is not

unique.
5.59. (a)
M=-1 - M
. —
H{e™) = E e v = papra
n=0

He™) = il___‘_‘,% & hiln] = ié[ﬂ — kM) - 8n - kM - 1]

k=0
1 1 1
1 M+1 2M+1
1] M M n
-1 -1 -1

hi[n) has infinite length, so we can never get a result without infinite sums. Therefore, it is not 2
real time filter. We can use the transform approach but we must have all the input data available

to do this.
(b} The proposed system is a windowed version of hi[n]:
hy[n] = hajn] = hiinlpln]
Where
n] = 1, 0<n<gM
PI"I= 1 0, otherwise
z[n] « hln] + h;[n]p{n] = win)
Therefore, if z{n] is shorter than gM points, we can recover it by looking at w(n] in the range

0<n<gM-1
{c)
Hi2) = 5= = Hi(2)H
i\z -H(z}-‘ 1(2)Ha(2)
g 1—z—M
min) =Y 8ln~ kM) & Hi(2) = 337
k=0
Thus, o
1 1-=z"
BE) = g1 rw
Note that
1-z-M
1—z—9M

has M zeros and gM poles. Since H(z) is causal, there are no poles at z = co. If H(z) bas P

poles and Z zeros:
Z+M<P+gM
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5.60. {a)
1 az-1 a-:z""°
H(Z)—ZF;_ a  az!
Im
/Npoleatz;-a
kjne ﬁ
H(e*)y=e -1 = sinw = =
(&)= - - =cosw+jsinw~
arg[H(e’¥)] = tan (———mw_%)
(b)

an

jne

_ 1
a 1-az-!

G(z) = zi

1 1
ae-i*  1-acosw+ jasinw

- (7255)
e (G22)
arg{H(e’*)]

5.61. (a) Because h;[n], holn] are minimum phase sequences, all poles and zeros of their transforms must
be inside the unit circle.

G{e?) = =

arg|G(e*)]

hllﬂ] * h:[n] « H, (Z)Hz(z)
Since H:(z) and Hz(z) bave all their poles and zeros inside the unit circle, their product will also.
(b)
hy[n] + ha[n) & Hy(2) + H{z)

afrl = (3) vl = o = K
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Tan] = 2 (%)ﬂu[n] — T:%;'T = Xa(z)

Both of these are minimum phase, with a zero at z =0 and a pole at z = 3.

3
Xi(@) + Xa(z) = T
?

This is minimum phase, with the same pole and zero as X1 (z} and X2(z).

ENEY (%) u[n) 1—__—%;_—; = Xi(2)

zain] = —6 (%) uln] +— -1—--%%_—1- = Xo(z)

Xi(z)hasa poleat z= 1 and azero at z = 0. Xa(z)hasapoleat z=1} and azeroat z=0.

z-i

Xi(z) + Xa(z) = -1 - 1Y)

This bas zeros at z = 0,00 and poles at z = }, }. Therefore, it is not minimum phase.
5.62. (a)

o} = 3 (%)nu[n] +3@ru-n =1

: $
= 3 —
R(z) 1-4z71 1-2z71

_ —2z"1
Toa-izha-2:7Y)

1

, ROC:! <2
a5 1<z
Im

/N zeroatz = oo
S % '

r[n] = h{n] » h{—n] & R(z) = H(z)B(z™")
1
{1~ %z‘l)(l - 32)
We have two choices from H(z). Since h[n] is minimum phase we need the one which has the pole
at z = 1, which is inside the unit circle.

(b)

R(z)=

+]
(1-3z71)’

hin] =% (-;-)“u[n]

H(z) = ROC: |2} > }



172

5.63. (a) Maximum phase systems are of the form

M
[e-c

HZ) =52, |alldl>1

[Iz-a
k=1

Since the poles are outside the unit circle, the only stable system will have a ROC of |z| < min |dy|-.
This implies the poles will all contribute to the hfn] with terms of the form —(di)"u[-n - 1], which
are anticausal. The zeros are all positive powers of z, which means they are shifting to left, and
h[n] is still anticausal.

(b)
M
Humin(z) = hmin[0} H(l — )
k=1
-1 - il
Homaz(z) = hmin{0} H(l ~az”) H (1 - c;z“)
=1
M ;o1
Haplz) = kl;-[l (1 - Ckz:l)
{c)
-1 %
Hopar(2) = hmin{0] H (1-ez™) H (l - Ckzbl)
= hmenl0] H(z" -cp)
k=1
M
= z'"hnu‘nIG] H(l - c:z)
k=1
= ZﬁuHmin(Z-l)
(d)

Hmu(z) = Z-HHmiu(z-I)
hewal] = 810 = M1+ henl=] = hrmen[= + M]
5.64. (a) We desire |[H(z)H. ()] = 1, where H.(z) is stable and causal and H(z) is not minimum phase.

b}

|Hap(z) Hmin(z}Hc(2) =1
Since [H,p(z)] = 1, we want
[Hmin(2)H(2)] = 1
This means we have
H.(z) =

Hmiﬂ(")

which will be stable and causal since all the zeros of Hmin(2), which become the poles of H.(z),
are inside the unit circle.

s A T SR T T T e

S
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(b} Since
He(s) = g—rs
We have
G(z) = Hop(z)
(c)

H(z) = (1 -0.865°%"271)(1 — 0.8e™ 737 271)(1 — 1.2e 77271 )(1 ~ 1.2¢ 7907271

Hoin(z) = (1.44)(1 - 0.8670373-1)(1 — 0.8¢ =703 ;=1)(1 — (5/6)™T"z-1)(1 — (5/6)e~ 1077 21)
1

Bels) = i oam = (1 = 08501 = (5/8)eP = 1) 1 = (5/6)e P 7 1)
- _ (271 = (5/6)e= 0T ) (272 — (5/6)e7°7)

0) = Hal?) = - Gerem 7)1 - (5/6)e 077 )

(o] (o)
Re
O O
4th order pole
Im Im
S H m”( 2= G2
Re Re
X x
o}
4th order zero
5.65.
H(z) = Hmin(z);:_::;:‘%, lal < 1
Thus,

1

hmin[0] = ---h[O]

Therefore, {Amin[0]} > |A[0]] since ja| < 1. This process can be repeated if more than one allpass system
is cascaded. In each case, the factor for each will be larger than unity in the limit.

l.un Hpin(z) =

H(z)

5.66. (a) We use the allpass principle and place a pole at z = 2, and a zero at z = ;.-.

= Zx

HE) = Hunlo)irty
Q(z)(z —zk)
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(b)
H(z) = Q(2)z7" - Q(2)

h[n] = g[n —~ 1] - z;q[n]

- Hpmin(2) = Q(2) — 22Q(2)z7*
hmin[n] = g[n] — zxqln - 1)
(<)

e = S thmialml® = 3 Ihimlp
me=0 m=0

= Y (lglm)l* - zeqlm — 1g"[m] - 214" [m — 1)gim] + |z *lglm — 1%}
m=0

= > (glm ~ 101? ~ ziq"[m ~ 1lglm] — zeqlm - 1jg"[m] + |2:{*|afm]}?)

=0
= (Q-|af) i(iq{mll2 - lglm = 1]1%)
= (1- Iz:=|2)|rf:7'[::;l2
(d)
e=(1-1z:)ig[n]|* >0 Vn since [z} < 1

Then . .
Y thmafmll? - 3 [Am] > 0

m=0
n n

S IR < T thminlmi? v

m=0 m=0

5.67. (a) z[n] is real, minimurm phase and z[n] = 0 for n < 0. Consider the system:

a—> Hoo(z) [——» Hy@ |—»e

z([n] is the impulse response of a minimum phase system. y{n] is the impulse response of a system .

which has the same frequency response magnitude as that of z[n] but it is not minimum phase. &
Therefore, the equation applies.

SIKR 2 Y ke
k=0 k=0

Since hgp[n] is causal and z{n] is causal, y{n] is also causal, and these sums are meaningful.
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(b) As discussed in the book, the group delay for a rational allpass system is always positive. That is,
gl‘d{Hc,{e’-“)] >0

Therefore, filtering a signal z{n] by such a system will delay the energy in the output y[n]. If we
require that z{n] is causal, then y[r] will be causal as well, and the equation

SR 2 ikl
k= k=0
applies to the system.
5.68. (a)

= zfn] s kin]
rin] = gl-n]shln]

sin] = r[—n] = gln] » h{~n] = z[r] » (h[n] + A[-n]}
hy[n]l = hin]xh[-n] . .
Hy(e?®) = H(eV)H™ () = |H(E)?

Since Hy{e’*) is real, it is zero phase.

(b)

gln] = zin]s hin]
rfn] = z[-n]=*h{n]

vln] = g[n] + r{-n] = z{n] + Aln} + z[n] « A[-n] = z[n] « (A[n] + A[~n])

hafn] = hn]+ hl[-n]
Ha(e™v) = H(e™)+ H*(e™)
= 2Re{H{(e")}

H(e#) is real, so it is also zero phase.
|Ha(e™)| = 2{H ()] cos (LH (™))

(¢}

N |H2(e”)|
iHl(ei”)I '
3n/4
) ERRREE 0 x/4 w x ®
. 2 e
(o] n/4 3n/4 r @

In general, method A is preferable since method B causes a magnitude distortion which is a function
of the (possibly non-linear) phase of h{n].
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5.69. False. Consider

1 1

H(z)= : =
(2) (1-Fz-1)(1-22"1)  1-%2-14272

This system function has poles at z = 1/2 and z = 2. However, as the following shows it is a gmerM
linear phase filter.

1
1-Se—iw 4 e—i2
eju
e — 2 4 eI

(7emems)
COSW-§

5.70. (a) Since A[n] is a real causal linear phase filter the zeros must occur in sets of 4. Thus, if z, is a zero
of H(z) then z7,1/2z; and 1/2] must also be zeros. We can use this to find 4 zeros of H{z) from
the given information.

He~) =

z;, magnitude = 0.5, angle = 153 degrees
z;, rmoagnitude = 0.5, angle = 207 degrees
1/z;, magnitude = 2, angle = 207 degrees
1/z], magnitude =2, angle = 153 degrees

(b) There are 24 zeros so the length of Afn] is 25. Since it is a linear phase filter it has a delay of
(L ~1)/2=(25-1)}/2 =12 samples. That corresponds to a time delay of

ms
(0.5 sample) (12 samples) = 6 ms

(¢) The zero locations used to create thé following plot were estimated from the figure using a ruler
and a protractor.

Estimate of Continuous-Time Magnitude Response

0

-‘-L 20

g Zero Locations (Q):

g 40 (0.0444)/T

3 (0.128)x/T

5 60 (0.244)/T

= -80

_1m 1 . L A i )

0 0.2 04 0.6 08 1

Q*'Th

5.71. (a) There are many possible solutions to this problem. The idea behind any solution is to have k[n]
be an upsampled (by a factor of 2) version of g[n]. That is,

_f ginf2l, n=0,22,%4,..
hin] = { 0, otherurise
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Thas, A[n] will process only the even-indexed samples. One suc_ system would be described by
hln] = 1+é8Rn-2]
gln) 1+8[n-1}
H(z) = 14277
G(z) = 14zt

(b) As in part a, there are many possible solutions to this problem. The idea behind any solution is
to choose an kfr] that cannot be an upsampled (by a factor of 2) version of g{n]. Clearly, choosing
h[n} to filter odd-indexed samples satisfies this criterion. One suck h{n] would be

hln] = 1+8n-1}+én-2]
H(z) = 14z 4272

(c) In general, the odd-indexed samples of A[n] must be zero, in order for a gin] to be found for which

rin] = y[n]. Thus, there must not be any odd powers of z~! in H(z).

(d) For the conditions determined in part c, g[n] is a downsampled (by a factor of 2) version of k[n].
That is,

gln] = hf2n]

5.72. (a) No. You cannot uniquely recover k[n] from ca[i}.

em[f] = Al =[]
Cu(e™) = H(&)H(e ™) = |H()|
Cu(z) = H(:)H"(1/z")

Causality and stability put restrictions on the poles of H(z) {they must be inside the unit circle)
but not its zeros. We know the zeros of Cp,(z) in general occur in sets of 4. Here is why. A
complex conjugate pair of zeros occur in H(z) due to the fact that hln] is real. These 2 zeros and
their conjugate reciprocals occur in Chs(z) due to the formula above for a total of 4. Thus, H(z)
is not uniquely determined since we do not know which 2 out of these 4 zeros to factor into H(z).
This is illustrated with a simpie example below.

C,a |m  ou:
021
Re
021‘
4th order pole o1z

Let the above be the pole-zero diagram for Cas(z) and
Hz) = (1-z2z"1) 1~z

Hi(z) = (l - -:—lz"") (1 - %2—1)

Cu(z) = Hi(2)H{ (1/z") = Ha(2) B3 (1/2")
we cannot determine whether h;fn] or h[n} generated caa[l].

Since
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(b) Yes. The poles of Cps(z) must occur in sets of 4 for the same reasons outlined above for the zeros.
However, since the poles of Ajn] must be inside the unit circle to be causal and stable we do not
bave any ambiguity in determining which poles to group into Ajn]. We always choose the complex
conjugate poles inside the unit circle. Here is an example

Cld _m  xupy
Xp1
Re
Xpi'
4th order zero X1p,

Let the above be the zero/pole diagram for Cus(z). Then, if h[n] is to be real, causal, and stable

H(z) must equal
1

(-pz)(1-pjz?)

5.73. As shown in the book, the most general form of the system function of an allpass system with a
real-valued impulse response is

H(z) =

M.

b =] e [ oo el e,
= H 1-dpz-? (1 —epz71)(1 ~—epz71)’
k=1 k=1

where R, is the ROC which includes the unit circle. Correspondingly, the associated inverse system is

1
H(z)
Mo dert T (1 —exz= )1 —eiz 1)
= n z—-1 *dg H (z"1 - G:}(Z'l :Cg)

H.-(z) =

k=1 k=1

X Nz —dy) 15 27z —e)(z—e})
- ;,l._-.'[ z7l—dy ;E[ {z=1 —e;)(z7) — &)

M, M,

z—d; {(z —ex){z —e})

B ST I__Il 1—e;2)(1 — exz)

= H({/2), Izle—;—’

which in the time domain is

hin} = h-n)
5.74. We can model g[n] as
gin] = z[n] + adln — no)

Now send the corrupted signal g{n] through a highpass filter hayr[n] with a cutoff of w, = x/2.
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12¢
hmf[n]

———?—QTGT4_1O1:T3:fc‘; ...n

sin In
haptln] = (-1
The highpass filter completely filters out the lowpass signal z[n]. The output y[n] is
yin] = (z[n]+ adln — no]) « hnprin]

ahupsin — no

_1y(n-no) 5B 3{n — n0)
a(=1) #{n - ng)

y{n] looks similar to the picture of hpy¢[n] above except that it is scaled by & and shifted to no. Thus,

a = 2y[no]
- z[n] = g[n] - 2ylnolé{n - no]
(a) When ng is odd, y[n] = 0 at all odd values of n except n = no. This leads to a procedure to find
z[n] from g[n): '
» Filter g[n] with the highpass filter described above.
o Find the only nonzero value at an odd index in the output y[n]. This value is y[no]-
* z[n] = g[n] — 2y[nolé{n — nol
(b) The only time three consecutive nonzero samples occur in y[n] is at n = ng. The procedure to find
z[n] is
s Filter g[n] with the highpass filter described above.
¢ Look for three consecutive nonzero output samples. The middle value is yfno)-
o z{n] = g[n] — 2y[no}é[n — ny)

5.75. Looking at the z-transform of the FIR filter,

H(z)

Z hin]z~"
n=0

N-1
Z A[N-1-n)z7"
a=0

Substituting m = N — 4 — n into the summation gives
0

H(z) = Y hml™ N4

m=N-—1
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N-1
= 2 h[m]zmz-l‘i-i-l
m=0

N-1
= z=NH Z h[m):™
m=0

z—N+1H(z—l)

Thus, for such a filter,
H(1/2) = 2N H(z)

If zq is & zero of H(z), then H{z)}=0, and

H(1/z0) = 23 H(zo) = 0

Consequently, even-symmetric linear phase FIR filters have zeros that are reciprocal images.

aras,
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Solutions — Chapter 6

Structures for Discrete-Time Systems



6.1. We proceed by obtaining the transfer functions for each of the networks. For network 1,

6.2,

6.3.

6.4.

Y(z) = 2recos6z71Y (z) - r2272Y (2) + X (2)
or
Y(z) _ 1
X(z)  1-2rcosfz=) 4 r2z732

For network 2, definre W{z) as in the figure below:

H;(Z) =

w(z)

z{n]

rcosf
—rsiné 4

4 rsiné

rcosé

then
W(z) = X(z) — rsin827°Y(z) + rcosfz" W (z)

and
Y{z) =rsin8z7'W{z) + rcosﬂz'lY(;)
Eliminate W (z) to get
Y{z} _ rsinfz~!
T X(z)  1-2rcos@z~l+riz2

Hence the two networks have the same poles.
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The only input to the y{n] node is a unity branch connection from the z[n} node. The rest of the network

does not affect the input-output relationship. The difference equation is y[n] = z[n].

24 %z'l

H(z) = ——omg
(2) 14421 - %z‘z

System (d) is recognizable as a transposed direct form II implementation of H{z).
{a) From the flow graph, we have:

Y(z) = 2X(z) + (%X (z}~ %Y(z) + gY(z}z—l)z‘l.
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That is: 1 3 1
a1 X -2 = —_ -1 .
Y(z)(1+ 42 sz y=X(z}{2+ 42 }
The system function is thus given by:

_Y{z) 2+ 170
T X(z)  1+iz21- %z‘z'

H(2)
{b) To get the difference equation, we just inverse Z—transform the equation in a. We get:
1
ol + 3yl ~ 1] = Svin ~ 2| = 2efn] + 3=fn - 1)
6.5. The flow graph for this system is drawn below.

win]

> -8
z[n] y[n]
(a)
win] = z[n] + 3win ~ 1] + win ~ 2
y[n] = win) + y[n - 1} + 2y{n - 2]
(b)
W(z) = X(2) + 327 W (z) + z7*W{(2)
Y{(z) = W(z) + z7'Y(2) + 227%Y(z)
So
Y{z) _
xz - H (z)
_ 1
T (=271 —22-2)(1 — 3z ~ z-2)

1
1—4z-1 4 7z73 +22-%

{¢) Adds and multiplies are circled above: 4 real adds and 2 real multiplies per output point.

(d) It is not possible to reduce the number of storage registers. Note that implementing H(z) above
in the canonical direct form IT (minimum storage registers) also requires 4 registers.

6.6. The impulse responses of each system are shown below.
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{a} Tol I_llT (b) oTl IiT

dalr Ll

6.7. We have
R

4
- 1,27
1 3

H(z) =

Therefore the direct form II is given by:

z[n] @ - - yin]

6.8. By looking at the graph, we get:
y[n] = 2yfn — 2] + 3z[n — 1] + z[n - 2].

6.9. The signal! low graph for the system is:

3["]0——1:—0 -
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(a) First we need to determine the transfer function. We have

win] = z{n] — wsln] + 4wefn — 1
wzln] = wifn}
wfr] = waln =1
wy(n] = 2ws[n]
yin] = wn}+ z{n — 1) + wen].

Taking the Z—transform of the above equations, rearranging and substituting terms, we get:

1+3z" 427283
1+2z71-8z-2

H(z)=
The difference equation is thus given by:
y[r] + yin — 1] - 8y[n — 2] = z{n] + 3z[n — 1} + z[n — 2] - 8z[n - 3].

The impulse response is the response to an impulse, th;refore:
hln] + hn - 1] — 8h{n — 2] = 8[n} + 35[r - 1} + d{n — 2] — 83[n ~ 3]

From the above equation, we have:

Al0] = 1
h[l] =3- h[O} =2.

(b) From part {(a} we have:

y[n] + yin — 1] - 8yln — 2] = zjr] + 32[n - 1} + z[n — 2] — 8z[n - 3]

6.10. (a)
wln] = zvin] +2ln)
v[n] = %y[ﬂ]+2z[n]+w[n- 1]
yln] = vin-1]+zn}

(b) Using the Z—transform of the difference equations in part (a), we get the transfer function:

_Y(z) 1427t +27R

H(z) = X(z) 1-}z1-1%

We can rewrite it as :

_ (14 )+ 27

& = i ya -y

We thus get the following cascade form:

le— i " '

-1/2

L
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(c) The system function has poles at z = —} and z = 1. Since the second pole is on the unit circle,
the system is not stable.

6.11. (a) H{z) can be rewritten as:
271 — 6272 4 8273

H(z)=

1-4zt
We thys get the following direct from II fiow graph :
z[r] o———-oV(n]
-1
—

{b) To get the transposed form, we just reverse the arrows and exchange the input and the ouput. The

graph can then be redrawr as:
zin] o—v——9 yin]

4

1/2

6.12. We define the intermediate variables unn], w2[r) and wsln] as follows:

-1 wjn] 2

z(n] y[n]
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We thus have the following relationships:

win] = -—zin]+ wsln] + wyin)

w2in] = zf{n— 1] + 2us[n)

wsfn] = waln-1]+y[n-1]
vin] = 2wfn]

Z —transforming the above equations and rearranging and grouping terms, we get:

_Y(z) _-2+6z7142:72

Hz)= X(z) = 1-8z!

Taking the inverse Z—transform, we get the following difference equation:
yn] - 8y[n — 1] = —2z[n] + 6z[n — 1] + 2z[n — 2].
6.13.

1-1,-2
H(Z) = 1—"?"2—.

_-ly=-1_1,=2
i §Z

The direct form I implementation is:

. o ¥[nj

z[n] o— T-f-

—d

2173

6.14.
1+ 8271+ -:-z‘z‘
1-3z71-1z-2

H{z)=

The direct form II implementation is:

zln] ¢ —@g—r—p—————— ¢ ¥in]
F 12! F 3
1/2 5/6
[ e - ?
Iy \ i3l 4
1/2 1/6
. — 3
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6.15.
1-2z71 4 1272

H{(z}y= —&—.. 6 ___
(2) 1427144272

To get the transposed direct form ! implementation, we first get the direct form II:

> o y[7]

z[n] g—s

Now, we reverse the arrows and exchange the role of the input and the ouput to get the transposed

direct form II:
z[n] @ ’ *————9o— o vin]

“2_1

-7/6 -1
- T ——
iz"l ¥
l 1/6 -1
> -& *

6.16. (a) We just reverse the arrows and reverse the role of the input and the output, we get:

o — —— o———o ¥[7]

z[n] gu
4 z-1y 4
-2
¢ ——
Jl 7 F |
1/4 3
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(b} The original system is the cascade of two transposed direct form II structures, therefore the system
function is given by:

1-2z"143:72 1,
H(z) = (-—'-1—':%;_—2“)(1 -3 )

The transposed graph, on the other hand, is the cascade of two direct form II structures, therefore
the system function is given by:

s gy 1 gy 1— 227143272
H(z) = (1 - 22 )( 1- %z_z )'

This confirms that both graphs have the same system function H(z).
6.17.

PR SRR S S
Hi{z) =1 32 +52 +z.

(2) Direct form implementation of this system:

zln] ¢

vin]
(b) Transposed direct form implementation of the system:
2-1 z-1 -1
- » —- e V(1]
1/6 -1/3
z[n] @ . -

6.18. The flow graph is just a cascade of two transposed direct form II structures, the system function is
thus giver by:

Which can be rewritten as:
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___(+2)0a-3)
B = i u-a)

In order to implement this system function with a second-order direct form II glgna.l flow graph, a
pole-zero cancellation has to occur, this happensifa = 2, a = -2 ora = 0. If a = §, the overall system
function is: : L4957}

+ 2z
Hiz)= 14 Lm1 -3,
If a = -2, the overall system function is:

- 2,1
1-%z

H(Z) = w-
And finally if o = 0, the overall system function is:

(42701 - 227
Bz = 1+ 3271 - 3272 7

6.19. Using partial fraction expansion, the system function can be rewritten as:

—8 1
H(z)= 11

+ +9.
- sz—l 1+ %Z'l

Now we can draw the flow graph that implements this system as a parallel combination of first-order
transposed direct form II sections:

z[n] ¢—s >— > > >— o vinl

1/3

6.20. The transfer function can be rewritten as:
(Q+2z714 %z"’)

B =47 1D~ bz +27)

which can be implemented as the following cascade of second-order transposed direct form II sections:
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z{n] *r—r——— 99— »— »— 9—
H Fany | z-I“ )
2 5/2
» ——9 1 r———¢
4 Z_l‘ 2—1“ L
5/4 -1/4 ~1
*—r & - &

6.21.
1 _Y({)

—eiwoz=l T X(2)

hln] = & uln] «— H(z) = T

So y{n] = e*y[n — 1] + z[n]. Let y[r] = y-[n] + fuiln]. Then y.In] + jyiln] = (coswo + Fsinwo)(y[n —

1) + jyiln — 1]) + z{n]. Separate the real and imaginary parts:

wlnl = z[n]+ coswoy.[n — 1] — sinwoyiln — 1)
viln] = sinwoy,[n - 1] + coswoyi[n — 1.
zln) yrln]
*— o
viln]
. 4

6.22.

(1+:z1)2
1- }z")(l - %z"')‘

14z 14271
Bz = (1 = -}z“) (1 - éz—i) '

- H{z)=
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zin]
*—r

1/4 1/2

142z 142!
H()_(l 12_1) (1__%1-1)'
z[n] y(n]
st 21
1/2 - 1/4 ]

Plus 12 systems of this form:

z(n]
z“‘I l z‘II l I I 2~ 2~}
1/4

1/2

y([n]

2
[ ]

with the three types of 1st-order systems taken in various orders.

6.23. Causal LTI system with system function:

H(z) = 1-ge!
T (- 1+ L)+ Iy
(a} (i) Direct form L.
1- 4zt
H(z)—1—12‘1+ N Y g
” b= 1 1 5 1
bo=1,b:=—§a.nda1=~4—,a2=—ﬁ'03_,i.§
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aln] | ¥in]

-1/5 1/4 2=

(ii) Direct form II

~5/24

-1/12

(iii) Cascade form using first and second order direct form II sections.
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1-3271 1
Hz) = (1 + %z-’)(l -3z + %z'3)'
So
hl.:l:bll:"%ob?l:ov
b02=1abl2=07622=0ud
am=—g,an=0,0:=1},a0=~}
z[n] yln}
® > > - > —
2!
~1/4  -1/5

-1/3

(iv} Parallel form using first and second order direct form II sections.
We can rewrite the transfer function as:

21 o _ 36 -1
Hiz) = — 135 125 ~ 135 _
AP v Sl v g v

_ 2 =
eox«—ﬁg,eu;sﬂ,
€0z = {55 » €12 = —1g5 » and

= - = - _1
su=-g.8n=0,012=3,an=—3
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27/125
2!
~1/4

yin]

z[n] _
- e

1/3

(v} Transposed direct form II
We take the direct form II derived in part (ii} and reverse the arrows as well as exchange the
input and output. Then redrawing the flow graph, we get:

wyin]

4
yin]

-1/12

{b) To get the difference equation for the low graph of part (v) in (a), we first define the intermediate
variables: wj[n] , ws[n] and wy[n] . We have:
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() wfn] = zn}+wsn-1]

(@) wnin] = Jyin] +usln - 1} - gln]
@ waln) = -mpyln] - g53ln 1
@ vl = wl

Combining the above equations, we get:

1

-1—2y[n -3l =z[n] - éz{n -1}

1 5 -
vin) - quln -1+ uln - 2] +
Taking the Z-transform of this equation and combining terms, we get the following transfer func-
tion:

—1,-1

1- ¢z
1,-1 4 3 ,-24 1,-3
res +24z + 152

H(z)= -

which is equal to the initial transfer function.
6.24. (a)

H{z)=

1—az=!

y[n] z(n]
-~

-1

vin] = z[n] + ayln - 1)

1

Hr@)=1—0 o = H(z)

(b)

1+3:71
H{z) = Py = I

vin] z[n]

1/2 1/4



198

(c)

y[n] = z[n] + i-z[n - 1]+ %y[ﬂ -1

H(z)=a+bz ' +cz”

-1

1,-1
Hr(s) = :—‘_‘;Z—_ = H(z)

2

z{n]

yin] z z
L - - —
b
z{n}
- - y
y[n] = azln] + bz[n — 1} + ez[n — 2]
Hr(z)=a+bz"  +cz7% = H(z)
rsinfz!
B = 1-2rcosfz-! + 72772
yin]
L 4 - - -t
L1
[
rcos @

win]

—rsinf b
)| rsing
rcosd
-~ —e
21
u[n]




= X427
rcosfV — rsinfY
rsindV +rcos@z=*W
7w

= Hy(z)

rsingz™!

1-2rcosfz1 +r22-2
= H{z).-

N

fi

XN ¥ o«
I}

6.25. (a)

H(z)

1 1- 321
1-z7V [1- 321+ 222
9.,-1 L 9.2 1,-3_ 1,4
24 g% FFgE A G+ gz
1-alz-ty 2z-2_ 2273

+1+2:"1 4+ 2-2]

(b)
ylr] = 2z[n]+ gz[n -1} + gz[n -2+ -%lz[ﬂ -3+ gx[n - 4)
+ %y[n -1] - gy[n -2l + gy[n - 3]

(¢) Use Direct Form II:

2
*— —r + - ]
z[n] vin)
12—1
L] [
11/8 9/8
Pl sarlly
Yy -1
1 -s5/4 9/8 |
® - > ¢
z~! {
7/8 11/8
- » 4
21

6.26. (a) We can rearrange H(z) this way:

(1+271) {1+271p
1- %Z_l +2z7% 1+ 14 %1—2

H{z)= (1 +2z1)2.

1-22-14 %z‘z -

0.2
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zfn] - uln) dnl  winl 02
*—r—Yp—tr—_Pp—>——P—» —r———t———f——— Pt f—r—— P —————— y["]
Y z—1 A -1y \

F 3 4 JL
2 172 -1 2 2 2
z~? | P 4 \
t ~1/2 ~7/8
> & - bl o ———

The solution is pot unique; the order of the denominator 2nd-order sections may be rearranged.

(b)
ufn] = zjn]+2zfn~1]+zfn-2]+ %u[n — 1] -ujn -2
vin] = uln]-vn-1]- %v[n -2
wln] = vyln]+2vjn -1+ v[n-2]
yin] = wn]+2vwn-1j+uwn-2+2yr-1]- %y[n -2

6.27. (a) Hi(e/v) = H(ellw+m)),

Hy(ev}

4 1
¥ 1 >

P x
- = 3 x [y

(b) For H,(z) = H{-z), replace each 2z~ by —z~!. Alternatively, replace each coefficient of an
odd-delayed variable by its negative.
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()
& > . 4 > —— - —®
z[n] yin]
b 17 [
-1 2
———e¢——¢
\ Bt
} f
2 -1
L N >
| B
‘ -2 1
[ . -+l >
L B
1 -2
. 4 »
6.28.
z[n] y[n]
.——'-"—$ - — > s
b 1
‘ a
a win] -1
{a)
yin] = z{n]+ abwin] + bwin — 1] + aby(n)
win] = -ylnl
Eliminate w[n]: ‘
v[n] = zin] — aby{n] — by[n - 1] + aby[n]
yin] = z[n]-byin-1]
So:
1
H(Z) = i—:-g;:?.

(b)
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zin] yln]

6.29. (a)

y[n]
9
{b) From
ﬁ . aM— a1
@ = l-—a
E=N1
it follows that
iaﬂz_n _1-ab2"8
= m—r.
= l1-az
{c)
z{n) z-t
- "> *> P >
z=1 L ] { -a®
L—

y(n]

(d} (i) (c) has the most storage: 9 vs. 7.
(i) (a) has the most arithmetic: 7 adds + 7 multiplies per sample, vs. 2 multiplies + 2 adds per
sample.

6.30.
(a)
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-1 T . ‘ ° 1
(b)
14
1 2n o
H(z) = E§[1+cos(l—5-(n—no))]z
1 14 1 14 1 . ..
= = z 4 — - cﬂr(ﬂ-m) + e-;i-;(n-ne) "
527"t 15 23 [ ]
_ ll - =18 . llc-jﬁ-no[l - (cj}gz-:)xs]
T 151-2z-1 " 152 P e
1 1etino) — (emi¥E 2-1)13)
152 1-e it z!
— l _ =15 1 %C_’-ﬁn‘“
= 15(1 z )[l—z‘l + 1-c-’ﬁ‘z'1+
jestens
1—emifiz-1|’
(c)

H(e®) = zpei™ [

H(e) =1

sin((15w)/2) _ 1e~7% sin((15w)/2) 1 e’ sin((15)/2) J
sin(w/2) 2 sin((w-Z)/2)  2sin((w+ (27)/15)/2))

When no = 15/2, .

H(Y) =

_ emilsw 1 le-ie it
15 1—eF ' 1-eBies - eilei

1 [&%(1 - et %ej.—"'ru- FOR () 1)
15 % — i - o =N c_,—--::-na) -



ej-+s"‘,=) _ c_jv-r Jw/15

_ 1 [emT(edw ¥ — emio¥)

15 ?jsing

%c-jwve—jf,(cjuli — =¥
2;sin (...--;z;ps))

%e’-u-ﬂar(ll! (1 _ e"il-"“) ]

le-iwTeify (i v — g~i¥w)
2J- sin (w+!2:£15!)
e™37 |sin(15w/2) te~i% sin(150/2)
TN e g ()

177 sin(15w/2)
sin (w+g2;ps!)

Ty - v

ARREERERD

When ng =0,
; €57 |sin(15w/2) | 3¢~ sin(15w/2)
H(eY) = -
B |2 " (=E08)
L6718 sin{15w/2)
sin (u-a-gz;ps})
. B o, = B
...r

The system will have generalized linear phase if the impulse response has even symmetry (note it
cannot have odd symmetry), or alternatively, if the frequency response can be expressed as:

H{e?) = e~ 174, ()
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where A,(e*) is a real, even, periodic function in w. We thus conclude that the system will have
generalized linear phase for ng = 1k, where & is an odd integer.

(d) Rewrite H(z) as

H(z)-l“z—ls 1 +°°52_’1"?n‘°°5(27§+2_:?)2_1 _
T 15 1-2z-1 1-2cos3zz-2 4277
1/15
-+ > > > > > -~ >
:Tn} * ﬁ“]
,-15 - 21
L 2
-1

where @ = cos(27ng/15), 8 = — cos(2x(ng + 1)/15), and 7 = 2cos(2%/15).

6.31. (a)
G uln]
20 vin]
uln] = Gzin]+uwfn-1)
wr] = -rufn]-(1-rlyln-1
yin] = (1+rjufn]-ryln-1).
(b)

U(z) = GX(z}+27'W(2)
W(z) = -rulz)-(1-r)z"1¥(2)
Y(z) = (1+nU{2) —rz_'lY(z).
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Solve for I/(z) in terms of X(z) and Y (z):

_GX(z)~ (1-1)z7%Y(2)

U(z) 14+rz71
Then -
Y = (4 {FEAL0Z YO iy

Y(z)(1+r27Y) = G(lr +1)X(2) - (1 = r)z72Y (2) —rz7 1Y (2) - r?27%Y(2) :
Y()(1+2r272 +272) = G(1 + 1) X(2)

G(l+r)
14 2rz-1 422"

From the quadratic formula, the poles are at (—r + jv/1-r2)~? and (—r — jv1-r2)"L The'
magnitude of each pole is 1. The angles are

() e (2),

H]_(Z) =

T
respectively.
() U(z) = 274G X (2) + W(2)), W(z) = —rU(2) = (1 = )Y (2), and ¥{z) = z=}((1 + )U(z) - r¥ (2))
lead to ca s
6.32. (a)
‘win} = (1 +r)z1in] + rzz(n}
win] = —rzin]+ (1 —r)z2n]
(b) |
whl = Q+a)mlnl+dnln] @=r=4d

y2{n} (1 + cd)z2[n] + abziin] (c=d=-1).
(c)
nn] = (t+e)z1in]+ezan] (e=7)
win] = efzin]+ (1 +eflz2n] {(f=-1).

(d} B and C preferred over A:

{i) coeflicient quantization. If r is smail, 1 + r may not be precisely representable even in floating
point. Also, network A has 4 multipliers that must be quantized, while B and C have only 1.

(ii) computational complexity. Networks B and C require fewer multiplications per output sample.
6.33.

z ! - 0.54

B = Tose

(a)
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z[n] yin]

so set b= 0.54, ¢ = ~1.852, and d = —0.54.

(b) With quantized coeflicients b, &, and d, éd # 1 and d # —b in general, so the resulting system would
not be allpass.

(c)
-1

& > > > -+ )
z[n) y[n]

-1

{d) Yes, since there is only one “0.54” to quantize.

(©
10 = (525) (552)

Cascading two sections like (c) gives

! win] 27! ‘
o—o > > - » - - &
a z! b z71
-1 win - 1] -1

The first delay in the second section has output win — 1] 50 we can combine with the second delay
of the first section.

2! ~1
a z~ z=
yln]
—
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(f) Yes, same reason as part (d).

6.34. {a) We have:

w1 [n) wsn]

AVAYS

wain] wafn]

y[n]

First, we find the system function, we have:

(1) wain] = zfn]+wiln - 1]
(2) w2[n] = z{n]j+wzfn-1)
(3) ws[n] = 2u;n]+ wen—1]
(4) ylr] = wyin]

(5) wafn] = -yln] - waln]

Taking the Z-transform of the above equations and combining terms, we get:
M-z MY (2)+ 27 (z) = 2+ z7 1) X (2).
The system function is thus given by:

¥ 2+z7

B = x5 = 151-2

Since the system function is second order (highest order term is z~2 ), we should be able to im-
plement this system using only 2 delays, this can be done with a direct form IT implementation.
Therefore, the minimum number of delays required to implement an equivalent system is 2.

T

{b) Now we have:

w [n] ) wsn] . ws[n)
z{n] 2=t z7! yin]
1
wyln] 1wl

Let’s find the transfer function, we have:
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(1) wafn] = zin]+wpfn - 1]

(2) wzln] = zin]+ wain—1]
(3) ws[n] = 2w;[n]

(@) waln] = —wsn - 1] - y[n]
(5) ws[n] = wiln]+wn -1}

(6) wln] = wsln]

Taking the Z-transform of the above equafions and combining terms, we get:

(1- 2722+ 2:71)
1-2:-2

1+z"Y)Y(z}= X(z).

The system function is thus given by:

Y(z) 201+ 201 -z

H(z) = X(z) ~ 1-2:-2

Since the transfer function is not the same as the one in part a, we conclude that system B does not
represent the same input-output relationship as system A. This should not be surprising since in
system B we added two unidirectional wires and therefore changed the input-output relationship.

6.35.
-1 1

=2 ~3
H(z) = £

117
3

{a) Direct form I:

z[n] g— s - > -o ¥[n]

F4

From the graph above, it is clear that 2 delays and 2 multipliers are needed.

(b)
(- 13”)3’(2) =(—1+ 27} X(2)
3 3

Inverse Z—transforming, we get:

3in] — 59 ~ 1] = —32ln] + 2ln ~ 1]
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vin] = 3(sfn - 1] - =ln]) + = - 1]

Which can be implemented with the following flow diagram:

z[n} o A - — * o ¥(n}]

-1 z-!

(©

z—!_l 2=l -9

Bz = (1 - ;:.-31)(1 - 22-1 )

This can be implemented as the cascade of the flow graph in part (b} with the following fiow graph:

2] oo il e yln]

]

-1 z
However the above flow graph can be redrawn as:

-1 z7!
z[n]
! { J 2
- — »> ® yin]

Now cascading the above flow graph with the one from part (b) and grouping the delay element
we get the following system with two multipliers and three delays:

Y

-3 -

z z-t
z[n] @— . - - '.
. . el |

y
r

b

¥




6.36.

6.37.
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(a) Transpose = reverse arrows direction and reverse the input/output, we get:

wa[n]
> — yln]

zin] ¢—

2wl wlnl 2

(b) From part {a), we have:
(1) wfn] = 2zln]+ wsln]
(2) w2[n] = z[n] + wafn — 1]
(3) waln] = 59l + 2fn — 1]
(4) vin] = wafn] + y[n — 1]

Taking the Z—transform of the above equations, substituting and rearranging terms, we get:

(- %z"l - 2:70Y () = (227 + D)X (2).

Finally, inverse Z-transforming, we get the following difference equation:

y[n} - -;-y[n - 1] - 2yfn - 2] = z[n] + 2z[n - 1]-

{¢) From part (b), the system function is given by:

142270
A(z) = 1-1z2-1 - 2z-2°
It has poles at
8 o andze=-—b
1-+/33 1+33

which are outside the unit circle, therefore the system is NOT BIBO stable.

A

(d)

y[2] = z[2] + 22[1] + 3y[1] + 24(0]
yl0} = z[0] = 1
y[l]=:[1]+2z{0}+%y[0] =1+2+3=3

Therefore, 3

1 19
y[2]—-z+1+§+2--7.

(a)
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o]
> —e
21
1 Z0
aQ
[ > - + T
51
b
F z
1
1/N
z{n] g > > & *r——r——=e
‘ :
1 [}
N '
1 1
] [}
_Z-N
HIN -1)
z-*l
IN=-1

{b) Note that the z;’s are the zeros of (1 - 2~™). Then write H(z) over a common denominator:

£N=T:ll(1 - zz7t) Zf:-ol Eﬁﬂ H?;E!(l —z;z7Y)
I - zez?)
N-1

=1 N=1
T2 Ta-=.

k=0 im0
itk

H(z)

y[n]

Therefore, H(z) is the sum of polynomials in z~* with degree < N — 1. Hence, the system impulse

response has length < N.
(c)

1- 2272 1-2z.27}

z- [(1-:‘”)-—--—mk}m] = %ﬂZ’l[l—z'N]:Z‘l [___1 ]



_ 2 EH 5in) - o1~ N » (2 utn)
A ["1 )

ﬂ—N

[zRufn] ~ ;™ ujn ~

- B "‘3 22 {uln] - uln - NJ}.

: 1 N-1 _ .
hfn] = (ﬁ 3 H[k}eir'm) (u[n] — u[n - N)).
k=0

{d) Note that, since (1~ z;V} =0,

H(zm) =

i

(1 - z=¥)H{m]/N
1—zp2-t s
£(0 =N H(m) /N Y
'f;'{l - Zmz o=z

Nz;N-1H[m}/N

H{(1))N H
HE) = - [T BEUT
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Zmzm’
= Himjz7N
= Hfm].
() If hin} is real, |H(e?)| = |H(e??"—4))|, and LH (&™) = ~LH(e/?*~¥)). H(e3*/N) = H[k] =
|H{k)le?® ), so |H{k]| = |H[N — k]| and 8k) = -8[N — k], k=0,1,...,.N - 1.
v lEoyy B Epyn BNayN NS AlQUN
H(z) = (1-z7%) Tt ; To 70T T - 2wppr ] +¢ %:H p—
o [BOUN | Ev2yn R EpN HIN p]/N
= -z 1--::"x+ 142t +§ 1— 221 zl—zmr pt 3
- ) g
- -ny | EO)/N  HIN/2/N AkYN_ HIN - K/N
= -z N) 1-2"1 1421 +§(1-z;z‘1+ 1—2z_,z7} )]
_n [BOYN  H[N/2/N
- e Al B
Z H{k](l —zp 2" )+ H[N - k}(1 - z,27%)
N (1=~ zz7)1 - zop27?)
-m [HOYN  HIN/2/N
- @-N) [ o/ 1r+/21_/1 N
2’ 2|A[k] cos(lk]) — 27" cos(B[k] — 2xk/N)
Qe N 1-2cos gzl 4 2-2
And since H[0) = H(1), H[N/2] = H(-1),
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= 2H (¥ cosl8(2nk/N)] — 2™} cos[f(2xk/N) - 27k /N] _

2 Ty
= N 1-2cos(2xk/N)z~t +z

If A[14] = O,then H[16 — 14) = H[2] = 0 also.

Hio)/16
*— > —— - > g ¢
z[n] yin]
4
—z16 21
4 A
b -1
”
L
where o = cos(8[1]), a = — cos([1] - (27/16)), B = 2cos(2#/16), and v = ~1.
6.38. (a)
z=1 z=1
zfn] * " > Tt
h[0] R{1) h[2) h[10]

— - M:1 __._._yTﬂ]

M(N + 1) multiplies per output sample; M N adds per output sample.
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®)

e

M:1 M:1 M:1

h{0] 1 A{1) i h[lﬂ
- o

N + 1 multiplies per output sample; N adds per output sample. The number of computations has
been reduced by a factor of M in both adds and maltiplies.

(c)

[ > > M:1 _.__;Yn]

-1

1/

The total computation can not be reduced because to compute the value of any given output
sample, the previous output value must be known.
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(d)
(i)

. L > > > > M : 1 _,.,.,..__.
2_1 z—l
/8 1
/

(i)

> > M:1 e

Pt

1 778

(i)
L 4 > > > M:1 ——
2=t 2=l
1/ 7/8
(iv)
® > > M:1 it
z-1
%78 172

Ouly direct form II (ii) can be implemented more efficiently by commuting operations with the
downsamplers.

6.39. Since each section is 3.4cm long, it takes
3.4em
=10"*
34T 10 -

to traverse one section. Since the sampling rate is 20kHz (T, = 0.5- 107 %sec), it takes two sampling
intervals to traverse a section. The entire system is linear and so the forward going and backward going
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waves add at a boundary. Let
o = A, - A;
kn = An + Ak

(from A; into A,); then ax, = —a,: and we get:

=2 14+ a5 272 1+az =2 1+4ay 2z~ y[ﬂ]

l—am

6.40. (a) For rounding:

Pele)
1/4
~Af2 Af2 e
8 214
m,=—1-] ede=le— =0
A :’& A2 :!e_
1 e' 2 _ 63 9‘ “AZ
af_K[:gede-S_A]% 12

{b) For truncation:
Pele) N

1/A

-A
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1[0 1e=]° -A
My = == ¢d¢=——' F
T Al A2l . 2

_1 ., 87 _ 1% At a?
af—A.-[—er &*T‘a—a]_‘f FE TN

6.41. Since the system is linear, y|n] is the sum of the outputs due to z;[n] and z;[n]. Therefore

o« ed

vinl = 3 miEsiln-k+ Y holklzaln - &
k= =00 k==
= wnln]+pln]

The correlation between y, [n] and y,[n} is

E{ f: hl[[]zglm-—(]- i hz[k]:z[ﬂ.-k]}

{==00 k= -0

E{n[m]y2[n]}

o

> Y mlghkE{z:Im — fzaln - K]}

{==o0 k=0

I z)in} and z2[n] are uncorrelated, E{z;[m — f]z,[n — k|} = 0; bence, E{x1{my2[n]} = 0. Therefore,
v1{n] and y;[n} are uncorrelated.

6.42. (a) The linear noise model for each system is drawn below.




z{n) bo yin]
e - -+ > ()
l
(@) (20%)
o b
(0%}
z[n) bo yln}
[ - i > -+ . (b)
2=1
b; G‘
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b a

(b) Clearly (a) and (c) are different. Thus the answer is either (a) and (b} or (b) and (c). If we take
{b) apart, we get :
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We see that the noise all goes through the poles. Note that the 152 source sees a system function
(1 — az~1)~? while the 207 source sees z~!/{1 — az~!). However, the delay (z7') does not affect
the average power. Hence, the answer is (b) and (c).

(c¢) For network (c),

oo n 30_2
=3‘72n§(0 f = 1-g?’

or using the frequency domain formula,

o}

il

f 1 &
21r_1 1- cz.z'1 1-az z

21r_1 f {z— n)(l —az)

32
T 1-a?
For network (a),
b+ bz?
@) =10

hin] = bodln] + (bo + 2)a"uln]
o Time domain calculation:
o = 2% +d*y h?n]
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= 20 +o* | b5+ (b°+':) Zaz"

= 2«7’+a’( (°b0+bl)2)

1-g?

+ Frequency domain calculation:
2 ...1... f ot 3 Y
Ea h[n] e H(z)}H(z }

i

z (residms of £(-—ﬂz-:lms!de unit cu:cle)

H(2)H(z7') _ (bo+ b2 W+ tz)2
z - (z=a)(1-az) =z
{boz + b1)(bo + b1 2)

z(z—a)(1-az) ~

=bibo
8

residue (z =0} =

(Boa + b1)(bo + bya) _ bZa + bda + bibg + byboa?

residue (z = a} =

a(l - a?) - a(l — a?)
2 2 _ 2
fH(Z)H(z"l)% = bon+b¥a+biboa-i('lbibzl:) byby + bibga
_ B +b+2bhia
- 1-a?
~ (abo + b)?
= b+ 1-a?

6.43. (a)

o= gy -1 +5, 120

yin) = 22( )i -

For large n, y[n] = (1/2)/(3/4) = 2/3.

(b) Working from the difference equation and quantizating after multiplication, it is easy to see that,
in the quantized case, y|0) = 1/2 and y[n] = 5/8 for n > 1. In the unquantized case, the output
monotornically approaches 2/3.

85
Tz
3

L2 FY

36
2048

yin] unquantized

e @ pap

et o icn

 fr——r—— E[E
a
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y[n] quantized

snmmnamme SV 0
- — Wite
W 8 in
W 8 oyen
o 0 ann
o |—— oren
]

(¢) The system diagram is direct form II:

w 1473
H)= 5%
: 3
X&) = T

1

Y jwy = ot Wy = .
() = H{e¥) X (™) = 7 170

which implies that y[n] = (1/2)(1/4)", which approaches 0 as n grows large.

To find the quantized output (working from the difference equation): y{0] = 1/2, y[1] = 1/8 and

yri=0forn>2

3 1
8 1
¥ s 5 L.
[ l [ 3648 y[n] unquantized
A I I n
0 1 2 3 4 5
;g
[ ] y[n] quantized
o - > - r
0 1 2 3 4 5

6.44. (a) To check for stability, we look at the poles location. The poles are located at
2 7~ 0.52 + 0.847 and z ~ 0.52 — 0.84;.

Note that
2 0976 < 1.

The poles are inside the unit circle, therefore the system function is stable.
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{b} If the coeflicients are rounded to the nearest tenth, we have
1.04 — 1.0 and 0.98 — 1.0
Now the poles are at

1-35v3 1-5V3
> and z = 7

Z =

Note that now,
|zl = 1.
The poles are on the unit circle, therefore the system is not stable.

6.45. The flow graphs for networks 1 and 2 respectively are:

zjn) N wifn] w[n} yin]

z{n]

vin]

{(a) For Network 1, we have:

wyin] = z[n] - a*z[n - 8]
wz[n] = ay[n — 1] + wy[n]
y[n] = waln]

Taking the Z—transform of the above equations and combining terms, we get:
Y(z){(1-az"t) = (1-a%z"%X(2)

That is:
Hz) = 1-a%"*%
T 1-az !’

For Network 2, we have:

y[n] = z[n] + azfn - 1) + a*zin - 2 + .. + 0"z[n - 7).
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Taking the Z —transform, we get:

Y(e)=(1+az ' +a%:72 4 4+ a"27")X(2).

So:
Hiz) = -1 2,2 7,-7_ 1-a%"*
(B)=1+az ' 4a% 24 4072 7= Tea 1"
(b} Network 1:
Network 2:

{¢) The nodes are circled on the figures in part (b).

(d) In order to avoid overflow in the system, each node in the petwork must be constrained to have
a magnitude less than 1. That is if we[n] denotes the value of the kth node variable and h.{n]
denotes the impulse response from the input z[n] to the node variable w[n] , a sufficient condition
for jue[n)] < 1is

1
Fmas < S

In this problem, we need to make sure overflow does not occur in each node, i.e. we need to take
the tighter bound on z,,,. For network 1, the impuise response from w2(n] to yr] is a™uln},
there_fore the condition to avoid overfiow from that node to the output is

Wmaz < I~ |a.

Where we assumed that |a] < 1. The transfer function from zin] to w;fn] is 1 — a®2~%, therefore
to avoid overflow at that node we need:

w1[1] < Zmez(1 = ) < 1 = [a.
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We thus conclude that to avoid overflow in network 1, we need:

1-la|

Tmaz < .
1-at

Now, for network 2, the transfer function from input to output is given by 4[n] +ad{n~ 1] +a%dn -
2] + ... 4+ a"8[n - 7), therefore to avoid overflow, we need:

1
maz < —_
* 1+ |al+a?+...+]af”

(e} For metwork 1, the total noise power is —lhz” . For network 2, the total noise power is 7o2. For
I—la] €
network 1 to have less noise power than network 2, we need

[
- la] <702
That is:
lol < 2
2

The largest value of |a] such that the noise in network 1 is less than network 2 is therefore 5.
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Filter Design Techniques
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7.1. Using the partial fraction technique, we see

s+a _ 0.5 0.5
(s +a)’ + T s+a+jb s+a-jb

H(s) =

Now we can use the Laplace transform pair

e u(t) ¢ —h
to get
1 i .
— -{a+jb)t —{a—jb)t .
helt) = 3 (e +e ) u(®)
{a) Therefore,
hn} = hnT)= % [e“'*j“)“r + e""'”’"rl ufn)
0.5 05 —oT
Hy(z) = 1= e-(etT;-1 T [ _ (a0l z-1" 2> e
{b) Since
]
H.
set) = [ he(r)dr s“) = S.(s)
we get
s+a Aq Az A;
= == + .
Se(s) s(s+a+jb)(s+a—jb) s +s+a+jb s+a—jb
where

a A = — 0.5
a? + 9’ 2T Ta+jb

A1=

Though the system ho[n] is related by step invariance to k(t), the signal sz[n] is related to s.(¢) by
impulse invariance. Therefore, we know the poles of the partial fraction expansion of Sc(s) above
must transform as z; = €**7, and we can find

Ay A A
S2(z) = 1- 1 — e—{o+i®)T z~1 + 1 — e—(a—3¥)T z-1

Now, since the relationship between the step response and the impulse response is

so[n] = Z hak) = z ha[klufn - k] = hsin] = uln]

k=—00
H.
52( )— 2(2)1
We can finally solve for Ha(z)
Ha(z) = Sa(z)(1 - z'x)
R "
= A] + Az 1-z + A 1-z |z| > C-OT

1 — e~(a+i®)T ;-1 2) — g=(a=30T5-1"

where A; and A; are as given above.
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(<)

H

- 1 {e—Fb)ET
P ={a+jb}kT -{a—j
> mk=33 (e +e )
k=00 k=0
1 [1 —e—l{eti)(n+1)T e—(a—jb)(n+1)1"]
umn

2|7 1< e-la+i0)T + 1 - e-{a—3WT

[Bl + Bge~latit)Tn B§e'(°'j°)r"] uln]

81 [ﬂ]

where

1-e=oT cosbT e—(o+it)T
B, = T 2.=eT e By = ~———r
— cos bT + e—2T 1 — e~{a+id)

;From this we can see that

B B B;
Sifz) = e S g P s S W T
# S5(2)

since the partial fraction constants are different. Therefore, s1[n] # s2[n], the two step responses
are not equal.

Taking the inverse z-transform of Hz(z)
hafn] = Adn] + Ay [e-(°+fm”"u[u] - em(eriTinlyin — )]
+ A3 [e‘(""""r"u[n] — e~ (o= Tn=1)y[p _ 1]]
where A; and A, are as defined earlier. By comparing hy[r] and hz[n] one sees that hy[n] # hz[n].

The overall idea this problem illustrates is that a filter designed with impulse invariance is different
from a fiter designed with step invariance.

7.2. Recall that ! = w/Ty.

(2)

Then
0.89125 < |H(;ON <1, 0< | <0.2%/T;
[H(iQ) < 0.17783, 0.37/T; < || < « /Ty
The plot of the tolerance scheme is

IHGR) |

T Ty i g
] e

0.8N25 Tmrm—sr

0.17783 +
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(b) As in the book’s example, since the Butterworth frequency response is monotonic, we can solve
|H.(0.2¢ /T = L =(0.80125)

1+ ( 0.2x )
0.7,

= (017T83)
14 0.3« )
QT
to get 0Ty = 0.70474 and N = 5.8858. Rounding up to N = 6 yields 2.T¢ = 0.7032 to meet the
specifications.

(c) We see that the poles of the magnitude-squared function are again evenly distributed around a
circle of radius 0.7032. Therefore, H,(s) is formed from the left half-plane poles of the magnitude-
squared function, and the result is the same for any value of Ty. Correspondingly, H(z) does not
depend on Ty.

H 030/ T =

7.3. We are given the digital filter constraints

1-6 S |H@E)|<1+6, 0w Sw
|H(e*)] £ &, w, S| <7

and the analog filter constraints

1-8 S|HGR) <1 80<191<9y

|H ()| < &, 2, <19
{a) If we divide the digital frequency specifications by (1 + ;) we get

= 1-4

1= = 175,
. 26,
b = 1+4
s _ &
62 - 14 61

61 = —‘-sl_—
2-6
24,
& = 24

In the example, we were given

& 1 - 0.89125 = 0.10875

& = 017783

Plugging in these values into the equations for 6, and 42, we find

& = 00575
& = $.1881
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The filter H'(z) satisfies the discrete-time filter specifications where H'(z) = (1 + 6;)H(z) and
H(z) is the filter designed in the example. Thus,
1.0575 [ 0.2871 — 0.4466z! —2.1428 + 1.1455z7?
1-1.2971z! +0.69492"2 " 1- 1.0691z~1 + 0.3699z 2
1.8557 — 0.6303z~*
1-0.9972z-1 + 0.2570= "2]
0.3036 — 0.4723z* . 22660+ 1.2114z7}
1-1.2571z-1 + 0.60492-2 ~ 1 —1.0691z"! + 0.3699z—2
1.9624 — 0.66652 "} '
1 - 0.9972z=1 + 0.2570z~2

(c) Following the same procedure used in part (b) we find

0.0007378{1 + z~1)¢
{1 — 1.2686z—2 + 0.7051z-2)(1 — 1.0106z~" + 0.35832%)

H'(z)

H'(z)

1.0575 [

1
109044z + 0.21552-’]
0.0007802(1 + z~1)°
(1= 1.26862z-1 + 0.7051z-2)(1 — 1.0106z-" + 0.3583z~%)
1
1- 0.0044z—1 + 0.2155z-2

7.4. (a) In the impulse invariance design, the poles transform as z; = e*+T4 and we have the relationship

1 Ty
s+a 1—e—oTez-1

x

Therefore,
_ 2Ty 1/T4
He(s) = s+01 s+0.2
1 0.5

3401 5402

The above solution is not unique due to the periodicity of z = . A more general answer is
2/Tq _ 1/Ta

&+ (0.1 +j3»}"—") s+ (0.2+j3}'7’)

H(s) =

where k and [ are integers.
{b) Using the inverse relationship for the bilinear transform,
= 1+ {Ta/f2)s
T 1-(Te/2)s

we get
2 1
Hc(s) = - —
1 — =02 ﬁ_}) 1 — -0+ (H)
2(s+1) {(s+1)

s(l1+e-0%) +(1-e0%2) T sl e 044 (104

= () (i) - (o) ()

Since the bilinear transform does not introduce any ambiguity, the representation is unique.




7.5. (a) We must use the minimum specifications!

§ = 001
Aw = 0057
A = —20105106=40
A-8
M+1-§-_-2—-8-5~E;+1-.90.2-—+91

B = 0.5842(A — 21)°* + 0.07886(A — 21) = 3.395
(b) Since it is a linear phase filter with order 90, it has a delay of 90/2 = 45 samples.
(c)

H(e")

1

“n —0625n —03r O  03n 06251 "

sin(.6257(n — 45)) — sin(.3x(n — 45))
x(n — 45)

hyfn] =

7.6. (a) The Kaiser formulas say that a discontinuity of height 1 produces a peak error of §. If a filter has
a discontinuity of a different height the peak error should be scaled appropriately. This filter can
be thought of as the sum of two filters. This first is a lowpass filter with a discontinuity of 1 and
a peak error of §. The second is a highpass filter with a discontinuity of 2 and 2 peak error of 26.
In the region 0.37 < |w| < 0.475w, the two peak errors add but must be less or equal to than 0.06.

8+25 < 006
Spax = 0.02

A = =2010g(0.02) = 33.9794
B = 0.5842(33.9794 — 21)** + 0.07886(33.9794 — 21) = 2.65

(b) The transition width can be

Aw = 03r-02x Hw = 0.5257 —0.4757
= 0.7 rad o = 0.057 rad
We must choose the smallest transition width 50 Awmax = 0.05x rad. The corresponding value of
Mis
3397948
M= m?) =T238=73

7.7. Using the relation w = QT the passband cutoff frequency, uyp, and the stopband cutoff frequency, w,,
are found to be

w, = 2x(1000)10~*
= 0.2x rad
w, = 2=(1100}107*

0.22x rad
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Therefore, the specifications for the discrete-time frequency response Hy{e*) are
0.99 < [Hy(e™)| <101, 0% [w]<0.20x
|Ha(e™)| <001, O2x<fw|<m

7.8. Optimal Type I filters must have either L + 2 or L + 3 alternations. The filter is 9 samples long so its
order is 8 and L = M/2 = 4. Thus, to be optimal, the filter must have either 6 or 7 alternations.

Filter 1: 6 alternations - Filter 2: 7 alternations
Meets optimal conditions Meets optimal conditions
7.9. Using the relation w = QT, the cutoff frequency w, for the resulting discrete-time filter is
we = QT
= {2r(1000)][0.0002]
= 0.4r rad

7.10. Using the bilinear transform frequency mapping equation,
we = 2tan”! (%)

_y { 2%(2000)(0.4 x 10-3))
- 1
- e (B0
= 0.7589x rad
7.11. Using the relation w = QT,
Q. = %‘1
/4
0.0001
2500%

2x(1250) %

7.12. Using the bilinear transform frequency mapping equation,
2
o, = Fu(3)

T2

2 x/2
= 0.001‘“('3')
= 2000 ™

-]
= 2x(3183) %

7.13. Using the relation w = QT
we
Q.

2x/5
2x(4000)

= 50us

This value of T is unique. Although one can find other values of T that wiil alias the continuous-time
frequency {1, = 2x(4000) rad/s to the discrete-time frequency w. = 2x/5 rad, the resulting aliased filter
will not be the ideal lowpass filter.




7.14. Using the bilinear transform frequency mapping equation,

Q. = .?.tan(w°+2'k), k an integer
T 2
2 @
= 7 (3)
_ 2 3n/5\ _
T—‘Zw( )ta.n( 2 )-.1.46ms

The only ambiguity in the above is the periodicity in w. However, the periodicity of the tangent function
"cancels” the ambiguity and so T is unique.

7.15. This filter requires a maximal passband error of §, = 0.05, and a maximal stopband error of 4, = 0.1.
Converting these values to dB gives
ép=-26dB
. és =-20dB
This requires a window with a peak approximation error less than -26 dB. Looking in Table 7.1, the
Hanning, Hamming, and Blackman windows meet this criterion.

Next, the minimum length L required for each of these filters can be found using the "approximate
width of mainlobe” column in the table since the mainlobe width is about equal to the transition width.
Note that the actual length of the filteris L = M + 1.

Hanning:
§x
0ir = "ﬁ
M = 80
Hamming:
0.1r = _85}
M = 8
Blackman:
0.ln = EMI
M = 120

7.16. Since filters designed by the window method inherently have é; = &> we must use the smaller value for
é.
§d = 002
A = -—20log,,{0.02) = 33.9794

8 = 0.5842(33.9794 — 21)"* + 0.07886(33.9794 — 21) = 2.65
A-8 33.9794- 8

M = s Aw = 2285(0.65x — 0.637) ~ 10095 181

7.17. Using the relation w = (27, the specifications which should be used to design the prototype continuous-
time filter are

-0.02 < H(iN) <002, 0< | < 2x(20)
0.95 < H(ifY) < 1.05,  2x(30) < |} < 2x(70)
—0.001 < H(jQ) <0.001, 2x(75) < |} < 2x(100)
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Note: Typically, a continuous-time filter’s passband tolerance is between 1 and 1 — §, since historically
most continuous-time filter approximation methods were developed for passive systems which have a
gain less than one. If necessary, specifications using this convention can be obtained from the above
specifications by scaling the magnitude response by 1iz.

7.18. Using the bilinear transform frequency mapping equation,

2 W, 2 0.2n rad

— — Lt 3 — .72 _—

Q, T"“(z) 2x10_3m( 5 ) 27(51.7126) —
_ 2wy 2 0.37Y _ rad

Q, = Tm(?)*zxzo-=m( - )_21(31.0935) -

Thus, the specifications which should be used to design the prototype continucus-time filter are

|H{75Y)] < 0.04, 9] < 2x(51.7126)
0.995 < [H.(Q)| < 1.005, || > 2»(81.0935)
Note: Typically, a continuous-time filter’s passband tolerance is between 1 and 1 — 4, since historically

most continuous-time filter approximation methods were developed for passive systems which have a
gain less than one. If necessary, specifications using this convention can be obtained from the above

specifications by scaling the magnitude response by 135z -
7.19. Using the relation w = QT

DIE

rf4
2=(300)
= 417 us

This choice of T is unique. It is possible to find other values of T that alias one of the given continuous-
time band edges to its corresponding discrete-time band edge. However, this is the only value of T that
maps both band edges correctly.

7.20. True. The bilinear transform is a frequency mapping. The value of H(s) for a particular value of 5
gets mapped to H(e’) at a particular value of w according to the mapping

o= 2 (1—e
- Ta \1+edv : _
The continuous frequency axis gets warped onto the discrete-time frequency axis, but the magnitude
values do not change. if H(s) is constant for all s, then H ("} must also be constant.

7.21. (a) Using the bilinear transform frequency mapping equation,
2 wp
Q, = -ﬁ tan (‘?)

we have

o= fw(})
2
2,

(b)




A
n- ---------------------------------------------------------------
o
P
0 =
0
Td
{c}
w, = 2t (“'Td)
2
o = e ()
2
Aw=w; —wp =2 [tan" (Q’Td) ~ tan™? (Q,Td)]
2 2
&
R ars
Aw

7.22. (a) Applying the bilinear transform yields
H{Z) = Hc('s} L=’;_(:-.—1
od

FrTats
Ty (1427}

1-2-1

which has the impulse response
] = 2 (uls] + ufn — 1)

237
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{b) The difference equation is
in] = 22 (=] + =n ~ 1) + yln - 1]

This system is not implementable since it bas a pole on the unit circle and is therefore not stable.

(c) Since this system is not stable, it does not strictly have a frequency response. However, if we ignore
this mathematical subtlety we get

; Ty {1+ e
e = 2 (15%)
I (et

2 \ ewf2 o p—jw/2
= L)
= %
and since the Laplace transform evaluated along the §1 axis is the continous-time Fourier transform
we also have 1
| Hc(j.(l) |
- « - 0
ZH () :
w2 ;
: 9 : R 5
- 0 Do -x 0 S Q :
/2 Y E— {

In general, we see that we will not be able to approximate the high frequencies, but we can
approximate the lower frequencies if we choose Ty = 4/r.

(d) Applying the bilinear transform yields
G(z)

141
_ =1
2 [I_Z—]I IZI)I

Hc(’) Imﬁ(l—s'l)

Ty |1+217
which has the impulse response
sir) = 7 (1)) - (1 el - 1)

2

7. [2(=1)"uln] — &l
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(e) This system does not strictly have a frequency response either, due to the pole on the unit circle.

However, ignoring this fact again we get

G(e) =
GGy =
1 1GEM) !
Ty
~n 0 1:!2 LS
2G(e
),
-n
. 0 n
—n/2

2

1-e™v
Ty |14 v

2 cjw{ﬂ - e-jw[?
T, (,,:'ulz + e-julz)
25
= 2
2 tanlw/2)
in
| GcGn) }
x2
-R w2 = 9
£G Q)
/2
-
0 n Q
| ~n/2

Again, we see that we will not be able to approximate the high frequencies, but we can approximate

the lower frequencies if we choose T3 = 4/7.

{f) U the same value of T is used for each bilinear transform, then the two systems are inverses of

each other, since then

H(E*)G(e*) = 1

7.23. We start with |H (i),

PR Q)1

1 10n

-10n

0

10x

(a) By impulse invariance we scale the frequency axis by T4 to get

)= | 3 A (i5 +i57)

k=00
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{H (&)

10%

- | L

-% . 0.1z 0.1xn X o

Then, to get the overall system response we scale the frequency axis by T and bandlimit the result
according to the equation .

jw T x
iy = { B 101 < 7
Hyy 0
10n

~1000n 0 1000x Q
(b) Using the frequency mapping relationships of the bilinear transform, -
2 w
@ = ua(3),
w = 2tan”! (%) .

2
we get
j tan (£} 1, 2tan~! =0.
ey = { fpan ()1 bl < 2uaa™(10m) = 0960
I H ()1
1 10m
-": B 0 " . w

Then, to get the overall system response we scale the frequency axis by T and bandlimit the result
according to the equation

) Hy(e™T), 19 < &
(a0 = { G20 I <
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IH.na(iQ)l

-8800n - 0 9800 Q

7.24. {(a) Expanding the sum to see things more clearly, we get

H.(s) = Z(, ,)E+G¢(s)

_ Al ey A,
TN (s = s0)"
Now multiplying both sides by (s — s5)" we get

(s—s0) He(s) = Ay(s—20)" " + Aa(s5— 80)"" 24 -- -+ A, + (5 — 30)"G(s)

+ G(8)

Evaluating both sides of the equal sign at s = sg gives us
A, = (3 - So)ch(") Imao

Note that (S — 89)"G(s) = 0 when s =lso because G.(s) has at most cne pole at s = s¢.

Similarly, by taking the first derivative and evaluating at s = so we get

2;2,(' ~ K Au(s = 30)" 1) 4 2 [(s = 50)"Gi(s)]

= (r- l)Al(s‘- ) P+ (r—2)Ax(s—50)" P+ -+ A +0+ gs——[(s — 50) G

% [(s — s0)" He{s))

Arr = 16 = 50) Hels)] loma

This idea can be continued. By taking the (r — k)-th derivative and evaluating at s = 5o we get
the the general form

A= i (e = 5o Bl ms)

(b) Using the following transform pair from a lookup table,

we get
L {Hc(s)}

-1 {2 t;f_k)r +G¢(‘)}

}_‘,A. e"‘u(t) + ge(t)

k=)

L)
s
"
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7.25. (a) Answer: Oualy the bilinear transform design will guarantee that a minimum phase discrete-time
filter is created from a minimum phase continuous-time filter. For the following explanations
remember that a discrete-time minimum phase system bas all its poles and zeros inside the
unit circle.

Impulse Invariance: Impulse invariance maps left-half s-plane poles to the interior of the z-plane
unit circle. However, left-half s-plane zeros will not necessarily be mapped inside the 2-plane
unit circle. Consider:

N N
SaJlt-s)

N Ak k=l ’;‘k
Hs) = Es_&= o=
k= IIt- 30
=1
N N
D TuA JJ(1 - T2
N k=1 Fmi
TaA: ik
H(z) = ; Tent i =%
=1 H (l - el(sz—l)
=1

X we define Poly,(z) = []'L, {1~ e*77T<z71), we can note that all the roots of Poly,(z) are
JEk

inside the unit circle. Since the numerator of H (z) is a sum of A,Poly,(z) terms, we see
that there are no guarantees that the roots of the numerator polynomial are inside the unit
circle. In other words, the sum of minimum phase filters is not necessarily minimum phase.
By considering the specific example of
s+ 10
(s+1)s+2)
and using T = 1, we can show that a2 minimum phase filter is transformed into 3 non-minimum
phase discrete time filter.
Bilinear Transform: The bilinear transform maps a pole or zero at s = so to a pole or zero
(respectively) at zy = :: :: Thus,

Hi(s) =

1+Izso

1- %‘-50

|20| =

Since H,(s) is minimum phase, all the poles of H.(s) are located in the left half of the s-plane.
Therefore, a pole s4 = ¢ + jQ must have o < 0. Using the relation for 5o, we get

(1+Zao)2+(Iq)
(- Loy + iy
<1
Thus, all poles and zeros will be inside the z-plane unit circle and the discrete-time filter will
. be minimum phase as well.
(b} Answer: Ounly the bilinear transform design will result in an allpass filter.
Impulse Invariance: In the impuise invariance design we have
. "" w 2k
ey = 3 a(i(z+ )

k=—oo

1zof

The aliasing terms can destroy the allpass nature of the continuous-time filter.
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Bilinear Transform: The bilinear transform only warps the aequency axis. The magnitude
response is not affected. Therefore, an allpass filter will map to an allpass filter.

{c¢) Answer: Only the bilinear transform will guarantee
H(e™)|u=o = He(i)la=0
Impulse Invariance: Since impulse invariance may result in aliasing, we see that
| H(e®) = He(j0)
if and only if

A= 3 K (i) = B0

k=—-o0

— 27k
(%) =0
20

k= —oo

k

or equivaiently

which is generally not the case.
Bilinear Transform: Since, under the bilinear transformation, {! = 0 maps to w =0,

H(%) = H(30)

for all H.(s).

(d) Answer: Only the bilinear transform design is guaranteed to create a bandstop filter from a
bandstop filter.
If H.(s) is a bandstop filter, the bilinear transform will preserve this because it just warps the
frequency axis; however aliasing (in the impulse invariance technique} can fill in the stop band.
(e) Answer: The property holds under the bilinear transform, but not under impulse invariance.
Impulse Invariance: Impulse invariance may result in aliasing. Since the order of aliasing and
multiplication are pot interchangeable, the desired identity does not hold. Consider H,, (s} =
H”(s) = ¢—3T/2
Bilinear Transform: By the bilinear transform,

2 f1-2z-1
H‘(ﬁ(uz-l))
2 f1-z7} 2 f1-2z"1
= H (E(Hr‘))ﬁ" (ﬁ(ln-*))

H; (Z}Hz (Z)

H(z)

(f) Answer: The property holds for both impulse invariance and the bilinear transform.
Impulse Invariance: }

H(*) = szlm (" (%*%"))
- 5 ma(i(z+50)+ £ ma(i(3+5)

Hy(e?*) + Hy ()
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Bilinear Transform:

HG)

= (HED) |
n (3 (59) - (3 (025)

= Hy(z) + Ha(2)

(g) Answer: Only the bilinear transform will result in the desired relationship
Impulse Invariance: By impulse invariance

me) = Y a(i(g+5))

H; (&)

]
™
=
L
o~
De
+
»y
K
M
T

We can clearly see that due to the aliasing, the phase relationship is not guaranteed to be
maintained.
Bilinear Transform: By the bilinear transform,

B, (:% tan(u/2))
H, (j%m(w/z))

Hy(e)

]

Hy(e™)

H

therefore,

O<w<n

Byew)  He (i taw/2) s
—T<w<0

B(e®) " g, (i wntw/2) L&
7.26. (a) Since

H(e) = t-};wﬂ ( (1“; 2;:‘))
H(e) |o=o= Hc(j) ln=0,
H{E" Y=o = him H, (.‘f (% 2":)) lo=o = B (i)la=0

£ 5.(%) -

l---

and we desire

we see that

requires

(b) Since the bilinear transform maps 2 = 0 to w = 0, the condition will hold for any choice of H.{i{1)
7.27. ’

H(e™) = { ; i< $

<l



(2)

Hy(ev)

hl [ﬂ] h[2ﬂ]

S hfznjen
= E h{ﬂ]e'f"i=
n even
-]

= Y 3kl (-0 R T

n=—00

= LHEY)+3H (¢7F)
H, ()

1/2

-R/2 0 n/2

Hy(e*)

2 hin/2}e" 1"
1 even
- )

Z hfnjeIvtn

n=—oc

H (e*)

H ()

1

—x—7n/B
{c)

-n8 0 n/8
HS(CJU) =H (ej(w-}-:))

Hy(€")

11

78 n @

-x -3n/4

245
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7.28. (a) We have

1-2"1
14271

1—e v
143

oHw/2 _ g—iwl?

0 =

eIwiZ 4 e—1wi?

- (3)

0, =tan (*B) — wp, =207} (,)

(b)

1+2z7?
121
14e 9
1-e7v
eju/2 +c—jw/2

i =

eiw/2 . p=jw/2 .

0 - me(3)

- = ()

) — wp,=1r+2t.a.n"1(9p)

Wy, — T
9, = 22
= (2

(c)
n (257 ) = a0 (53

--:rw,3=w,,+1r

(d)
Ha(z) = Hi(z):=-:2
The even powers of z do not get changed by this transformation, while the coefficients of the odd

powers of z change sign.
Thus, replace A,C,2 with —-4,-C, -2

7.29. (a) Substituting Z = e’ and z = ¢’ we get,
o = e
= ej(2w+r)

0=2w+%x +— u=9;"

(b)

T G T T T
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H )
¢ eC > ” ec »
+ A
- -;12 0 n2 T W

(<)
hln] +— H()
mln) « B (@)
In the frequency domain, we first shift by  and then we upsample by 2. In the time domain, we

can write that as

_  (-1)*2R[n/2], for n even
hinl = { 0, for n odd
(d) In general, a filter
bo+biz7 b boz 2ok by MY L by M
ao+arz t4apz 24 +an_12N"1+anz¥
will transform under H,(z) = H{—z?) to
H (z) _ by — b12—2 + bzz" + - bu..;zzu-: + bMZ_z‘M
B e —z2+022 8+ - — ap_12:N-2 4+ anz—2N
where we are assuming here that M and N are even. All the delay terms increase by a factor of
two, and the sign of the coefficient in front of any odd delay term is negated.
The given difference equations therefore become

H(z)=

gln}] = z[n]+a1g{n—2) - b fin — 4]
fin] = —a2g[n—2]~byf[n - 2]
yla] = afn]+cagln -2

To avoid any possible confusion please note that the b; and a) in these difference equations are
not the same b; and a; shown above for the general case.

7.30. We are given *
H(z) = He(s) |,_p[1=ze)

4"

where a is a nonzero integer and § is a real number.

(a) It is true for > 0.

Proof:
- ol
142z
s+s527% = g-pz°
s=f = —fz % -—35z~"

B—s = z7%(B+s)
- B-s
z = F‘T'_S
B+s

iy
Il
w
1
I
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The poles s, of a stable, causal, continuous-time flter satisfy the condition Re {s} < 0. We want
these poles to map to the points z; in the z-plane such that fze] < 1. With a > 0 it is also true
that if |z,| < 1 then {zf| < 1. Letting s; = ¢ + jw we see that

lz] < 1

lz¥l < 1
B+0+30 < |f~0—;0
B+o)2+0? < (B-0)+0F

208 < -208

But since the continuous-time filter is stable we have Re{s;} < 0 or o < 0. That leads to

-8<8
This car only be true if § > 0.

(b) It is true for B < 0. The proof is similar to the last proof except now we have [z9] > 1.
{c) We have

2 = 1+

1-s s=30
2% =
Iz = 1

Hence, the j{2 axis of the s-plane is mapped to the unit circle of z-plane.
(d) First, find the mapping between 0 and w.
1— g3
1+ e-d2w
% — gmIw
e 4 g=iw
0 = tan(w)
w = tan”}{f})

in

Therefore,
” z 3x
ma<iEEs 148, (s T o{SF <)

Note that the highpass region 37/4 < |w| < 7 is included because tan{w) is periodic with period
.

7.31. (a)

_ 14z _s+1

1-z1 s—1

Now, we evaluate the above expressions along the jQ axis of the s-plane
N+1

N-1

2l = 1




249

(b) We want to show |z] < 1 if Re{s} < 0.

g+ifi+1
o+jil-1
WY 23\ i
zl = =
(o 12+
Therefore, if |z| < 1
(@+1P+02 < (o0-17+0°
g < =0
it must also be true that o < 0. We bave just shown that the left-half s-plane maps to the interior

of the z-plane unit circle. Thus, any pole of H(s) inside the left-half s-plane will get mapped to
a pole inside the z-plane unit circle.

{(c) We have the relationship

—jw
M = it:-w
eju/2+c-)u/2
= el — g—iwi2
1 = -cot{w/2)
12, = {cot(n/6) =3
Q] = |eot(x/2)| =0
Qp| = |oot(m/d)| =1

Therefore, the constraints are

0.95 < |[H (I <105, 0<Qi<1
|HGO) <001, V3SR

7.32. (a) By using Parseval's theorem,

2 _ l * w2
¢ = 2”'[_“w(e’ 2dw
= 3 lefnlf
where
ha[n], n<0,
e[n] =< h4ln] - hin], 8<n<M,
hd{n]i n>M
{b) Since we only have control over e[n] for 0 < m < M, we get that ¢ is minimized if h{n] = haln]
for0<n< M.
(c)

which is a rectangular window.
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7.33. (a)
Hy(e) = [1 - 2u(w)]f"/2-7) for—xcw<n
|Ha(e7*)| =1, W
Z-tw, —x<w<0

eagey={

-3-Tw, O<w<n

ZH (")
T
. "

~K 1] oW

_ﬂz\_j

(b) A Hilbert transformer of this nature requires the filter to bave a zero at z = 0 which introduces the
180° phase difference at that point. A zero at z = 0 means that the sum of the filter coefficients
equals zero. Thus, only Types I and IV fulfill the requirements.

(c)

It

Hy(e)
hd[ﬂ} . 5!;/.“ ej(l/I-—wf)cjundu__zix'/n- ej(wlz-ar)cjwndw

[1 - 2uuw)]eitx/2-wn)

- f_‘; eju(n—r)dw - SJ_E[' Cjw(“-f)dl:J
2 0

2r J_,

- { l—o:sn[f.gz—r![, n;é'r

0, n=r

o
2 sin It!ﬂ-f!{'.’]
x n=—r » B # T
o,

n=r

For the windowed FIR system to be linear phase it must be antisymmetric about 4 Since the
ideal Hilbert transformer hyln) is symmetric about n = 7 we should choose © = M

(d) The delay is M/2 = 21/2 = 10.5 samples. It is therefore a Type IV system. Notice the mandatory
Zero at w = .

IH(E™)!
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(¢) The delay is M/2 = 20/2 = 10 samples. It is therefore a Type III system. Notice the mandatory
zeros at w = @ and «.

tH(' )

00 n
@

7.34. (a) It is well known that convolving two rectangular windows results in a triangular window. Specifi-
cally, to get the (M +1) point Bartlett window for M even, we can convolve the following rectangular

windows.
/ 2 = M _
rl{ﬂl - F, ﬂ-o,.--, 2 1
0, otherwise
rn] = nn-1]

Using the known transform of a rectangular window we have

‘ﬁ{ sin(wM/4) _u(x-3)
M sin(w/2)

= 2 sin(wM/4) _j.(x
WR:(CJ ) &WC J ( +i)

Wa(e™) Wr, (¢7*)Wg, (™)
2 (sin (wM/4) )’ R
M \ sin(w/2)
Note: The Bartlett window as defined in the text is zero at n = 0 and n = M. These points are
included in the M + 1 points.
For M odd, the Bartlett window is the convolution of

’2 —_ M-
f3[ﬂ] - { Ir: n-—O,...,-—T

0, otherwise

{ VB =t

Wa, (™)

fl

H

N
sk} 0, otherwise

In the frequency domain we have

Wai(e¥) = \/% sin(w(M +1)/4) _u(2z1)

sin{w/2)
oy isin{w(M—l)/ﬂ__- Moy
Wga(e¥) = J; sin(w/2) Cad +1)
Wa(e™) = Wa,(e™)Wg, (™)

2 (sinfw(M +1)/2)\ (sinfw(M - 1D/2\ _.oap
M( sin(/2) )( sinw/2) )‘ ’
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(b)

wln) = [A + Beos (27’"‘) +Ceos (%‘)] waln]

vy = fotsrsaefi(or ) so(o-3)] oer oo 5) 4 (-]

® {sin(w(M +1)/2)) e-,-..,wz}
2n sin{w/2)

where @ denotes periodic convolution.
{c) For the Hanning window 4 = 0.5, B = -=0.5,and C = 0.

[o.s — 0.5co8 (27’"‘)] weln]

0.5Wgr(e™) ~ 0.25Wr(e™) ® [6 (w + 2_") +é ( - 31)]

YHanning("}

WHa.nning () M

0.5Wr(e™®) — 0.25 [Wg(e"""" #)) 4 wﬂ(gw-m)]

where

iwy _ Sin{w(M +1}/2)) _.ou2
Vel = ~mom
Below is a normalized sketch of the magnitude response in dB.

Normalized Magnitude plot in dB

01
0 @ %
7.35. (2) The delay is & = 24.
(b) i
H (&™) !
1 1
1”2 12
% -06r -0.3x 0 0.3n 0.6n @

This can be viewed as the sum of two lowpass filters, one of which has been shifted in frequency .'
(modulation ip time-domain) to w = x. The linear phase factor adds a delay. :
sin{0.37(n — 24)) n—34) SIB(0-4r(n ~ 24}))
hyin] = _—
w{n — 24) x(n — 24)

+ 3(-1)¢
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(c) To find the ripple values, which are all the same in this case since it is a Kaiser window design, we
first need to determine A. Since we know § and A are related by

0.1102(A — 8.7), A>50
B =368={ 0.5842(A4— 21)°% +0.07886(A-21), 21 < AL50
0, A<

we can solve for A in the following manner:
1. We know 8 = 3.68. Therefore, from the formulas above, we see that A > 21.
2. If we assume A > 50 we find,
3.68 0.1102(A - 8.7)
A = 421

But, this contradicts our assumption that A > 50. Thus, 21 < A < 50.

3. With 21 < A < 50 we find,
368 0.5842(A4 — 21)%4 + 0.07886(A - 21)
A = 424256

With A, we can now calculate 4.

]

§ = 1074/
10-42-4256/20

0.0076

The discontinuity of 1 in the first passband creates a ripple of 4. The discontinuity of 1/2 in the
second passband creates a ripple of 6/2. The total ripple is 3§/2 = 0.0114 and we therefore have

&, =6 = 8y = 0.0114

Now using the relationship between M, A4, and Aw

A-8
M 2.2854w
42.4256 - 8

Putting it all together with the information about Hy(e/*) we arrive at our final answer.
0.9886 < [H(e¥)] € 1.0114, 0<w <0257
IH(e’")] < 0.0114, 0.357 <w <0557
0.4886 < [H(e)] € 0.5114, O065r<wgm

I H(E) |
B=————" "1 # 25,
0.5 : 28, * i
0 > l :
Y e — T 1
0 0.251 0.35n 0.55n 0.65 R Q
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7.36. (a) Since H(e®) # 0 and H(e*) # 0, this must be a Type I filter.
(b) With the weighting in the stopband equal to 1, the weighting in the passband is gf
W(w)
1.6

0 0.4x 0.58x% 4 )
(¢)
(E(w)!

TN N\ :
N R VAR BN

{d) Ap optimal (in the Parks-McClellan sense) Type I lowpass filter can bave either L+ 2 or L +3
alternations. The second case is true only when an alternation occurs at all band edges. Since this
filter does not have an alternation at w = it should only have L + 2 alternations. From the figure,
we see that there are 7 alternations so L = 5. Thus, the filter length is 2L + 1 = 11 samples long.

(e} Since the filter is 11 samples long, it has a delay of 5 samples.
{f) Note the zeroes off the unit circle are implied by the dips in the frequency response at the indicated

frequencies.
Im o
o
o /Re
o]

10th order poke

7.37. (a) The most straightforward way to find hy4|n] is to recognize that H(e™) is simply the (periodic)
convolution of two ideal lowpass filters with cutoff frequency w. = x/4. That is, -

Bde) = 5 [ Binf(e) iy (78

where

. 1, <X
B ={ g ML,
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Therefore, in the time domain, hgln] is (hyps[n])?, or -

hafn] = (sin(m/q)’

n
sin?(7n/4)
xin2

(b} h[n] must bave even symmetry around (N — 1)/2. h[n] is a type-1 FIR generalized linear phase
system, since N is an odd integer, and H{(e/“) # 0 for w = 0. Type-l FIR generalized linear phase
systems have even symmetry around (N — 1)/2.

(c) Shifting the filter hyn] by (N — 1)/2 and applying a rectangular window will result in a causal
h[n] that minimizes the integral squared error e. Consequently,

sis? [3(n = 251
w2n - ER)?

hin] =

w(n]

where
{1, 0<n<N-1
win] 0, otherwise

(d) The integral squared error ¢

1 /" ) )
=5/ [A(e™) ~ Ha(e)|? du

can be reformulated, using Parseval’s theorem, to

=" lafn] - halnll
Since
hyfn], -85l <ng Bl
afn] {0, othermse :
—{N=1)/2-1 (N-1)/2 ki
e = 3 lan]-hdellP+ Y laln]-adnlii+ YD faln] - Ayl
= —(N-1)/2 (N-1)/241
—{N-1)/2-1 o
= Y o+ Y thdn)?
—ca (N-1)/2+1
By symmetry, -
e=2 Y jhfn)f
(N-1}/2+1

7-38. (a) A Type-I lowpass filter that is optimal in the Parks-Mc¢Clellar can have either L + 2 or L + 3
alternations. The second case is true only when an alternation occurs at all band edges. Since this
filter does not have an alternation at w = 0 it only has L + 2 alternations. From the figure we see
there are 9 alternations so L = 7. Thus, M = 2L = 2(7) = 14.
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(b) We have
hﬂp[ﬂ] = —-e”"‘hgp[n]
Hyp(e) = -Hip(ef“™™)
= B(e)e ¥
where

B.(¢/) = A(&“™)
The fact that M = 14 is used to simplify the exponential term in the third line above.
(¢}

B,(e")

(d) The assertion is correct. The original amplitude function was optimal in the Parks-McClellan
sense. The method used to create the new filter did not change the filter length, transition width,
or relative ripple sizes. All it did was slide the frequency response along the frequency axis creating
a new error function E'(w) = E(w — x). Since translation does not change the Chebyshev error
(max |E{w)|) the new filter is still optimal.

7.39. For this filter, N = 3, 50 the polynomial order L is

N-1
- 2

Note that h{n] must be a type-I FIR generalized linear phase filter, since it consists of three samples,
and H(e’¥) # 0 for w = 0. h[n] can therefore be written in the form

hfn} = adn] + bn - 1] + ad[n — 2]

L= =1

Taking the DTFT of both sides gives
B(™) = a+be ™ +ae=
= e *(ae’ + b+ ae™)
e (b + 2acosw)
b+2acosw

A(e7®)




7.40.

7.41.
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The filter must have at least L + 2 = 3 alternations, but no more than L + 3 = 4 alternations to satisfy
the alternation theorem, and therefore be optimal in the minimax sense. Four alternations can be
obtained if all four band edges are alternation frequencies such that the frequency response overshoots

at w = 0, undershoots at w = §, overshoots at w = %, and undershoots at w = 7.

Let the error in the passband and the stopband be 4, and &,. Then,

A lom = 144,
A(e’”) lw=1r/3 = 1- 61’
A(e”w) ]w=l[2 = 6
A(°) lo=x = =4,
Using A{e’) = b+ 2acosw,
A(e") |u=o = b+4+2a
A(cj:u) iw=r/3 = b+a
A(CJW) !w=212 = b
A(e?) L= = b—2a

Solving these systems of equations for a and b gives

a =

| s ol w2

b =

Thus, the optimal (i the minimax sense) causal 3-point lowpass filter with the desired passband and
stopband edge frequencies is

hn) = gé[n] + 28—+ gafn 9

True. Since filter C is a stable ITR filter it has poles in the left balf plane. The bilinear transform maps
the left half plane to the inside of the unit circle. Thus, the discrete filter B has to have poles and is
therefore an IIR filter.

No. The resulting discrete-time filter would not have a constant group delay. The bilinear trans-
formation maps the entire {1 axis in the s-plane to one revolution of the unit circle in the z-plane.
Consequently, the linear phase of the continuous-time filter will get nonlinearly warped via the bili-
nar transform, resulting in a nonlinear phase for the discrete-time filter. Thus, the group delay of the
discrete-time filter will not be a constant. :

7.42. (a) Using the fact that H.(s) = ¥=2 and cross multiplying we get

_X(s) _ 4
B =57 = 53¢
(s+oYe(s) = AX.(s)
Ey% + cyc(t) = Azc(t)
(b)
B o (Azet) - cvelt)) lemnr
t=nT

= Az:(nT) - cy(nT)

Ye(rT) — yo(nT -~ T} Az (nT) — cy(nT)

T

{2
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(c)
ddoso ol ofn) - eyl
sclal = (c+2) vl - goin =1
AX(z) = (c+ %) Y(z) - %Y(z)z"
Y _ A
H(z) = X(z) = e+ 7‘: - :}:z"
(d)
A
He(s)| =izt T s+l p1mgmt
= A
R
= H(z)
{(e) First solve for z
o 1-2z7t
# = 7T
z 1-sT
and then substitute s = o + j{0 to get
1
> = I-+aT
= 1 ot~ (AT)
V1 -o2 + @1y
If we let § = tan™? ( T) we see that
1 _ cos(8)
Ja-ep+@ry?  17°
= 2(1 ) (e" +C-J‘)

and thus the s-plane maps to the z-plane in the following manner

z = [2(1 —2) (¢ + e"‘)] o
1 1w
2(1-0) 2(1 o)
1 1 j2ae*(fiT)

21-0) 2(1 -0)
To find where the ;{1 axis of the s-plane maps, we let s = j(}, i.e., ¢ = 0 and find

.

2
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Therefore, the j{)-axis maps to a circle of radius 1/2 that is centered at 1/2 in the z-plane. We
also see that the region o < 0, i.e., the left half of the s-plane, maps to the interior of this circle.

If the continuous-time system is stable, its poles are in the left half s-plane. As shown above, these
. poles map to the interior of the unit circle and so the discrete-time system will also be stable. The
stability is independent of T. .
Since the jQ)-axis does not map to the unit circle, the discrete-time frequency response will not be
a faithful reproduction of the continuous-time frequency response. As T gets smaller, i.e., as we
oversample more, a larger portion of the jQ1-axis gets mapped to the region close to the unit circle
at w = 0. Although the frequency range becomes more compressed the shape of the two responses
will look more similar. Thus, as T decreases we improve our approximation.

(f} Substituting for the first derivative in the differential equation obtained in part (a) we get
Ye(nT +T) = yc(nT)

+cy.(nT) = Az (nT}

T
ot Dvll o) = s
_Y@e) A
HE) = 35 = mige = Hel) s
_ z-1
$ T
z = 14T
= 1+4+0+;0T

To find where the j§I axis of the s-plane maps, we let 5 = j{, i.e., 0 = 0 and find
z=1+;0T

Therefore, the j$-axis lies on the line Re{z} = 1. We also see that the region o < 0, i.e., the left
half of the s=plane, maps to the left of this line,

s-plane
Q
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If the continuous-time system is stable, its poles are in the left half s-plane. As shown above, these
poles can map o a point outside the unit circle and o the discrete-time system will not necessarily
be stable. There are cases where varying T can turn an unstable system into a stable system, but
it is not true for the general case.

Since the j{-axis does not map to the unit circle, the discrete-time frequency response will not be
a faithful reproduction of the continuous-time frequency response. However, as T gets smaller our
approximation gets better for the same reasons outlined for the first backward difference.

7.43. (a) Just doing the integration reveals
nT .
[ 50 +3.6T -T) = w(WFor+ el ~T) = e(aT)
nT=-T
Using the area in the trapezoidal region to replace the integral above, we get

nT
y(nT) = f Y. (7)dT + y{nT - T)

~ [y, (nT)+ ¥, (nT - T)] % +3.(nT-T)
{b) Solving for ¥, (nT) in the differential equation we get
Ve (nT) = Azc(nT) - cy.(nT)
Substituting this into the answer from part (a) yields
T
¥e(nT) = [Az.(rT) — cye(nT) + Az (nT — T) - cy(nT — T ) +y.(nT-T)
(¢) The difference equation is
T
¥in] = (Az[n] ~ eyfn] + Azln - 1] - ey[n - 1)) 5 +y[n - 1]

yin] (1 + c%) —yfn—1] (1 - c%) = A% (efn) + 20 - 1)

Therefore,

2

_Y() A%(1+z‘1)
T X(z) 1+¢f -2 +z71eL

Ve 145 -y [i- ] = alx@ 4 o7

H(z)

(d)

A
H.(s) I.:;[ﬁ;;]_ = T1e 4[]
- TAQ +27Y)
T o1—2z-t +c§(1 +2-1)
= H(z)
7.44.
Qc(jn) = HcUQ)Hc(—jQ)

#(2) H(z)H(z™")
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(a} (i) Since H.(s) has poles at s;, H.{—s) has poles at —s;.
(ii) The material in this chapter shows that under impulse invariance

Ay TaAx
— .
s—-8 1—enTaz-t

Thus, going from step 1 to step 2 means that the autocorrelation of the discrete-time system
is a sampled version of the autocorrelation of the continuous-time system.
(iii) Since #(z) = H(z)H(2~!) we can choose the poles and zeros of H (z) to be all the poles inside
the unit circle, and that choice leaves all the poles and zeros outside the unit circle for H(z™1).
Consider the following example using hc(t) = e™**u(t).

1
He(s) = sta and He(-s)=—7 +a

d.(s) = Hc(’)Hc(—sj
_ [ [ 1
T As+af|l-s+a
_ 12 1/2a
T s+a s-a
_ T¢/2a T4/2a
¥ = {emaTiT T TS eaTig
_ T, [1 —e2Tiz"l 1 4 c-chz—l]
T 2a (1-emoTizm1)(1 ~ eoTez"1)
T‘ (e—aT‘ — CGT‘) z-l
= a1 -eoTiz-1)(1 — 2Tez 1)
T (€T = emaTe) ;1
T 2a(1 - e oTizm1)(1 — emoTez)enTez !
_ Ta (1 — e~ 2aTy)
T 2a(1 - e-aTazm1)(1 - e~0Tsz)
= Ta -2aT. 1 MT" Cw-zaTeyo L
= [ 20(1 [ ‘)(l — e-"sz"l)] [ 20(1 e—sa ‘) (1 _ C-QT‘Z)
if @ > 0, then

Bl = /221~ e=2eT4) (677" ufn

(b) Since {H.(j)2 = 2.(j) and (&) = H(e)H(e™*) = |H(e/*)|?, we see that since ¢[m] =
Td¢€(de):

(™) = i ¢ ((i"—+2i‘5))
= U\ "))
Therefore, if #.(jQt) = 0 for 21} > £, then $(e) = &, (j-F;) and |H (e7)? = IHc (Ji‘-)

() No. We could always cascade H(z) with an allpass filter. The new filter is different, but has the
same autocorrelation.

2
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7.45. (a) Since the two flow diagrams are equivalent we have

2zl 1-az

-] —
2 T 1-az™?! z—a
z—a
ZzZ =
l—az

H(z) = Hip(2) 2= gz2 = Hip ( = )

l1-az
(b) Let Z = &% and z = ¢/, Then
-1

21 z7l-a

T 1=az?}
O ™

. W —a

1—ae—v
eI _geIlemiv = gtiv _ g
e(l4+ae™ ) = e 4a
—u e o

e = —_——

1+ ae—7¢

e 4+a 1+ae?
1+ae- 1+ae’t
e 4 20 + o®e?
1+ 2acosf + a?

Using Euler’s formula,

cosf— jsinf + 2a + a® cosd + jo?siné
1+ 2ac086 + a?

2a + (1 + a®)cosf + j[(a® — 1)siné)

e~

= 1+2acosé +o?
Noting that —w = tan™? [%}'}],
o = tan-! (c® — 1)sing
w = 20 + (1 + a?)cosé
-1 (1 - a?)sing
W =
2a+ (1 + a?)cosé

This relationship is plotted in the figure below for a = 0, £0.5.
Warping of the frequency scale, LPF to LPF

w
T
i
ﬂz L
o ;
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Although a warping of the frequency scale is evident in the figure, (except when a = 0, which
corresponds to Z~! = z~1), if the original system has a piecewiseconstant lowpass frequency
response with cutoff frequency #,, then the transformed system will likewise have a similar lowpass
response with cutoff frequency w, determined by the choice of a.

[ (-aY)sin(,) ]
Wp =R | (0 + a?) cos(B,)
(c)
xin) yin]
xin] —> > > yin]
1 H(z) -1
Hb(Z} A 7 2—1

—_— -1
0.9 2

¢ 0.9

Looking at the flow graph for H(z) we see a feedback loop with no delay. This effectively makes
the current output, y[n}, a function of itself. Hence, there is no computable difference equation.

(d) Yes, the flow graph manipulation would lead to a computable difference equation. The flowgraph
of an FIR filter has a path without delays leading from input to output, but this does not present
any problems in terms of computation. Below is an example.

H _(2) b
p
b, xin) r— il
xn] ¥ > > vin]
Yy 1 Hz) -1 -1
b1 ' 2'1 Lo d
b

The transformation would destroy the linear phase of the FIR filter since the mapping between §

and w is nonlinear. The only exception is the special case when a =0, i.e., when ¢ = w.

Since there are feedback terms ip the transformed filter, it must be an TIR filter. It therefore has

an infinitely long impulse response. ‘
{(e) Since the two flow diagrams are equivalent we have

-1
2 _z_ll—az

-1
2 - 1—az-1 "~ z—a
z-a
Z = l-az
z-a
HE) = BplDlmsgs, = Hio (15 )
Letting Z = ¢/ and z = ¢/ we have,
i _ -HC’.U—Q
e = ¢ oo
. el — ae~iv
- e’”e’ a l-ae

I-aew 1-ae v
e - 2a +afe
1~ 2acosw+ o?
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Using Euler’s formula,

(1+a’)cosw 2a + j(1 - of}sinw

= 1 -—2acosw + o

Noting that 8 = w + tan™! [%H] ,

(1-o®)sinw
{1+a?)cosw —2a

8=uw+tan~! [

F —2n

We see from the plot of w versus # that a lowpass filter will not always transform into a lowpass
filter. Take, for example, the case when the original lowpass filter has a cutoff of § = #/2. With
a = 0 it would transform into an allpass filter.

7.46. (a) Since

(2zin] — h[n] » z{n]) + A[n]
(2h[n] - hin] » hin]) + z{n]

yir]

the new transfer function is
gin) = 2h[n] — hin} + hln]
(i) It is FIR since the convolution of two finite length sequences results in a finite length sequence.
(ii} Note that the term Aln] » h[r] is symmetric since it is the convolution of two symmetric
sequences. Therefore g{n] must be symmetric since it is the difference of two symmetric
sequences.
(b) The frequency response for G{e’*) is

G(e™) = 2H(e*) — H(e7)H (™)




1 282-6: .
G(e") G(e™
14? '262"82
1-8 : ;m’ 14«5‘ -82 H(eol“’) 52
H

As shown above, if the passband of H(e/) is the region [1—§;,1+4;], then the passband of G(e?*)
is in the region [1 — &2,1] which is a smaller band. However, the stop band gets bigger since it

. maps to [-24, ~ 82,28, — &2).

(c}

Thus,

It

(1-4})
1

-28, - &
25, - &

OO
!

If 5, €1 and 4; <« 1 then,
Maximum passband approximation error = 0
Maximum stopband approximation error = 26
Since

(3z[n] — 2z[r] * hir]) = h{n] + Ain]
(3hin] = h{n] = 2h(n] = Ain] = Ain]) = z[n]

yin]

the new transfer function is
hsharp(n] = 3hln] * hin] — 2k{n] = An] + A[n]

and so
Hsh&.p(e"“) = 3H(ev)? - 2H(e*)
The new tolerance specifications can be found in a similar manner to the last section. We get,

= 1-37 -2
1
a

38 +28

i~ oW TN
non

If 4§, < 1 and &; < 1 then,

Maximum passband approximation error =

0
Maximum stopband approximation error 0
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(d) The order of the impulse response h[n] is Af. Since it is linear phase it must therefore have a delay
of % samples. To convert the two systems we must add a delay in the lower leg of each network
to match the delay that was added by the first filter.

Hn) hin] e hinf [yl
2254#2
xin] hin] —3—7,,—‘ hin} hn] F—ynl
31-0”2

The restrictions on the filter that carry over from part (a} are that it have

(i) Even symmetry

(ii) Odd Length

Hence, Type I FIR filters can be used.

The length of h{n] is 2L + 1. Since the term that is longest in the twicing system'’s impulse response
is the A[n] = h[n] term, the length of g[r] is 4L + 1. Since the term that is longest in the sharpening
system’s impulse response is the hA{n] = h{n] = h[n] term, the length of hsha.rp["] is 6L + 1.

7.47. We know that any system whose frequency response is of the form
i
A () =3 aulcos(w))*
k=0

can have at most L — 1 local maxima and minima in the open interval 0 < w < = since it is in the form
of a polynomial of degree L.

If we include all endpoints of the approximation region
{0 < |wl S wp J{ws S o < 7}

then we see we can have at most L + 3 alternation frequencies.

I the transition band has two of the local minima or maxima of A.{e’*), then only L — 3 can be in the
approximation bands. Even with all four endpoints of the approximation region as alternation points,
we can only have a maximum of L + 1 alternation points. This does pot satisfy the optimality condition
of the Alternation Theorem which requires at least L+ 2 alternation points. It follows that the transition
band cannct have more than two local minima or maxima of A, (e} either.

If the transition band only has one of the local minima or maxima of A, (e*), then the error will not

alternate between w;, and w, and they cannot both be alternation frequencies. In this case, only L -3
of the local minima or maxima of A.{e’*) are in the approximation bands. If we add the maximumof ]
three band edges to the total count of alternation frequencies we get L + 1, which is again too low. -

- Therefore, the transition band cannot have any local minima or maxima and must be monotonic.

7.48. (a) A.(¢*) has 7 alternations of the error. ¥ the approximation bands are of equal length and the ;
weighting function is unity in both bands, why would the stopband have 1 extra alternation than
the passhand? The answer is that, if it were an optimal filter, it would not. The optimal filter for
this set of specifications should have the same number of alternations in each band and therefore |
requires an even number of alternations. Since the optimal appraximation is unique, the one shown 1
in the figure cannot be optimal.
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{b) A polynomial of degree L can have at most L — 1 local minima or maxima in an open interval.
Since A.(e’*) has three local extrema in the interval from 0 < w < x, we kmow L > 4.
Note that the optimal filter is half wave anti-symmetric if you lower its frequency response by one
half, i.e.,
Ano(e¥) = ~Arow (ej('_”))

where Anw(e?) = Hop(e’) — 1/2. Another way of saying this is to say that the optimal filter is
anti-symmetric around w = /2 after lowering the response by 1/2. This property holds because the
optimal filter has symmetric bands with the same number of alternations. Plugging in A, (/) =
Hopt(e7) ~ 1/2 into the above expression gives

Hop(e¥)=1/2 = - [H,,,, (e - 1/2]
Hope(6) = =Hop (979} +1
hegln] = ~(~1)"hope(—n] + 6]

This condition implies that
hope[-n}, n odd
hop[n] = < 0, neven,n #0
0.5, n=4_

A sample plot of hoyn] appears below, for L = 6.

Note that because hp[n] = 0 for n even, n # 0, a plot of Agpfr] for L = § would have the same
nonzero samples, and therefore be equivalent. So the optimal filter with L = 6 is really the same
filter as the case of L = 5, just as the optimal filter with L = 4 is the same filter as the case with
L=3.

We know the filter non-optimal filter has 7 alternations. The optimal filter should be able to meet
the same specifications, but with a lower order. From part {a), we know the number of alternations
must be even. Thus, the optimal filter for these specifications will have 6 alternations.

An optimal lowpass filter has either L + 2 or L + 3 alternations which means L = 4 or L = 3.
However, we showed above that these are really the same filter. Since the optimal filter has L = 4,
the filter shown in the problem cannot have L = 4.

Putting it all together we find L > 4 for the filter shown in the figure.
7.49. (a)

%H(J“T)Hu(jﬂ)ﬁ.-(jn)

{ 260 (F) g (o07) %, 1 < 1

Heg(1Q)

= Qr
0, otherwise
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(b) The delay of the linear phase system is §1/2 = 25.5 samples since it is a linear phase system of
order 51. Therefore, the total delay is

H(TYy  HGM
e — -
Delay = 2557 + 057
= 2T
= 26ms

(¢c) H(e?T) should cancel the effects of Hy(j (). However, to cancel the effects of the delay introduced
by Ho(j{2) would require a noncausal filter which is not practical in this situation. Using the
relation w = Q7T, o

- -J_,
Hy(e“) = { sin (%)
0, Odn <|uf<x ;
To obtain equiripple behavior in Hg(jfl), we need to weight the error so that the ripples grow
with Hy(e’“). Then when we multiply by Ho(j) the ripples will be decreased to an equal size.
Therefore, we need

k| < 027

7

ww)={ 28, <oz

1, Qdr S jw| <
Wiw)

11—

0 . K .

0 02n 0.4=n T W

H(e™) .

1 H(e")
00 057 0.4x x 0 02x  ©

(d) X H.(jQ) is also sloping across the band, | < x/T, we would combine its effects with those of
Hy(j81) and compensate as in part (c), Le.,

$ 1
Hoe™) = { &= (5) B Gp1 <0
o, O04r S <x

This would take care of the distortion due to }H,(j§1)| but not of any phase distortion. The
weighting function will change in 2 similar manner.




7.50. (a) To avoid aliasing, we require

Mu, < =«
M < =
y
So the maximum allowable decimation factor is
T
Mmax = o
{(b)
V(™)
1
0 L #
0 0.9t100 =100
Y{e™)
1100
0 0.9m
(<)
V (e
1]
0 2 i 1
0 0.on/100 w ? x
$1
W, (")
1/50
o PR
0.45% 50(081

269
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V)
1/50
0 J 1
0 0.45n 0.5% n w
()
1/100 -
0 0 0.91 n ()

(d) After the first decimation by 50 is performed, W, () should look like the following:

W, (")
1/50

% 045x  50a, x 2n-50w_, 1558 2r

Since we allow aliasing to occur in the transition bands, we have
50w,, £ 1.557
w,, £ 00317
(e) Using 6, = 0.01, §, = 0.001, Aw = 0.001x we get

_ —1010g,,(0.01 x 0.001) — 13
N = 2.324(0.0017) +1
~ 5069

In general, the number of multiplies required to compute a single output sample is just N. For
a linear phase filter, however, the symmetry in the coefficients allow us to cut the number of
multiplies (roughly) in half if implementing the filter with a difference equation. The following
is an example of how this is accomplished using the simple Type I linear phase filter hln} =
0.256[n] + &{n — 1] + 0.254[n — 2].

0.25z[n] + z{n — 1) + 0.25zfrn — 2] (2 multiplies)
z[n — 1]+ 0.25(z[n] + z{n - 2]) (1 multiply)

yln]

The procedure is similar for the other types of linear phase filters.
Thus, we need 2535 multiplies to compute each sample of the output.

(f} We have

—1010g;,(0.01 x 0.001) - 13
2.324(0.031x — 0.009)

M +1
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~ 232
—10log,4(0.01 x 0.001} — 13
2.324(0.57 — 0.457)
~ 103

+1

N

If we again use linear phase filters we find
116 multiplies to get each sample of v [n]
0  multiplies to get each sample of w; [n] from v;{n]
52 multiplies to get each sample of v;[n] from w,[n]
0  multiplies to get each sample of y{n] from v2(n]

The total number of multiplies is 168.

(g) We have
—1010g,,{0.005 x 0.001) - 13
= 1
M 2.324(0.0227) *
~ 251 .
_ —10log,(0.005 x 0.001) — 13
Ny = 2.324(0.057) +1
~ 111

Therefore, we have a total of 126 + 56 = 182 multiplies per output point.

(h) No. Since §, < 1 we bhave §? < 4, which means the stopband ripple is getting smaller. Thus, we
couid actually increase the specifications.

{t) Performing a similar analysis on the other possibilities yields

M; | M, | Muitiplies per output
50 2 182
25| 4 156
20 5 172
10 | 10 291
5 20 557
4 25 693
2 50 1375
Thus, the choice M; = 25 and M2 = 4 yields the minimum number of multiplications for this
example.
7.51. (a)

hifn] = hln] + &:28[n — n)

Hi(e) = H(%) + pe—ivmo
A (e7)e™7me 4 Speemo
[Ac(e™) + &) e73<me
\-—.‘_

Ha{e®)

"

Ha(e?*) is real since A.(e*) is real and &, is real. It is nonnegative since A, (¢’) > —5;. Note
that Ha(e’*} is an even function of w and is a zero-phase filter.

(b) Hi(e’*) is a zero-phase filter with real coefficients. Thus, a zero at z; implies there must also be
zeros at z;, 1/z;, and 1/z;. In addition, a zero on the unit circle must be a double zero because

‘n
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7.52.

(c)

(d)

(a)

both its value and its derivative is zero. Note that this last property is true for H3(e/“) but not
for A.(e?). We can write H3(z) as

Hi(z} = Ha(2)Hz(1/2)

where H3(z) contains all the complex conjugate zero pairs inside the unit circle and Hj(1/z)
contains the corresponding complex conjugate zero pairs outside the unit circle. We factor one of
the double zeros on the unit circle and its complex conjugate zero into Hz(z). The other pair on
the unit circle goes into Hy(1/z).

Since Hi(z) has its zeros on or inside the unit circle it is minimum phase (we allow minimum
phase systems to have zeros on the unit circle in this problem). Since the zeros occur in complex
conjugate pairs, Az[n] is real.

Hy(e)H3(¢™)
a?
A(e) + 62
a?
where ¢ = YIxhtSdvI=htd  gGince 1 - § < A{e™) < 1+ & in the passband and -5, <
A.(e’) < 8 in the st.opband we have

V1 -0 3; . v 2 E
Ythth < |Hmin(€¥)] £ —ii-a—li— w € passband

'
a

0 < |Hminle™)] < \/1—%, w € stopband

5 = 1[{V1+86 +5 \/1-"61+52]
- -

a
_ 1-b b= 1-6 + L%
T 1wl T VIYE+
. [ 2
% = y1r &2
The original filter h[n] has order M. Therefore, k;[n] also has order M, but hz[n] has order M/2
due to the spectral factorization. Since Amiq[n] has the same order as ky{n] we find that the length
of hpia[n) is M/2 + 1.

No. If we remove the linear phase constraint, then the zeras of H3(z) are not distributed in
conjugate reciprocal quads. It then becomes impossible to express

Hi(z) = Ha(2)Ha(z™Y)

IHmiﬂ (er)lz

Therefore,

where H3(z) is 2 minimum phase filter.
No. It will not work with a Type II linear phase fiiter. In this case ng = Af/2 is not an integer.

M
H(e*) = 3 hfnje~n
n=0
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(M-1)/2 M _
= Z hlnje™3" 4 Z hin)e~ 7"
n=0 n={M+1)/2
(M-1)/2 (M-1)/2
= Y hpem+ 3 h[M — m]e~wM o
n=0 m=0
(M-1)/2 (M-1}/2
= e iwM/2 z h[n]cju(ﬂjz—n)+ Z h[n]e_"‘(“n"")]
{M-1)/2
= e iuM/2 z 2h|n) cosw(M/2 - n)
n=0
(M+1}/2
= e-iwM/2 Z 2h[M21 — n]cosw(n — })
Then
(M+1)/2
H(e™)y=e7M2 5" bln]cosw(n - 1/2)
n=1

where bln] = 2A[(M +1)/2-n]forn=1,...,(M +1)/2.
(b) Using the trigonometric identity

cosacosfl = %cos(a+ﬁ)+ -;—005(0!-13)

we get
M=-1 M1 =1
gl 1= Ty
cos(w/2) Z bn]cosum = 2 2 bln) coswin + 3} + 2 z b[n]cosw(n — 3)
n=0 n=0 n=0
M4l Ml
= l—;_ﬁ[n eoswin— 1) + i—i bfn] cosw(n — %)
2 n=1 : 2 n=]
1-

- 3 Z (B + B ‘13) cosw(n — 1) + 1B{0] cosw/2 — $5{¥L] coswM]
n=1

Since this last expression must equal

I_(F
Z b[n] cosw(n — 3)

n=1
we can just match up the multipliers in front of the cosine terms of the two expressions. We get
B[1] + 25{0]
2 ]
IR L2 T3P

L

=1
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(¢} Consider

W(w) [Ha(e™) - A(e™)] W(w) |Ho(e?) = Y bln] cosw (n - E)
1 n=1

5
W(w) | Ha(e™) - cos(w/2) 3 b[n]cosun]
! n=0

L
W(w) |He(e™) =) bin] ooswn]
. L n=0

where we have defined

=

-1

L =

M‘

Hg(e*)
cos(wy2)
Wiw)cos(w/2)

Hy(evy =

H

W(w)

We also see that :
min {max{-}} <= min {Exg{}}

bn] LueF bn}

(d) Type HI filters:

M
H®) = 3 hinjemin
n={0

Mj2-1 M
= Z h[n]e~ " + 0 + Z h[n}e 7"
n=0 n=M/2+1
Mf2-1 Mi2=-1
z hfnje~?" ~ z h[m]e"“‘“""‘)
n=0 m=0
M/2-1
e—jwM/2 hin e—jw(ﬂ—M/Z) _ eju(n-“/?}
PRI )
aM/2-1
= M2 N (—2j)h[n)sinwin — M/2)
n=0
M2
= M2 N 2h[M/[2 — m]sinwm

m=1

]

Then
Mf2

H(&Y) = e 7uM/2 Z c[n]sinwn
: n=l

where c[n] = 2jA[M/2-n]forn=1,...,M/2.
If we follow a similar analysis as the one in part (b) we get

M 1 Mo 1 -1
sinw 3 &njcosum = 3 > én]sinw(n +1) - 2 S énlsinwin - 1)
n=0 n=0

n=0
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= 3 Ec[n l}sinwn — -Eé[n]smum

n=1

+ -5[0] snw + -a[ﬁ}s'muM/z

In a manner similar to that of part (c) we can find

Type IV filters:

H(e™)

Then

1
= 3 z (&n — 1} — &n]) sinwn + -—c{O]smu + 3¢ &Y | sinwM/2
2C[0] _ C[I] n=1
M _
13_2.._11, n=M
- M
L = 5 1
(7 Jut —_ Hd(eju)
Hale™) = sinw
Ww = Ww)sinw
F = F
u N
= Zh[n]e""""
M-I)IZ M _
= Z h{n]e~7“" 4 E hin}e™2n
n=(M+1}/2
(M-1)/2 (M-1)/2 .
= Z hin}e=ivn — Z hlm]e= (M -m)
n=0 m=0
(M-1)/2 )
= e JwM/2 h[n} e win-M/2) _ juin—M/2)
PR
(M-1)/2
= ¢ M2 N (—25)hin)sinw(n - M/2)
n=0
_ (M+1)/2
= e~M/Z N 24R[(M +1)/2 - m}sinw(m — 1/2)
m=1
{(M41)/2

H(el) = e~M/2 N~ din]sinw(n - 1/2)
nxl
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where dfn] = 2jA[(M +1}/2 = n] for n = 1,..., (M + 1)/2. We cav. find

The filter length is still 2L + 1. The modified fiow graph looks like

.-
o —dy
2
dri=q B, acagup
¥ Ry
. 2 3
= M-1
L = 2
= Hy(e)
had = e emac——
Ha(e™) sinw/2
Ww) = Ww)sinw/2
F = F
7.53. (a) The flow graph for A.(z} looks like
x{n] 0.5(2+4z7") 0.5(z+27") > 0.5(z+2™")
Ta T T2, T3 Ty
> > > - > —>yin)
{b) The filter length is 2L + 1. The causal version of the flow graph looks like
«fn] 0.5(1+z7%) 0.5(1+279) > 0.5(1+z7%)
vao v;‘ waz 'al-l val
_z; 2;1 ? l; > yIn}
(c) The flow graph for B.(z) looks like
ﬂo do
x{n] > - >
a, ) .
> 0.5+ p- ! 0.5(z+27") P~
vao Val "al.-l ral
> y - 3 3 yin|
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(d) Because Z = ¢/ and z = &/ we have

el 4 p—30
2
cos@

cosw =

Oﬂo+01[
&g + @) Cosw

cosf — ap

-
¥

), for ‘lel
[+ 3}

>yTn]
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Glo

T u°=0 -
a increasing
|
)
8
. cos(w} -1
B, (")

0 N_F

The picture above shows the mapping for ag somewhere between 0 and 1. The top right plot is

the mapping of

cosé = ag + (1 —as)cosw

We see that as aq increases, the transformation pushes the new passband further towards =. The
new filter is not generally an optimal filter since we lose ripples or alternations while keeping L
fixed. {Note that some of the original filter does not map anywhere in the new filter).

(f) In a similar manner, this choice of ay will canse the new passband to decrease with decreasing ao.

7.54. (a) Let Dy(z) be the z-transform of A} {z[n]}. Then

Do(z) =
Dy (2)
Ds(2)

Dy(z)

Z {A%{z[n]}} = X(2)
Z2{aYz[n]}} = (z-2"")X(2)
2 {Aa%{z[n]}} = (2 - 27)2 X(2)

Z{a* ]} =(z- 7 X(2)
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(b) By taking the transform of both sides of the continuous-time differential equation one gets (assum-
ing initial rest conditions)

N M
Z a,s*Y(s) = z b.s"X(s)
k=0 r=0
Solving for H.(s)

M
S b

_Yl) _ i
B =X~ m
ars

k=0 *

Similarly,
N M
Saz =Y (@) =) bz~ 27 X(2)
k=0 r=0

Z
be(z =278
Ha(z) = Yt))z ';“

Zak(z -z
k=0

HC(S)I.I::—:"

=>m(z)=z-z""

{c) First, map the continuous-time cutoff frequency into discrete-time and then make the sketch.

s=z-z"}
A= — g
Ju _ g=iw
ﬂ=e—ji—=251n(w)=l

€
it
IR ]

H(e™)

-.1t -6 0 w6 T o

7.55. (a) Using DTFT properties,
hifn] = h{-n}
Hi(e¥) = H(e™v)

Since H(e’*} is symmetric about w = 0, H(e~#*) = H(e'). Thus, H, (/) = H(e™™) = H(&).
H(e’*) is optimal in the minimax sense, so H;(e’¥) is optimal in minimax sense as well.
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(b

{c)

(d)

wy 1 L 0<w<u
H‘(eﬂ)-{ 0, W, Swesnw

wy _ | 82/, 0<w<w
w(e )‘{ 1, ' u,SwS:
Using DTFT properties,
haln] = (=1)"hin)
= (¢7")"hin]
Hy(e™) = H(FH)

H,(e7) is a high pass filter obtained by shifting H(e’“) by = along the frequency axis. H,(e’")
satisfies the alternation thereom, and is therefore optimal in the minimax sense.

in_J 0, O0fwlr—uw,
Hd(ew)'{l, r—wpSwsn

iy _ | L 0<wET—w,
W“”)‘{&/él, rwpSwS

Using DTFT properties,

hs[n] hin} + h[n]
Hy(e™) = H(F)H(E)

I

In the passband, H3(e’“) alternates about 1 + § with a maximal error of 267. In the stopband,
Hs(e) alternates about &2 /2 with a maximal error of 63 /2. At first glance, it may appear that
Hs(e) is optimal. However, this is not the case. Counting alternations, we find that the original
filter H(e’*) has 8 alternations.

We know that since H(e/*) is optimal, it must have at least L + 2 alternations. It is also possible
that H(e’*) has L + 3 alternations, if it corresponds to the extraripple case. So L is either 5 or 6
for this filter. Consequently, the filter length of h[n], denoted as N, is either 11 or 13.

The filter hy[n] is the convolution of two length N sequences. Therefore, the length of hs[n], de-
noted as N', is 2N — 1. Since N is either 11 or 13, N’ must be either 21 or 25. It follows that
the polynomial order for hs[n], denoted as L', is either 10 or 12. For hs|n] to be optimal in the
minimax sense, it must have at least L' + 2 alternations. Thus, hs[n] must exhibit at least 12 alter-
nations, for the non-extraripple case, or at least 14 alternations in the extraripple case to be optimal.

A simple counting of the alternations in H3{e’) reveals that there are 11 alternations, consisting
of the 8 alternations that were in H(e™*) plus 3 where H(e?) = 0. These are too few to satisfy
either the non-extraripple case or the extraripple case. As a result, this filter is not optimal in the

hyfn]
Hy(e™)

He¥)-K

This filter is simply H(e’*) shifted down by K along the Hy(e’)} axis. Consequently, this filter
satisfies the alternation theorem, and is optimal in the minimax sense.
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'y o I_K, 05“’5"’9
Hd(a)_{ -K, w, Swsn
iwy _ [ 02/81, OfwZfw
W("N)‘{l, i Cw<T

{e) hsin] is hin] upsampled by a factor of 2. In the frequency domain, upsampling by a factor of 2 will
cause the frequency axis to get scaled by a factor of 1/2. Consequently, Hs(e’) will be a bandstop
filter that satisfies the alternation theorem, with twice as many alternations as H{e’). This filter
is optimal in the minimax sense.

1, 0<w< w2
Hy(e®) = { 0, w/2<wsT-uw,/f2
1, T—wpf/2LWws T

| /6, B<wSw/2
Wi(e“)=<( 1, Wef2 < w <X —w,f2
82/81, mT-wp/ZSwS

7.56. We have an odd length causal linear phase filter with values from n = 0,...,24. It must therefore be
either a Type I or Type III filter. .

{a}) True. We know either
Type 1 Type I
hlm] = h[24 ~m] or A{m]= ~h[24 — m]
for —oo < m < oo since the filter has linear phase. Substituting m = n + 12 we get
hin +12) = h[12-n] or h[n+12]= -h[12-n]

(b) False. Since the filter is linear phase it either has zeros both inside and outside the uxnit circle or
it has zeros only on the unit circle.
If the filter has zeros both inside and outside the unit circle, its inverse bas poles both inside and
outside the unit circle. The only region of convergence that would correspond to a stable inverse
would be the ring that includes the unit circle. The inverse would therefore be two-sided and not

causal.
If the filter only has zeros on the unit circle, its inverse has poles on the unit circle and is therefore
unstable.

{¢) Insufficient Information. If it is a Type III filter it would have a zero at z = —1 but if it is a Type
I filter this is not necessarily true. -

{d) True. To minimize the maximum weighted approximation error is the goal of the Parks-McClellan
algorithm.

(¢) True. The fiter is FIR so there are no feedback paths in the signal flow graph.
(f) True. The filter has linear phase and
arg [H(e™)] =8 - 12w
where 0 = 0, r for a Type I filter or 8 = x/2,3%/2 for a Type III filter. The group delay is
d _ )
—2 farg (™))

= 12
> 0

grd [H(e)]

f
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7.57. (a) The desired tolerance scheme is
] 0

Ha(e?“) = 1, w2 <o

0 < i

(b)
1 (o) (org) oshicwm
Ww=4¢ £ (or1) (or$) wrshl<ws
2 (or ﬁ-) forl) wy<|wjsr

(¢) From the Alternation Theorem, the minimum number of alternations is L + 2.

(d) The trigonometric polynomial (of degree L) can have at most L — 1 points of local minima or
maxima in the open interval between 0 and =. If these are all alternation points and, in addition,
all the band edges are alternation points, we find the maximum number of alternations is

L-1+6=L+5
{e) If M = 14, ther L = M/2 = 7. The maximum number of alternations is therefore 7+ 5 = 12.
Typical E(w) looks like :

E(w) §

-5

{f) As will be shown in part (g), the 3 band case can have maxima and minima in the transition
regions. It follows that we do not have to have an extremal frequency at wy. Therefore, if we
started with an optimal maximal ripple filter and just slid w over we may move a local minimum
or maximum into the transition region, but there will still be enough alternations left to satisfy
the alternation theorem. Thus, the maximum approximation error does not have to decrease.

(g} (i) If a point in the transition region has a local minimum or maximum then there is the possibility
that the surrounding points of maximum error do not alternate Thus, we might lower the
pumber of alternations by two. However, if we started with L 4 5 alternations this reduction
does not drop the number of alternations below the lower limit of L + 2 set by the Alternation
Theorem. Therefore, local maxima and minima of A.(e’“) can occur in the transition regions.
Note that this is not true in the 2 band case.

{ii} If a point in the approximation bands is a local minimum or maximum, the surrounding points
of maximum error do not alternate. Thus, a local mirimum or maximum in the approximation
bands implies that the total number of alternations is reduced by two. However, if we started
with L + 5 alternations this reduction does not drop the number of alternations below the
lower limit of L + 2 set by the Alternation Theorem. Therefore, we can have a jocal maximum
or minimum in the approximation bands. Note that in the 2-band case we drop from L+ 3 to
L + 1 which violates the Alternation Theorem.




7.58. (a) In order for condition 3 to bold, G(z~*) must be an allpass system, since

(b)

2! G(z™Y)
e = Ge )

= |G(e-jw)I ejéG(e

-,'...)

Clearly, |G(e'-’%“)| must equal unity to map the unit circle of the Z-plane onto the unit circle of
the z-plane.

Consider one allpass term in the product, and note that oy is real.

-1
-1_ % -~y
== 1—azz—?
The inside of the unit circle of the Z-plane is
0<|2] <1

Or equivalently, :
1<|Z27 <o

Substituting the allpass term for 27 gives

R il S
1—apz-t?
(1-eez7 )1 ~—exz™?) < (7' —au)(z" ' =)
l—axz t -z +alz7 it < T et -z 40
(1-a) < z7'"'(1-a})

If (1 - a}) <0, then
1 > z7i7t
1
2

2l > 1

1 >

The inside of the unit circle of the Z-plane maps to the outside of the unit circle of the z-plane.
This is not the desired result. However, if (1 - a2) > 0, then

1

z7 1z

AA

L

1

1
|z1?

jz] < 1

The inside of the unit circle of the Z-plane maps to the inside of the unit circle of the z-plane. This
is the desired result. Thus, for condition 2 to be satisfied,
1-a; > 0
Iagl2 < 1
las] < 1

This condition holds for the general case as well since the general case is just a product of the
simpler allpass terms.
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{c} First, it is shown that G(2™?) produces the desired mapping for some value of a. Starting with

G(z™1),
z-1 = =@
1-az!
-5
it - £ @
A 1-aqe
e~ _gemHemiv = emiv _ g
e #(1+ae™?®) = e 4a
i = S te
1+ e3¢

e 4a 1+ael
1+ae3 1+aei
e + 20 + o’’’
1+ 2acosf +a?

Using Euler’s formula,

cosf — jsind + 2a + o® cosf + ja® sin b
1+ 2acosb + a®
2a + (1 + a®) cos 8 + j[(a® — 1}sin 8} .
14 2acosé +a?

Noting that ~w = tan™! [%‘H’],

_ _ {a® ~ 1}sind
Tw = tan 1[2&+(l+a’)oos&]

- tan-! (1 - a®)siné
“ = [2a+(1+a"')oose]

This relationship is plotted in the figure below for different values of a. Although a warping of the
frequency scale is evident in the figure, (except when a = 0, which corresponds to Z7! = z71), if
the original system has a piecewise-constant lowpass frequency response with cutoff frequency 6,,
then the transformed system will likewise have a similar lowpass response with cutoff frequency w,
determined by the choice of a.

Warping of the frequency scale, LPF to LPF
o

R
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Next, an equation for ¢ is found in terms of 8, and w,. Starting with G(271),

z—l
e‘f‘:

e_j‘r — ae“j”e“j”’
e~ _ g=ivs

«

(d) Using the equation for w found in part c,

wp = tan™! [

(B

(i)

Wp

(iii)

(e) The first-order allpass system

Gz )=~

27l -
1—-az!

e~ — o
1-ae—7r
e —a
a(e'j(ap“""'r) — 1)
=i _ pg=jus

- g= I Eptp)/2 (e'.ﬂ’; —wp)/2 . gl -"’!)/2)

c-j(‘p+“')/2(e-j(e;+wr)/2 - g.f(‘r*‘wp)/?)
=25 sin((6, — wp)/2}

—2;sin[(6, + “’p)/2}

sin[(8, — wp)/2]

sin[(6, + wp)}/2]

with 6, = % /2,

1-a?
2a

e (—0.2679)2]

2(~0.2679)
tan-! ( 0.9282 )

—0.5358
27/3

w5

tan~" (c0)
n/2

I

tan-1 1- (0.4142)2]

2(0.4142)
tan~! (1)
/4

zl+a
14 az-?

satisfies the criteria that the unit circle in the Z-plane maps to the unit circle in the z-plane, and
that # = 0 maps to w = x. Next, o is found in terms of 8, and w;,.

Z—l

2 b
1+ aqz-1
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—36y

_e-jep — ae"j(“r"”)
a{l + e~ Hlerth))

o

{f) First, an equation for w is found in

e 71 + ae~ %)
Jw

—e-

e—ilw—7)

Therefore,

-w+ T

e~ 1
1+ ae—ivr

e 4

..e—.f‘p - e-j‘-’!

e~ 4 g—dos
T 1+ e ilrtty)

e~ (wr+8y)/2(g=il=up+8,)/2 4 g=Flur=0)/2)
T e Rt 8,173 (ilwy +6,)2 4 eIl +0r)/2)
_cos{(wp — 6,)/2]

‘:.05{(""? + 9,,)/2]

terms of # and e.

i

2 l+a
“1+az?
e 4+ o
1+ ae i
e i a
—e—i® o
e~ 4o
1+ ae—2®
e a1+ aef
l+ae-® 1+ae?
e + 2a + a®e?®
1+ 2acosé + a?
cos® — jsinf + 2a + o?cosf + jolsiné
1+ 2acosf + o?
cos@ + 2a + a® cosf + j{—sinf + o’ sinf)
1+ 20c086 + o

m_l[ {a® = 1)siné ]

2a + (1 + a}cos?
(1-a?}siné
2a + (1 + a?)cosé tr

=

Note that this lowpass to highpass expression is the similar to the lowpass to lowpass expression
for w found in part (c). The only difference is the additive = term, which shifts the lowpass f_ilter
into a highpass filter. The frequency warping is plotted below.
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Warping of the frequency scale, LPF to HPF
w

2n

3n2

0 2 n 6

For 6, = x /2, this becomes

-yl
w=t.a.u"[—(1 a)}+1r
2a
(i)
- tap-! Mﬂ)j}
“p = tan [ 2(~0.2679)
0.9282
- -1
= tan (—-0.5358) +r
= 2x/3+x

= 5x/3

The right edge of the low pass filter gets warped to 57 /3, which is equivalent to —xz/3. The
frequency response of this filter appears below.

-R -r/3 0 =3 T o
(i)
— (0)?
o - w50
= tan~}(o0) +x
= xf2+x
= 3Ir/2

The right edge of the low pass filter gets warped to 3x/2, which is equivalent to ~7/2. The
frequency response of this filter appears below.
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1
- /2 0 =2 T
(i)
_ -1 F1-(0.4142)2
“ = [ 204142) | 7

S (0.8284 r

- 0.8284

= mf4+nm

= bxf4

The right edge of the low pass filter gets warped to 57/4, which is equivalent to —37/4. The
frequency response of this filter appears below.




Solutions — Chapter 8

The Discrete-Time Fourier Transform

289
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8.1. We sample a periodic continuous-time signal with a sampling rate:

(a)

(b)

The sampled signal is given by:
z[n] = z.(nT)

Expressed as a Discrete Fourier Series:

®
z(n] = E IS

k=9

We npote that, in accordance with the discussion of Section 8.1, the sampled signa! is represented
by the summation of harmonically-related complex exponentials. The fundamental frequency of
this set of exponentials is 27 /N, where N = 6.

Therefore, the sequence z[n] is periodic with period 6.

For any bandlimited continuous-time signal, the Nyquist Criterion may be stated from Eq. (4.14b)

as:
Fl22FN1

where F, is the sampling rate (Hz), and Fy corresponds to the highest frequency component in
the signal (also Hz).

As evident by the finite Fourier series representation of z.(t), this continuous-time signal is, indeed,
bandlimited with a maximum frequency of F, = &y Hz.

Therfore, by sampling at a rate of F, = %1- Hz, the Nyquist Criterion is violated, and aliasing
results.

We use the analysis equation of Eq. (8.11):

N-1
XK= 3 glnle i Frn
; n=0

From part (a), £[n] is periodic with N = 6.
Substitution yields:

X{K

5 -]
3 (3 oncttn) e
n=0 \m=-9

-3 9

2 z amej(Zi/G)(m-k)n

n=0m==9

We reverse the order of the summations, and use the orthogonality relationship from Example 8.1:
) 9 o
Xkl=6 ) am 3y &lm-k+rN]
m=-9 I -0
Taking the infinite summation to the outside, we recognize the convolution between a., and shifted
impulses (Recall a, = 0 for |m} > 9). Thaus,

X [k] =6 i Cr-gr

r=-—00

Note that from X[k], the aliasing is apparent. -



(a) Using the analysis equation of Eq. (8.11)
} N-1
X[kl =) ainjwh"
n=°

Since £[n] is also periodic with period 3N,

) IN-1
XK o= Y znwin
n=0
N-1 2IN~-1 IN-1
= Y anWi+ Y #niWin+ Y EHnWiR
n=0 n=N n=2N ﬁ
Performing a change of variables in the second and third summations of Xs[k},
N-1 N-1 N-3 :
Xalk)= 3" snlWii + Wi 3 zln+ NIWET + WERY 3 3[n + 2NWST
n=0 n=0 n=0

Since Z[n] is periodic with period N, and Wg = w{H",

N-1
(1 + e—32x(}) +c-jz:(3§)) v i["‘]w,(qi")
n=_0

Xs[k]

f

(1 +e-i$) 4 ,—:‘zr(?})) X[]

_ | 3X[k/3]l, k=3¢
0, otherwise
(b) Using N = 2 and #[n] as in Fig P8.2-1:
) N-1
Xk = S zlnwin
n=0
l .
= Z E[n]e"’;""‘
u=°
= Z[0} + Z[1)e"7"*
= 1+2(-1)* !
{3 k=0 ;
Tl -, k=1
Observe, from Fig. P8.2-1, that Z[n] is alsc periodic with period 3N = 6:
) 3N-1
XNE = Y #nWiR
n=0
s
= Zi[n]e"ik"
n=0

= (1+e ¥ e i¥5 14 2(-nh)
= (1+e ¥4 I¥5 X k/3)

9, k=0
= ¢ -3 k=3

0, k=1,245.
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8.3. (a) The DFS coefficients will be real if [n] is even. Only signal B can be even (ie., Zpin] = Z2g{—n};
if the origin is selected as the midpoint of either the nonzero block, or the zero block).

{(b) The DFS coefficients will be imaginary if Z[n] is even. Nope of the sequences in Fig P8.3-1 can be

odd.

{c) We use the analysis equation, Eq. (8.11) and the closed form expression for a geometric series.
Assuming unit amplitudes and discarding DFS points which are zero:

X alk]

X glk]

Xclk]

3

Z ej’i'-kn

n=0

1-—e-"’4'“‘
1-el ok
1-(-1)*
1-e%

ieja"-kn
n_—_.o

1-ei%
Tt

iej"'-kn - Z 7% kn
n=0 n=4
3

Z (ej%kn _ ej%k(nﬂ))

=0,k=21224,...

n=0
. l_ejtk
xk
(l—e’ ) 1 eisk
0, k=+£2%4,. ..

8.4. A periodic sequence is constructed from the sequence:

zi{n] = a™uin} , la] < 1

oo

Z zZn+rN],jaf <1

r=—-00

as follows:
i[n] =
(a) The Fourier transform of x[n}:
X (&)
(b} The DFS of Z[n}):
Xk =

00

Z zinje "

=00

oo
Z a® e-—jum
nxf)
]

Togen lol<!

N-1

Y znwir

n=0



8.5.

%
:’Z;::

N-1
zln + rNJWE"

o™ Nuln + rNJWE"

=
o= —00
o

r=i

n+rN W‘:‘rﬂ

>

Rearranging the summations gives:

_ oo N-1
X[k} = z rN Z a™ n
=0 n=0
L - -jink
- zar (1 QC_JZN*.)’]QI<1
=0 1-ae
1 1- e—fixk
- lhaﬂ(l_ae_j:ﬁh)’]ai<l
- 1
X{k] = m—m , |a] <1
{c) Comparing the results of part {a) and part (b):
X[k] = X(ejw)lu=2wkfﬂ )
(a)
z[rn] = d[n]

(b)

(c)

X[k = Y dmwi, 0<k<(N-1)

= 1

zn] =

X[k =

dn-no), 0<ne<(N-1)

N-1

Y dn-noWh, 0<k<(N-1)
n_-__o

Whre

2] = {1, n even

X[k]

il

X([k]

0, nodd
N=-1
S Wk, 0<k<(N-))
nx0
(N/2}-1

E W?‘k"

n=0
1- e-—jztk
1 — e—i(=k/N)
N/2, E=0,N/2
0, otherwise
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(d)

<n< 2)-1
s = { b 0Sn(N2)-1)
0, N2<n<(N-1)
N-1
Xk = Y zlnWE, 0<k<(N-1)
=0
(N/21-1
= Y wh
n=0
1= emixk
1 _ ¢—F@xk)/N
N/2, k=0
2
X[k = Ty k odd
o, keven, 0<k<(N-1)
{e)
{‘aﬂ, 0<n<(N-1)
z[n] = o
0, otherwise
N-1
XK = 3 a"WE, 0<k<(N-1)
n=0
1-— aNe—j2rk
= I _ge-iEnN
_ N
XK = l-a

1= ge-J2nK)/N
8.6. Consider the finite-length sequence
e, 0<ng(N-1)
zn} = ,
0, otherwise

(a} The Fourier transform of z{n):

o

X)) = 3 zinjemin

=00

N-1
Z elwon —jun
n=0

1 = g~FHw—wo)N

Xe) = J——m=r
e~ (w—wo)(N/2) (Sm [{w = wo)}(N/2)]
e—Hw=swg)/2 sin [{w ~ wp) /2] )
X(e) = e-ilo—wmiiN-1)/2) (’in sﬁ‘ﬁ; fﬂfﬁé ]2)])
(b) N-point DFT:
N=t

XK = 3 anWE, osk<(V-1)

na=0
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N-t

S eerwin
n=0
1 — e—i{(2xk/N)~uwo} N

1— e—H(27k/N)—wa)
({35 -wn) (252 82 [(5F — o) 7]

sin {(3# — wo) /2]

Note that X[k] = X(ejw)lw:_(g,g)/y
(c) Suppose wy = (2nkg)/N, where kg is an integer:
1 — e—ilk—ko)2x

XIE] 1- eG4 @nI/N

-ian /N =k ((N-1)72) _Sin Tk = ko)
sin(x(k — ko)/N)

8.7. We have a six-point uniform sequence, z[n], which is nonzero for 0 < n < 5. We sample the Z-transform
of z[n] at four equally-spaced points on the unit circle.

X[k] = X{(2)}|metzerrar

We seek the sequence z;[n] which is the inverse DFT of X[k]. Recall the definition of the Z-transform:

[=-]

X(z)= E z{n]z ™"

n=—o0

Since zin] is zero for all n cutside 0 < n < 5, we may replace the infinite summation with a finite
summation. Furthermore, after substituting z = ¢#(27%/4) we obtain

5
X[k =) znWi, 0<k<4

n=0

Note that we have taken a 4-point DFT, as specified by the sampling of the Z-transform; however, the
original sequence was of length 6. As a result, we can expect some aliasing when we return to the time
domain via the inverse DFT.

Performing the DFT,
X =Wo Wi+ W2 Wk Wit wi, o0gkct

Taking the inverse DFT by inspection, we note that there are six impulses (one for each value of n

above). However,
W = W2 and W3t = W,

50 two points are aliased. The resulting time-domain signal is

zy[n]

o —t
it [————0
(3
-
o
(=3

K ]

N~ Pt
{'—.w
3
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8.8. Fourier transform of z{n} = (1/2)"u|n}:

o0

z z{n)e~v"

fi=-oo

o n

> (3) e
2

n=0
1

— lo=jw
i1-ze

X(e*)

Now, sample the frequency spectra of z{n}:

Y{k] = x(cj“)fw=21k/10t 0 < k S 9
We have the 10-pt DFT:
1
Y[k] - 1—%8-1(2"*/10—)’ Osksg
9
= Y vinWip
n=0
Recall: . "
V' _oFr . 1-43)
2] Nep 1T Leos@nErm)
So, we may infer:
G)r
y["1=1—_z"_5{5, 0<n<9

8.9. Given a 20-pt finite-duration sequence z|n]:

(a)

(b)

We wish to obtain X (/)| =¢x/s using the smallest DFT possible. A possible size of the DFT is
evident by the periodicity of e[|, =4s/s- Suppose we choose the size of the DFT to be M = 5.
The data sequence is 20 points long, so we use the time-aliasing technique derived in the previous
problem. Specifically, we alias z[n] as:
zifn] = Z z[n + 5r]
r=-—oo

This aliased version of z[n] is periodic with period 5 now. The 5-pt DFT is computed. The desired
value occurs at a frequency cotresponding to:

2rk 4w

N 5

For N =35, k = 2, so the desired value may be obtained as X [k]|=;.

Next, we wish to obtain X(e"")[“w,/ﬂ
The smallest DFT is of size L = 27. Since the DFT is larger than the data block size, we pad z{n}
with 7 zeros as follows:

z2ln] = {

We take the 27-pt DFT, and the desired value corresponds to X[k} evaluated at k = 5.

zjn], 0<n<19
0, 20<n<2



298
8.10. From Fig P8.10-1, the two 8-pt sequences are related through a circular shift. Specifically,
z2[n] = 21{((n — 4))s]

From property § in Table 8.2,
DFT{z:{((n — 4))s}} = W3* X, [k]

Thus,
Xao[k] = WHX\[k]
= e "t X, [k
X[k = (-1)*X[k)

8.11. We wish to perform the circular convolution between two 6-pt sequences. Since z2[n] is just a shifted
impulse, the circular-convolution coincides with a circular shift of z;{n] by two points.

yin] = zinf®ealn]
= =[KEbin - 2)
= z(((n - )]
s 6
I 3 4 yn}
1]
- ? I -— n
-1 0 1 2 3 4 5 6 7

8.12. (a)

transforms to s :
n
Xikj = ZCOS(—Q—)Wf“, 0<k<3
n=0
The cosine term contributes only two non-zero values to the summation, giving:

X[k = 1-e?, 0<kg3
= 1-Wt

(b)
hin)=2", 0<n<3

HIK.

3
dorw, 0<k<3
n=0

= 14+2WF+4W2 + 8
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{¢) Remember, circular convolution equals linear copvolution plus aliasing. Weneed N > 3+4~-1=6

to avoid aliasing. Since N = 4,we expect to get aliasing here. First, find y[n] = z{n] * h{n}:

6

] yn] = z[n] + A[n}
*—o n

3

— 0
Lod * w

o e -

For this problem, aliasing means the last three points {n = 4,5, 6) will wrap-around on top of the

first three points, giving y(n] = z[n}@hin):

6
I y[n] = z[nkDh(n]
3

(d) Using the DFT values we calculated in parts (a) and (b):
Y{k] = X[k]H[K]
14 2W5 + 4W2k + SWJk — W2 — 2W 3k — aw s — Wt
Since Wi = W* and Wik = W}
Y] = -3-6W;+3W]t+6W}, 0<k<3

Taking the inverse DFT:
y[n)=-38[n]-65rn-1]+38[n-2]+64n-3, 0<n<3
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8.18. Using the properties of the DFT, we get y[n] = z[((n ~ 2))s], that is y{n] is equa.l to z{n] circularly

shifted by 2. We get:
2 2
‘ y[n]
] I 1 1
-8 T T ® n
0 1 2 3 4 5

8.14. r3[n] is the linear convolution of z1[n] and z»[n] time-aliased to N = 8. Carrying out the 8-point
circular convolution, we get:

il

We thus conclude z3{2] =

8.15. y|n) is the linear convolution of z,{n] and z,[n] time-aliased to N = 4. Carrying out the 4-point circular
convolution, we get:

1 2a+1 a 2+e
yn]

-* - » n
-1 0 1 2 4 5
Matching the above sequence to the one given, we get a = —1, whxch is unique.

8.16. X,[k] is the 4-point DFT of z[n] and z,[n] is the 4-point inverse DFT of X[k], therefore z;[n] is z[n]
time aliased to N = 4. In other words, z,[n} is one period of £[n] = z[((n)),]. We thus have:

4=%h+1.

Therefore, b = 3. This is clearly unique.

8.17. Looking at the sequences, we see that x;[n] * z2[n} is non-zero for 1 < n < 8. The smallest N such that
z,[n) @ig [n] = z,[n] * z2[r] is therefore N = 9.
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8.18. Taking the inverse DFT of X, [k] and using the properties of the DFT, we get:
21[n} = z[((n + 3))s]-

Therefore:
0] = 3] = ¢

We thus conclude that ¢ = 2.

8.19. z;(n} and z[n] are related by a circular shift as can be seen from the plots. Using the properties of the
DFT and the relationship between X [k] and X[k, we have:

z1[n] = 2[((n - m))s)-
m = 2 works, clearly this choice is not unique, any m = 2 + 6l , where [ is an integer, would work.
8.20.
Xy [k] = X[k]eHICrt2/N),
Using the properties of the DFT, we get:
z1[n] = z{((n + 2))n]}-

From the figures, we conclude that:
N=5

This choice of N is unique.
8.21. (a) We seek a sequence y;[n] such that
Yy (k] = X1 [k] Xa[k]

From the discussion of Section 8.2.5, §[n] is the result of the periodic convolution between Z,[n]

and iz[ﬂ]. N
-1

filn] = Y #1mlzafn - m]
m=0
Since #;[n] is a periodic impulse, shifted by two, the resultant sequence will be a shifted (by two} .
replica of Z){n].

6 6
5 5, -
1143 3 0
2 I 2 I 2 1
[g0 IT?E ITrL .
“10 1 2 3 4 56 7 8 9 1011 12 13 14 15

Using the analysis equation of Eq. (8.11), we may rigorously derive §, [n]:

X = D #nwsn
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= 6+5WE+aWH + aWSt 4 2wt + WPt
13
Xalk] = Y znwyr
n=0
w3
X [K)Xa(k]
EWFE + SW3E + aW* + 3WSt + 2WF* + W7t
Noting that W% = &% (T8 =1 = WPk, we use the synthesis equation of Eq. (8.12) to construct

#1{n]. The result is identical to the sequence depicted above.
(b) The DFS of the signal illustrated in Fig. P8.21-2.is given by:

Al

L]
X-glk] = 253[11}“’7&"
n=l

1+ Wi

Therefore:

X, [k] X3 (k]

X[k + Wt X, (k]

Since the DFS is linear, the inverse DFS of Y;[k] is given by:
ga[n] = Z1[n] + £1[n — 4].

VAL

fl

8.22. For a finite-length sequence z[n], with length equal to N, the periodic repetition of z[—n] is represented
by
z{((~n))n] = 2{((-n + IN))N], & integer
where the right side is justified since z|n] (and z{—n]) is periodic with period N.
The above statement holds true for any choice of £. Therefore, for £ = 1:

z{((-n)a] = [((-n + N))N]

8.23. We have z{n]for 0 < n < P.
We desire to compute X (z)|,~,-ji=2/n) using one N-pt DFT.

(a) Suppose N > P (the DFT size is larger than the data segment). The technique used in this case
is often referred to as zero-padding. By appending zeros to a small data block, a larger DFT may
be used. Thus the frequency spectra may be more finely sampled. It is a common misconception
to believe that zero-padding enhances spectral resolution. The addition of a larger block of data
to a larger DFT would enhance this quality.

So, we append N, = N — P zeros to the end of the sequence as follows:

l[ - z[n], OSHS(P—I)
*Inl = 0, P<n<N

2] — | NPtDFT | X[ (0<kSN)
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(b) Suppose N > P, consider taking a DFT which is smaller than the data block. Of course, some
aliasing is expected. Perhaps we could introduce time aliasing to offset the effects.
Consider the N-pt inverse DFT of X[k],

Ne
vl = T XKWg, 0<ns(N-1)
k=0

Suppose X [k] was obtained as the result of an infinite summation of complex exponents:

3[11] = %hi:l (i :[m]c—j(ZIl/N)m) Wﬁkﬂ

k=0 \m=0
Rearrange to get:

z[n} = i z{m)] (%Nz-le-i(h/ﬂ')(m-n)k)
k=0

M =0

Using the orthogonality relationship of Example 8.1:

zZn] = Y zim] Y dm-n+rN]
zZn] = Y zin—rN]

So, we should alias z{n] as above. Then we take the N-pt DFT to get X{k].

8.24. No. Recall that the DFT merely samples the frequency spectra. Therefore, the fact the Im{X[k]} = 0
for 0 < k < (N — 1) does not guarantee that the imaginary part of the continuous frequency spectra is
also zero. :

For example, consider a signal which consists of an impulse centered at n = 1.

zipj=dn-1], 0<n<1

The Foutier transform is:
X (ej”) = e
Re{X (e*)} cos(w)
Im{X(e™)} - sin{w)

Note that neither is zero for all 0 < « £ 2. Now, suppose we take the 2-pt DFT:
X(k] = WE  0<k<1
1, k=0
{ -1, k=1
So, Im{X{k]} =0, Vk. However, Im{X(e’*)} #0.
Note also that the size of the DFT plays a large role. For instance, consider taking the 3-pt DFT of
zln] = dn-1, 0<n<2
Xjkl = W, 0<k<2

1, k=0
e~ H=/S) | k=1
e} g g
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Now, Im{Xjk]} #0,for k=10t k=2,

8.25. Both sequences z[n] and y[r] are of finite-length (N = 4).
Hence, no aliasing takes place. From Section 8.6.2, multiplication of the DFT of a sequence by a complex
exponential corresponds to a circular shift of the time-domain sequence.
Given Y[k] = W}t X[k}, we have
yin} = z{((n — 3))]
We use the technique suggested in problem 8.28. That is, we temporarily extend the sequence such that
a periodic sequence with period 4 is formed.

1

y 3/4
1/2 1/2
I 1/4 I 1/4
?
0 3

-4 3-2—1 12

3/4
5

Now, we shift by three (to the right), and set all values outside 0 < n < 3 to zero.

Ml

}’21/4 Z[n]
le .
6 7

o p—

3 y[n]

//I
R, n
—-2—1012345

8.26. (a) When multiplying the DFT of a sequence by a complex exponential, the time-domain signal
undergoes a circular shift.
For this case,
Y[kl =Wt X[k], 0<k<5

Therefore,
yin)=z[((n-4))s], 0<n<5

3
2 I yin}
1 I—H
—— T ? ->— n
0 1

-1 2 3 4 856 7

(b) There are two ways to approach this problém. First, we attempt a solution by brute force.
X[k} = 4+3WE+2WE+ W, Wi=e 0O and0<k<5
Wk = Re{X[]}

3 (X[} + X [8])

% (4 +3WE +2W2 + WSk + 44 3W " +2W % L W)




(c)
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Notice that
w; = —i2xk/N)
wEk = J2TE/N) _ =i(2x/N}N=K) .. Wﬁ“

Wik = a4 3 [WEwe]+ [we s wen] 4 g W+ wE], os<kss

So,
wlr] = 44[n}+ % (éln -1} +é[n- 5}) +8jn - 2]+ 6[n — 4]
+%—(J{n-—3]+6[u-—3])
wh]==4ﬂﬂ+gﬁn—H+ﬂn—m+6h-ﬂ+ﬂn—ﬂ+gﬂn—ﬂ, 0<n<s
Sketching w(n]:
4
I 32, , 1 32 w[n]
ol leeet, . .
-10 1 2 3 4 56 7

As an alternate approach, suppose we use the properties of the DFT as listed in Table 8.2.

W = Re{X[K])
_ X[k + X"[K]
- XM+ X

win] = % IDFT{X{k]} + 5 IDFT{X"[k]}
= 3 (sl + = L-m)n)

For 0 < n < N -1 and z[n] real:

win} = % (:c[n] +z[N - n])

3
2 I [N —n],for N=6

So, we observe that w{n] results as above.

The DFT is decimated by two. By taking alternate points of the DFT output, we have half as
many points. The influence of this action in the time domain is, as expected, the appearance of
aliasing. For the case of decimation by two, we shall find that an additional replica of x[n] surfaces,
since the sequence is now periodic with period 3.



From part (b):
_ XK =4+3WE+2WZ+ Wi, 0<k<5
Let Q[k] = X[2k],
QIk) =4+ 3W} +2WH + W3, 0<k<2
Noting that W3k = W@+

_9[ﬂ15= 58[n] +36fn — 1} +26[n -2}, 0<n<2

it

-1 i

q[n]

2
Lo W
2 3 45

8.27. (a) The linear convolution, z,[n] + z2[n] is a sequence of length 100 + 10 -1 = 109.
9 10 10 9
® [
8 8
7 * ? 7 T [n] * z2{n]
6 6

5 5
4

4
3 3
2 2
ot ] Te, .
-1 06 1 2 3 4 56 7 8 9 99 100 101 102 103 104 105 106 107 108 109

{b) The circular convolution, z,{n] 3 [n], can be obtained by aliasing the first 9 points of the linear
convolution above:

10 10 10 10 10 10 10 10 10 10 10

n

01 2 3 4 5 67 8 9 99
(c) Since N > 109, the circular convolution z;[n} g[n} will be equivalent to the linear convolution
of part {a).
8.28. We may approach this problem in two ways. First, the notion of modulo arithmetic may be simplified

if we utilize the implied periodic extension. That is, we redraw the original signal as if it were periodic
with period N = 4. A few periods are sufficient:

Z{n]

| L.

-4 -3 ~-2-140 1

e
——-———..h
W
o
» et n
[ e )
B pee—_—— ¢y,
in f——8 o
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To obtain z,[n] = z{((n ~ 2))4], we shift by two (to the right) and only keep those points which lie in
the original domain of the signal (i.e. 0 < n < 3):

4

1
- >—o n

-2~10 1 2 3 45

To obtain r3[n] = z[((—n))4), we fold the pseudo-periodic version of z[r] over the origin {time-reversal),
and again we set all points outside § < n < 3 equal to zero. Hence,

-2-10 1

Note that z[({0))4] = z[0], etc.

In the second approach, we wark with the given signal. The signal is confined to
0 < n < 3; therefore, the circular nature must be maintained by picturing the signal on the circumfer-

ence of a cylinder.

8.29. Circular convolution equals linear convolution plus aliasing. First, we find y[n] = z;[n} * z2{n):

8
6
s ,
4 4 y[n)
3 3
2 .
Te., .
0 1 2 3 4 5 6 7 8 9 10 11

Note that y[n] is a ten point sequence (¥ =6+ 5~ 1).

(a) For N = 6, the last four non-zero point (6 < n € 9) will alias to the first four points, giving us
nin] = 21 [n)Ee:[n)
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8

10 *

’ 6
8
6 l [n}
4
& - I -0— n
5

-1 0 1 2 3 4 6 7

(b) For N = 10,N > 6+ 5 — 1, so no aliasing occurs, and circular convolution is identical to linear
convolution.

8.30. We have a finite Jength sequence, whose 64-pt DFT contains only one nonzero point {for k = 32).
(a) Using the synthesis equation Eq. (8.68):

N-1
zfn) = % 3 X[EWE, 0<ng<(N-1)
k=0
Substitution yields:
zln] = %X [32]W %"
= 1 keyn
= 64e’
1 jxn
= ae’

z[n] = 61_2(_1)"’ 0<n<{N-1)

The answer is unique because we have taken the 64-pt DFT of a 64-pt sequence.
{(b) The sequence length is now N = 182.

191

1 —kn
zln] = EEZX[I:]WI,’,‘ ,0<n <191
k=0
(-1)" <n<
o] = &(-1) 0<n<63
0 64<n<l91

This solution is not unique. By taking only 64 spectral samples, z[n] will be aliased in time.
As an alternate sequence, consider

z'[n] = -61? (%) (-1)*, 0<n<191

8.31. We have a 10-point sequence, z[n]. We want a modified sequence, 1, {n], such that the 10-pt. DFT of
z,[n] corresponds to
' Xifk} = X(2)|.c jestaerrioreierron

Recall the definition of the Z-transform of z[n]:

X(@= Y z[nlz™"

=00



Since z[n] is of finite duration (N = 10), we assume:

{ nonzero, 0<n <9
zin] =

0, otherwise
Therefore,
8
X(z) = Z z[n]z™"
n=0

Substituting in z = JeI(2r¥/103+(x/10));

9 -n
| x
X(z)!zz deil(ans/10)4{w/10)] = 22[11] (Ec’m’t/m)ﬂ /:O)])
n=0

We seek the signal z;{n], whose 10-pt. DFT is equivalent to the above expression. Recall the analysis
equation for the DFT:

9
Xk = nnWfr, 0<k<9
n=_(

Since WEr = ¢=7(27/100%n by comparison

a1l = fo] (Je79)

8.32. We have a finite-length sequence, z|n] with NV = 8. Suppose we interpolate by a factor of two.: That
is, we wish to double the size of z[n] by inserting zeros at all odd values of n for 0 < n < 15.

Mathematically,
z[n/2], neven, 0<n<15
yln] = /2]
0, n odd,

The 16-pt. DFT of y[n]:

15
Y] = 3 slnWi, 0<k<1s
n=0

T

Y zinjwiE

n=0

"

Reca.u, W126kn = ej(2:j16)(2k]n = e-j(Zl/S)kn = Wskn'

,
Ykl = > z[a]WE, 0<k<15
n=0

Therefore, the 16-pt. DFT of the interpolated signal contains two copies of the 8-pt. DFT of z[n]. This
is expected since Y[k] is now pericdic with period 8 (see problem 8.1). Therefore, the correct choice is
C.

As a quick check, Y[0] = X[0)].
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8.33. (a) Since

z[n], 0<ngN-1
rafnj=¢ -z[n~N], N<n<2N-1
0, otherwise

If X[k] is known, z3{n] can be constructed by :

X[k) N-pt IDFT )l
Scale by -1
Shift by N
3
+| concatenate 2N-pt DFT |—— Xz(k]

(b} To obtain X[k} from X, [k], we might try to take the inverse DFT {2N-pt) of X[k}, then take the
N-pt DFT of z;{n] to get X[k].

However, the above approach is highly inefficient. A more reasonable approach may be achieved if
we examine the DFT analysis equations involved. First,

ZN =1
Xk = Y n[nWi, 0<k<(2N=-1)
n=0
N-1
= 3 zinWiR
n==0
N-1
= S zlwiPn, o<k (V-1)
n=0
X\[k] = X[k/2), 0<k<(N-1)

Thus, an easier way to obtain X [k] from X, [k] is simply to decimate X [k] by two.

X3 [k] e $2 e Xik]




8.34. (a) The DFT of the even part of a real sequence:
If z{r] is of length N, then z.[n] is of length 2N —1:

::[n] = El’i%{g-_ﬂ' (-N-!-I)SHS(N—])
‘ 0 otherwise
N-1
X:[k] - “=_Z~+l (M) sz 15 (—N+1)_<_k5(~-1)
o N-1
= 3 z[;nlwzkﬁ_l_'_ > z_gﬂwk _
a=—N+1 n=0
Iﬁf- m= -—n,
=zl oen S 2] e
X[k = 2 S WD ngo Blwi,

XK gzln]cos (=)

Recall Nt
X[k =Y zlnWk, 0<k<(N-1)
n=0
and

Re{X[k]} = = z[n] cos (21rkn)

. n=0
So: DFT{z.[n]} # Re{X[k]}
(b)
Re{X[k]} = ﬂ’fl%,{_["_]
1 = kn 1 = —kn
= 3 W + ¢ zo:[n]WN

(z{n] + [N - n)WR"

LA

A bitg

Re{X[K]} = DFT {%(z[n] +2[N - n])}

8.35. From condition 1, we can determine that the sequence is of finite length {N = 5). Given:
X(e#“) = 1+ Ajcosw+ Azcos2w
= 1+ %l(ef” +e7 ) 4 %i(eﬁv + e~I)
From the Fourier analysis equation, we can see by matching terms that:

z[n] = §[n] + —‘4?2-‘-(6[11 -1 +dn+1}}+ 523(6[,1 — 2]+ 8[n+2))

31
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Condition 2 yields one of the values for the amplitude constants of condition 1. Since zn] + §[n - 3] =
::[n. - 3] = 5 for n = 2, we know :[—-]} = 5, and also that z{l] = z{—l] = 5. Knowing both these values
tells us that 4, = 10. .

For condition 3, we perform a circular convolution between z{((n—3))s] and w[n], a three-point sequence.
For this case, linear convolution is the same as circular convolution since N =8> 6 +3 - 1. '

We know zf((n -~ 3))¢] = z{n — 3], and convolving this with w[n] from Fig P8.35-1 gives:

22
Mz+ A+ 15
s A’ A 413
+ Az
Az
0 1 2 3 4 5 6 7 8

For n = 2,win] » zfn — 3] = 11 50 A; = 6. Thus, z[2] = z{-2] = 3, and we have fully specified z{n}:

3
R

-3 -2 -1 0 1 2 3

8.36. We have the finite-length sequence:

z[n] = 28[n} + é[n — 1] + é{n - 3]

{1) Suppose we perform the 5-pt DFT:
Xk]=2+WE+ W, 0<k<5

where Wi = e~ 33,
(ii) Now, we square the DFT of z[n}:

X2{k]

2+ 2WE 2w

+2W5 + WH + Wt
+IWI L WELWE, 0<k<S

Y]

Using the fact Wi* = WP = 1 and Wk = W}
Yk =3+5WE+ W 4w + W, 0<k<s
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(a) By inspection,
yln) = 38[n] +58ln— 1)+ 8fn - 2] + 48[n - 3] + é[n—4], 0<n<5

(b) This procedure performs the antocorrelation of a real sequence. Using the properties of the DFT,
an alternative method may be achieved with convolution:

yIn] = IDFT{X*[k]} = z[n] + z[n]
The IDFT and DFT suggest that the convolution is circular. Hence, to ensure there is no aliasing, the
size of the DFT must be N > 2M — 1 where M is the length of z[n]. Since M =3, N 2 5.
8.37. (a)
@in]=z[N-1-n), 0<n<(N-1)
N-1
Gilk]= 3 zIN-1-nWg, 0<k<(N-1)
n=0
Let m=N-1-m,

N-—-1
Gl = 3 afmwy ™
m=0

N-1
E(N- -
WN( Y z z[m]WN“"‘
m=0

Using Wk = e—j(2wk/N)’W;(N-1) = Wk = J2rk/N)

N-1
Gik] = eit3xk/N) z:l’m]ejﬂrkmjﬂ)
m=_0

IOV X (&) man /N
A

Grlk]

(b)
@] ={(-1)"z[n), 0<n<(N-1)

N-1
Gk = Y (-1 z[nWp", 0<k<S(N-1)
n=0
N-1
= 3w wh
n=0
N-1
= z:[n]W}:'bq')"
n=0
= X" Nozaeus 2yN
Golk] = Hilk]
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(¢}

z[n], 0<n<(N-1)
slnl=4¢ zr-N}, N<n<(2N-1)
0, otherwise

"
E

-1

Gs[k] = W, 0<k<(N-1)

2N=-1

> 2 Wi + ): zln - NIWSR

={ﬂ]W-§ﬁ + Z Wy

it
iMEiME i3

E

z[n] (1 + W) WiR

g

N—
= (14w fz[n]wg“”’
n=0

= (14 (D" X(¢™Wum(ar/m)
Galk] = H;slk]
{(d)

aln] = { zin]+zfn + N/2l, 0<n<(N/2-1)
e 90, otherwise

Nize1
G([k] = z (I[ﬂ] + 2[’1 + —]) N/27 0<k < (N - 1)
n=_0
N/2-1 Nf2-1
= z z{n]WiT, + 2 z[n + N/2IWy5,
n=0 n=0
Nfz-1 N-1
= Z :[ﬂ]Wﬁ’/‘2+ E z[m]W;(/';‘—N/ 2}
n=0 m=N/2
N-1
= Zz[n]Wﬁ,“"
n=0
= X(e™ Humarr/n)
Gulk] = Helk]

(e)

zin], 0<ng(N-1)
glnj=¢ 0, N<n<(2@N-1)
0, otherwise
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»
z

-1

GslK Wi, 0SkS(N-1)

il"]

z

I["}W;N

i

= X(e"Num(zr/n)

~ Gslk] Ha[k]

()

gs[n] = { :[n/2l, ::: 0<n<(@2N-1)

2N-1

S zln/2WiR, 0<k<(N-1)
n=0

N-1

> znlwi

n=0

X(ejw)lw=(2sk/.~)

H, [k

i

Gilk]

I

Gelkj

(g}
grinl=z2n), 0<n<(N/2-1)

&1
Grlk] = 3 z{2n]Wi},, O0SkS(N-1)
n=°
N-1
1+ (-1 n
= 3 el (5w
n=0
N-1 (N/2)n
1+ W, n
= z z[n) (—-—;——) W§
n=l
1= n{k+N/2)
= EZz[n](W§k+WN )
n=0
= % [x(e:'(zrm) + X (SN N/2) )]
Gqlk] = Hslk]

8.38. From Table 8.2, the N-pt DFT of an N-pt sequence will be real-valued if
z[n] = {((-n)}n}-
For 0 < n < (N — 1), this may be stated as,
zfn]=z[N-n}, 0<n<(N-1)
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For this case, N = 10, and

z{1]
z[2)

z[9]
z[8]

The Fourier transform of z[n] displays generalized linear phase (see Section 5.7.2). This implies that for
zn] £0,0<n <{N -1}
z[n] = z[N -1 —rn]

For N = 10,
z{0] = ]9
1} = zf§]

z[2] = z[7]

To satify both conditions, z[n] must be a constant for 0 < n < 9.

8.39. We have two 100-pt sequences which are nonzero for the interval 0 < n < 99.
If z:{n) is nonzero for 10 < n < 39 only, the linear convolution

Iy {n] *Ia [ﬂ]

is a sequence of length 40 + 100 — 1 = 139, which is nonzero for the range 10 < n < 139.

A 100-pt circular convolution is equivalent to the linear convolution with the first 40 points aliased by
the values in the range 100 < n < 139.

Therefore, the 100-pt circular convolution will be equivalent to the linear convolution only in the range
40<n <99

8.40. (a) Since zjn] is 50 points long, and h[n] is 10 points long, the linear convolution yn] = z{n] * h[n]
must be 50 + 10 ~ 1 = 59 pts long.

(b) Circular convolution = linear convolutin + aliasing.
I we let yin] = z{n] + A[n}, a more mathematical statement of the above is given by

z[n]@‘;[n}: i yln+rN}, 0<n<(N-1)

r=-—0o0

For N = 50, ;
° z[n}GOh(n] = y[n] +¥ln + 50, 0<n <49

We are given: zn] @1[:1] =10
Hence,
yinj+yln+50=10, 0<n<49
Also, y[n] =5, 0<n<4d
Using the above information:
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n=0 yloj+yls0) = 10
: y[s0] = 3
n=t gffl+ys] = 10

vis4 = 5
n=5 y5]+y55] = 10
: y[s5) = ?
n=8 y8+y58 = 10

58 = ?
n=9 9 = 10
-rl.=49 y[49) = 10

To conclude, we can determine y|n] for 9 < n < 55 only. (Note that y[n]for 0<n < 4is given.)

8.41. We have

N\

10 19

(a) The linear convolution z[n] * y[n] is a 40 + 20 — 1 = 59 point sequence:

10 28 40 58

Thus, z[n] « y[n} = w(n] is nonzerofor I0<n <28and 40 <n < 38.
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{b) The 40-pt circluar convolution can be obtained by aliasing the linear convolution. Specifically, we
alias the points in the range 40 < n < 58 to the range 0 < n < 18.

Since w[n] = z[n] * y[n] is zero for 0 < n < 9, the circular convolution g[n] = z[ﬂ][n] consists
of only the (aliased) values:

uln] = zfn]syln), 40<n<49
Also, the points of g[n] for 18 < n < 39 will be equivalent to the points of w([n] in this range.
To conclude,

w(n] gln], 18<n<39

wln+40] = g[n], 0<n<9

8.42. (a) The two sequences are related by the circular shift:
hz[n] = hy[((n + 4))s]

Thus,
H[k] = Wyt Hy [k]

and
|H, (k)| = [Wy** Hy k] = 18 (%]

So, yes the magnitudes of the &pt DFTs are equal.
(b} hi[n] is nearly like (sinz)/z.
Since H;[k] = e7** H,[k], hy[n] is a better lowpass filter.

8.43. (a) Overlap add:
If we divide the input into sections of length L, each section will have an output length:

L+100-1=L+99

Thus, the required length is
L =256 - 99 = 157
If we had 63 sections, 63 x 157 = 9891, there will be a remainder of 109 points. Hence, we must
pad the remaining data to 256 and use another DFT.
Therefore, we require 64 DFTs and 64 IDFTs. Since h[n] also requires a DFT, the total:

65 DFTs and 64 IDFTs

(b) Overlap save:
We require 99 zeros to be padded in from of the sequence. The first 99 points of the output of
each section will be discarded. Thus the length after padding is 10099 points. The length of each
section overlap is 256 - 99 =157 = L.
We require 65 x 157 = 10205 to get all 10099 points. Because h{n] also requires a DFT:

66 DFTs and 65 IDFTs

(c) Ignoring the transients at the beginning and end of the direct convolution, each output point
requires 100 multiplies and 99 adds.
overlap add:
# mult 129(1024) 132096

#add = 12002048) = 264192
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overlap save:
#Fmult = 131(1024) = 134144
# add = 131(2048) = 268288
direct convolution:
#Fmult = 10010000) = 1000000
# add = 99(10000) = 990000

8.44. First we need to compute the values Q0] and Q(3]:

Qo] = Xu(1) = Xy(e7)w=0
= Zzl[n]=__1_

1
n=0 1—4
4

3
QBB = Xi(-1)= X1 (& |u=r

= Y aj-1"
n=0

| bw

One possibility for Qfk], the six-point DFT, is:
4 4
Qlk] = 36[k] + 56{1: - 3]

We then find g[n], for 0 < n < 6:

dn] = £ 3 QK
k=0

1.4
= g(g
= L0+

+3(=1)m)

otherwise it’s 0. Here’s a sketch of gin]:
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8.45. We have:
4
DFT;{z;[n]} = X,[k] = E:zln}e-j‘,‘kn_
°

Then:

z2[0] Xa[k]

I H
O FU R

~3[

>
k=0
[
D (Re{X;[k]} + jIm{Xa[k]})
k=0 .
s
> Re{X[k]} , since z,{0] is real.
k=0
= gf0].
To determine the relationship between zz(1] and g[1], we first note that since z;[n] is real:
X(e7®) = X*(e™7%).
Therefore:
X[k} = X*[N~k,k=0,..6.

We thus have:

€
i) = 23 Re{Xall}W;*
k=0

€

1 Xofk] + X3[k)

—_ _7_§ 2{]2 2[}W7k
k=0

6 6
lzxz[k] -k VXN K] .
= Iy Xy Iy KoV Ky,
= ¢ "= 2
1 1 o
= 522[1]+ﬁ2X2[k]W7*
=0

6
- sl
= goelll+ g 3 XaliW;

= J(alt]+zal6)
= %(32{1]4-0)

= %22[1}.

8.46. (i) This corresponds to z;{n] = z;{((—n))~}, where N = 5. Note that this is only true for z2[n]-

{ii} X;(e’*) has linear phase corresponds to z;[n] having some internal symmetry, this is only true for
51 [ﬂ}
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(iii) The DFT has linear phase corresponds to £;[n] (the periodic sequence obtained from z;[n]) being
symmetric, this is true for z;[n] and z3[n] only.

8.47. (a)

%y: X[k ¥ = %ix{k]eﬂi* = z[1].

k=0

(b)
VI = X e,

n=oc

= Z z[n]z'"lr—_h’.‘ gekte,
n=—oo

n=8

= Z :[n]z-nlz=2e“ o !
uzo .
n=8

= Z z[n)(2¢ ¥ )‘“e'jzi'k“
nzo
n=g

= z v[n]e"jzik“.

n=0
We thus conclude that .
v{n] = z[n](2e7¢)7".

{c)
1 3
wn] = ZEW[I:]W[*“
k=0

3
= % S (XK + X[k + 4])er %
k=0

k=0

3 3
= XM R 4 25 X[k + geti ¥
k=0

7
= % z X[kjeti ¥k | % Z X[kjeri%kn
k=0 k=4
7

= 13 xper¥en
k=0

We thus conclude that
win] = 22[2n].
{d) Note that Y[k] can be written as:
Yik] X[k + (-1 X (k]
X[k] + Wik X [k].
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Using the DFT properties, we thus conclude that
y[n] = z{n] + 2{((n — D}s]-

8.48. (a) No. x[n] only has N degrees of freedom and we have M > N constraints which can only be satisfied
if 2[n] = 0. Specifically, we want
- X(&%)= DFTy{z[n]} = 0.
Since M > N, there is no aliasing and x[n] can be expressed as:

M-
=L 1Jucw"" =0,..,.M-1
z[n]—Mz (k] =0, .
k=0

Where X[k} is the M-point DFT of z[n], since X{k] = 0, we thus conclude that z(n] = 0, and
therefore the answer is NO.

(b) Here, we only need to make sure that when time-aliased to M samples, z{r] is all zeros. For
example, let
z[n] = é[n] - §[n — 2]

then, _
X(&¥)=1-e 4,

Let M = 2, then we have

X% = 1-1=0
X%y = 1-1=0

8.49. z;in] is 7,[n] time aliased to have only N samples. Since

21l = (3)"uin),

5.1 = -
e[ A

We get:

0 , otherwise

8.50. {(a) Let n =0,...,7, we can write z{n] as:

z|n] 1+ %(a'%" +eiiny - %(ei’f" +ei¥%n)

_ 1 i%en, 1 jazar _ 1 sapas _ 1 j2ros
= 1+ 2e’ + 2e’ 46 4e’

- %(eua'fuw*w.-w’m-ww)

7
- 1 g
k=0

We thus get the following plot for Xs{k}:
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o

Xs[k]

-9

(b} Now let n =0, ..., 15, we can write v{n] as:

vin] = 1+ %(e"*“ +e7iim) - .}(a’fn +emi¥n)
= 1 4 n2 _]_'_ '31-'—1\14_1 ﬁns__l_ fEnto
= ;6(16+8ej§“2+8ejﬁ“1‘ — 4eikEns - 4eikimoy

1 1% .
= 152 Vulkle W

=0

We thus get the following plot for Viglk]:

Vislk]

(c)

e[kl = X(¢*)ogs 0< k<15

where X (¢} is the Fourier transform of zfn].
Note that z{r]| can be expressed as:
z[n} = yln]win]
where: 1 3mm
y[r] =1+ cos(--4—) -3 cos(—4-)
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and w[n] is an eight-point rectangular window.
| X16[k]] will therefore have as its even points the sequence | Xs{k]| .The odd points will correspond

to the bandlimited interpolation between the even-point samples. The values that we can find
exactly by inspection are thus:

\Xielk]l = |1 Xa[k/2)] & =0,2,4,.,14.

8
* | X16[k]}
@
E 4 4
2 2
T le 11°
9 9 ® ‘_5 : k
0 1 2 3 6 7 9 10 11 12 13 14 15

8.51. We wish to verify the identity of Eq. (8.7):

0, otherwise

n—ﬂ

Ze"ﬂk-r)n._{ 1, k—r=mN,m: integer

{a) For k—r =mN,

ejﬁ'-(i—r)n = ej%(mﬂ)ﬂ
chImn

(I)Mﬂ

Since m and n are integers; .
SFUE-rn 1 fork—r=mN

So,

1 N-1 35 1 N=1
I owe-am - 1§y
P> WL

l1,fotk-r=mN

(b)

N-1 l-e‘,%lﬂ

_Zgiv-‘r‘:T

This closed form solution is indeterminate for | = mN only.
For the case when { = mN, we use L'Hopital’s Rule to find:

. o 1 — ei2®t _ _jzrejzﬂ]
ivmN 1~ e ¥ -G I=mN
= N
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{c) For the case when k — r #¥ mN:

..]‘_deeﬂv'-(*-r)n _ 1-ertn
Nn=0 - I_ng(k—r)
=0

Note that the denominator is nonzero, while the numerator will always be zero for k — r # mN.

8.52. (a) We know from Eq. (8.11) that if 73[n] = Z{n — m], we have:

N-1
Xk =Y zln - mWi"
n=0

If we substitute r = n — m into this equation, we get:

N=l~m
X o= Y aAwaT™
r=-m
Nal=-m
whm Y Enwy

r=-m

(b) We can decompose the summation from part (a) into

-1 N=1=-m
mklzwﬁ,'"[z Hwh + S FAWR
r=~—m r=0

Using the fact that Z{r] and W are periodic with period N:

-1 -1

Y Erwh = Y Er+ NJWhr+®)

r=—m r=-m
Substituting £ =r + N
-1 N-1
Y Wk = Y sawl
r=-—m i=N-m

(c) Using the result from part (b):
N-1 Nem=1
Bk = Wi S EnwR + 3 ERWR
=N-m r=0
N-1

Wiy Wy
r=0

= W™ X[k

Hence, if £)[n} = Z[n — m)], then X, (k) = WE X [K].
8.53. {a) 1. The DFS of #*[n] is given by:

' N-1 N-1 .
3wk (z i[n]W;*")
n=0 n=0

X -

L
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2. The DFS of 2*[-n]:
N-i 0 .
Z F[-n]WE = Z i{ilwﬁ’)
n=0 ==N+1
= X°[k]
3. The DFS of Re{Z[n]}:
h)':::: e Zidygn = 1 (W -+ XI-R)
= XK
4. The DFS of jIm{Z[n]}:
Nf Hel - #'lnl lyge = 2 (K- X(-4)
n=0
= Xolk]
(b} Consider Z[n] real:
1. . -
Re{)?[k]} = _%2_}{_[.‘,51 j
From part {a), if Z[n] is real, i
DFS {%[n]} = DFS {z°[n]}
DFS {#[-n]} = DFS {z"[-n]}
So,
X[k) = X°[-K
X[k = X°[k
Reiipyy = XHLXEH
= Re{X[-k]}
(i.e. the real part of X[k] is even.)
2.
Im{X[k]} = w
_ X[-K - X[-H
- 2
= Im{X{-k]}

(i.e., the imaginary part of X{k] is odd.)
3.

‘/J'([k}f'{k}
v X [-KIX[-K]

= |X{-]|

1 X (k)
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(i.e., the magnitude of X[k] is even)
4

LX (K]

ctan (Im{{?[kl})
Re{X[k]}

Im{.’? [—k]}
arctan (Re{ff[—k]})
—LX[-K]

(i.e., the angle of X{k] is odd.)

8.54. 1. Let z[n} (0 < n < N — 1) be one period of the periodic sequence Z{n]. The Fourier transform of this

periodic sequence can be expressed as:

-}
X(ee)y= Y zinje "
n=—o0
Recall the synthesis equation, Eq. (8.12):
=,
in] = = Y X[Wg*"
N =
Substitution yields:
_ oo 1 N-1 _
Xy =Y (3,— Z X[kIW;,*") Pl
n=—o k=0

Rearranging the summations and combining terms:

N=1 )
Xy =Y Xk (% 3 ei(‘?v*w)n)
k=0

n==—-oo

The infinite summation is recognized as an impulse at w = (2rk/N):
- ) et 2k
X =5 Eﬁ X (k)8 (w - T)

2. Since z[n] corresponds to one period of Z[n], we must apply a rectangular window (unit amplitude
and length N) to the periodic sequence. Thus, to extract one period from Z[n):

z[n] = Fnjwin]

where,
1, 0<ng({N-1)
w[n] =
0, otherwise

The window has a Fourier transform:

o0
W) = 3 wnlen
P =0
N-1
= Z c—jwﬂ
1= e~ iwN _ =il LI _ i
Tl T it ¥ _ e-if

sin(uz)
sin (%)

g-’."’(ﬁﬂ-_l)
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3. Since z[n] = Z[n)wn), the Fourier transform of z[n] can be represented by the periodic convolution

(see Eq. (8.28)).
wye L [Tl N g 2zk\ sin [§(w—6)] _;(moiy_s
X =5 [ oy 2 Xlkls (- %) wn () ©

Integration over —x < @ < 7 reduces to the summation (note the impulse train):

N- -
X(v) = % 21 XK= (Vo — 22k)/2) _ (252 )(0-2gt)
k=0

s [o- 3072

Hence, the Fourier transform is obtained from the DFS via an interpolation formula.

8.55. The N-point DFT of the N-pt sequence, z[n] is given by

N~1

Xi o= 3 aWi, 0<k<(N-1)
n=0
N-1

X} = 3 zfn]
nx(

(2) Suppose z[n] = —z[N — 1 —n]. For N even, all elements of z[n] will cancel with an antisymmetric
component. For N odd, all elements have a counterpart with opposite sign. However, z[(N — 1) /2]
must also be zero.

Therefore, for z[n] = —z{N -1 -], X[0} = 0.

(b) Suppose z{n] = z[N — 1 - n}] and N even.

N-1

3 e

7=0

N-1

= 3 )~

= z{0] - z[1] + (2] - z[3] + - -- + 2[N - 2] ~ z[N - 1]

X[N/2]

Since z[n] = z[N — 1 — n], then

z[0) = z[N-1]
z{l} = z[N-2]

Therefore, X{N/2]=0.
8.56. (a) The conjugate-symmetric part of 2 sequence:
zeln] = 5 (=ln] + = [-n])
The periodic conjugate-symmetric part:

zeoln) = 3 (2ll(W)a] + 2" [(-Dw)), O <m< (N = 1)



Note that:

z[{((n))w]
2" [((-n))N]

zfn), 0<n<(N-1)
z°[-n + N] + z°[0}6[n] — =" {0}é{n — N]

Substituting into z.,(n}:

Zepln] = % [ztn) + 2°[-n + N]+ 2*[00[n] - " [0}8[n - N]],  0<n<(N-1)

Since,
zn] = % (z[n] + z'[—n])
= 3(abl+=o0m), 0<ms(V-1)
andzfn-N) = 3 (zlr-N]+2"[N - n])

I e b

We can combine to get:
Zepl) = zeln] + zfn - N] 0<n< (N=1)
The periodic conjugate-antisymmetric part is given as
Zopln] = (zfn] + zofn ~ N)),  0<n < (N -1)

Recall that the odd part can be expressed as

zofn) = 5 (eln] - 2°(n)
So, 1
zofn - N] =3 (zln - M- ="(N - n])
For 0 <n < (N —1):
zofn] = % (st} - 2"(0l6ln)), O<n<N-1
zofn - N] = % (<l0l6tn ~ N] - =N - =)

From the definition of zgp[n]:

2 (leIn} - 2" [(-m)wl) . 0SmS(N-1)

= 3 (=ln) - =" (0] + 2[00 - M) = =[N = n]), 0Sn<(N-1)

’w["]

Recognizing the expressions for Zo[n] and z,[n — N} in zop[n], we have

zopln] = To[n] + 2fn —N], 0<n<(N-1)
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(b) z{[n] is a sequence of length N; however,

zi[n), 0<n< N/2
zln] =
0, Ni2<n<N~-1

The even part: (assume N is even) *

e, 208 g, e
Zeln] = # ~N/2<n< -1

0, otherwise

From part (a):
Tepln) = zefn] + zen = N], 0<n<(N-1)

Because z[n] = 0 for jn| > N/2,
Zep[n] = ze[n], 0<n g (N/2-1)

Also, since z.{n] = z:[~n),

Te[n] = 3;,[‘-11], ~N/2<n<~1
To conclude:
( Zpln], 0<n<N/2
zoltl oy

Z.[n] = 4 2
ZTep{-n], -N/2<n<-1

%”-}, n=—-N/2
.

8.57.
N-—-1 N=1
S lefn)f? = 3 zfnjz"n]
n=0 n=_0}

From the synthesis equation:
N-1

2fn) = -}f T X[Ewen
k=0

Hence,

1 N=1
"[nl= % S xkwr
k=0

substituting:

N-1 N-1 1 N-3
Ser = T} T xwwr)
n=0 k=0

n=0



N-=-1
Y ialnlf?
n=0

8.58. (a) This statement is TRUE:
X[]

1

AlK]

~

(b} This statement is FALSE:
Suppose z[r} = §[n] + 34[n — 1],

Expressed in the form
X[k]
Alk]
and

% 3 XM
k=0

1
N

331
N=1 N=1 o
(z =1n1w:r)

n=0

lN—l
- X [k} X[k
N 2 XK

N-I
S IX kP
k=0

X(ejw)lw=2:klN
27k 2x/N)ke
B ( 7 )e’

()

2ra

N

i .
1 l —Jfk
+ 26

1
1+ "2'(—1)

Alk)e™™*,

1 k
1+ 5(-1)
= 0

The Fourier transform of z[n] is X(e’*} = 1 + 1e?, which cannot be expressed in the form

X(e~) = Bw)ela,
8.59. We desire 128 samples of X (e?“)Y (¢¥).

Since z{n} and y[n] are 256 points long, the linear convolution, z[r] » y(n}, will be 512 points long.
We are given a 128-pt DFT only. Therefore, we must time-alias to get 128 samples. The most efficient

implementation is:

zfn] —— I

yin] —— I

Total cost = 110.

—
I

L R,{k]




332

8.60. Ideally, the inverse system would be:

8.61.

Hi(z)=z2z-bz"?

Hence,
X(z) = (z - bz"1)¥(2)

and
snfj=yln+1]-byln—-1, -oo<n<w

If we use an N-pt block of y[n]:
yln]: 0<ngN,

then i
VI = (Wit = W)Y IK]

and

vin} = y{((n + 1))n] - by[({n — 1))N]

Because the shift is circular, the points at n = 0 and n = (N — 1) will not be correct. Therefore, only
the points in the range 1 < n < (N — 2) are valid.

(a)

N-1
S zinle SO Q< k< (N -1)
n=0

N-1 _

Z z[ﬂ]c"jmi’k/fvd-!/h')n

n=0

N-1

= Z z[nje~In/Nig=i(@x/Nikn

n=0

X[k]

X (k]

So, za[n] = zlnje~ TN,

(b)

N-1

T alnjemitmn/N)g=i@r /NN 0 <k < (N - 1)
n=0

N~1
= 3 afnjeitmiNIgian/N)k

XulN - k)

L

N=-1
Y afnjeitrn/Ngmiax /NN =k=1)n

Xu[N - (k+1)]

L

= Z z{n}e—j(tnﬂ\f)e-j(Zt/N)(N-l)ncj(zr/N))m
n=0

= z z[n]ej(tn/N) S2r/N)kn
- =l

Xielk]

Xulk] = X3c[N - (k+1)] , for 0 < k < (N —1) and zin] real.
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{c) (i) N—k—1isodd when k is even. If R[k] = X y[2k], we may obtain X x[k] from R[k] as follows:

G{k] _ R[k/2], k even
“ 1 BRIV - (k+1))/2), kodd

where we note that
RN = (k+1))/2] = X3 [N = (k+ 1)]
for k odd.
(ii)
Rk = Xn[2k]
(N/2)-1
= Y afnje-itenr/Nn/Nn
=0
N-1 A
= Y zfnjemseniM) (%)
n._-o
(N/2)=1 . Nt _
= Z z[n]e""”"/N]e""(aﬂ"f?) + Z z[n]e-j(rn/N)c-:(%ﬁ';")
n=0 n=N/2
(N/2)=1 )
Z (z[n]e‘j("/’v) +z[n + N/2]c“5('“/N)e~J('/2)) eI (%)

n=0

rin] = (z[n] - jz{n + N/2)e 3N 0 <n < (.’;’_ - 1)

(d)
X lk]

Xsu[ﬂ}

X m[k] X2p (k)
N-1

3" nilrleamlltn = £))x)

r=0

From part (a):
21,\{[11] = zi[n]e-j('“/N)
Zanln] = zafnjemitrn/N)
ng[n] = zain]e--ﬂ’“/”}

N-1
z3{n} = piixn/N) Z 23 [rle:l((n - r))N]e-j(r/N)[((n—r))N+r]
=0
N-1

= Z z;[r}zz[((n - r))Nle—j(’/N)l((ﬂ-'))N-—(n—r)]
r=0

Since,

n-r, n2r
N+na-r, n<r

((n—r)n = {

- J O n2r
(et = {N, n<r
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then
. 1 n>r
eI =/N{(n—r))p={n-r)] _ —¥l = ! -
senfn — 1] -1, n<r
and
N-1
z3= Y zirjzal((n — r))wlsgnin — 7]
r=0
(e} Suppose, that for n > N/2:
Tinln] = z[ple F /M) =9
Tamn) = z3njei*nN =

then the modified circular convolution is equivalent to the modified linear convolution:

21ae[n) @k2neln] = 2100l » z20ln]

{(i.e. no aliasing occurs.)

zzm[n] = Tim(n] = zamn]
N-1
= Z Typlrlzonn — 7
r={
Thus,
z3fn] = 7N Z 7y [n]za[n — rle~mn/N) gmi(xn/N)in=r)
r=0
N-1 _
= z z,{r]zz(n — rle~Hx/N)n=r}
r=0
So,
N-1 ‘
zafn) = 3 mafrlasn - rle M) = gy fn) « 2]n]
r=0

8.62. (a) We wish to compute z[n]@‘l{n] :

let z3[n] = z[n], 0<n <3l
z2in] = z[n+32, 0<n<30
hi[n] = hjn), 0<n<3l
hyn] = An+32], 0<n<30
z[n) * h{n] = zIn]+ hyjn] + zi[n] + Azn] « 8[n — 32] + z2[n] = hy[n] « Jin ~ 32}

+ z2[r] * hz[n] » 8[n — 32] = é[n - 32]

uln] = zplshn] =zl @)
win] = ziin)shaln] =z [n)EOR(H)
winl = z[lshin] = 2mh)6DM(n]
win] = 2{n]

z3n] % haln)] = 22[n}@4)
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We can compute each of the above circular convolutions with two 64-pt DFTs and one 64-pt inverse
DFT.

z[n] * hin|
y1[n) + y2{n — 32] + ysin — 32] + wln — 64]

yln]

So
2(n)@3hin] = yin] + yin + 63, 0<n <62

The total computational cost is 12 DFTs of size N = 64.
(b) Using two 128-pt DFTs and one 128-pt inverse DFT:

vl = 2[n) (28] = <l « hin)
The 63-pt circular convolution:

=[n}€3h[n] = yin) + y[n + 63, 0<n<62
{c) Using the 64-pt DFT methed of part (a):
#mult = 4(12)(64 log,(64)) = 18432
Using 128-pt DFTs:
#muit = 4(3)(128 log,(128)) = 10752
Direct convolution: o

#mult =23 n—63 = 3969

n=1
8.63. From each circular convolution, the first 49 points will be incorrect. Therefore, we get 51 good points
and the input must be overlapped by 100 — 51 = 49 points.
(a) V=49
{(b) M =51
(¢) The points extracted correspond to the range 49 <n < 99.
Distorting filter: h[n] = §[n] — 16[n — ng)
8.64. (a) The Z-transform of k[n]

i h[n)z™™

H(z) =
nz-—00
H(z) = 1-31z7
2= 073
The N-pt DFT of hln}: (N = 4no)
4no—1
HK) = ) hnJWE, 0<k<(4ng~1)
n=0
1
= 1= EW:::

1 .
- —a—F(x/2)E
HIK] 1 3¢
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(b)
Hi(z) ﬁ—%ﬂ.’z_‘:‘;’ 2] > (-;—) for causality
® 71 nfng
hi[n] = 5 8[n — kng
> (3) dm—tno
The filter is ITR.
(c)
Glk] = — ! 0<k< (dng - 1)

Ak = T-eitam
The impulse response, g[n}, is just ki[n] time-aliased by 4n, points:

1 1 1 1 1
gin] = (1+-1-'6+§'5-§+---)6[ﬂ]+(§+§§+§-1'§+“')5[ﬂ—ﬂo]
1 1 1 1 1 1
+ (Z+a+ﬁ+~--)5[ﬂ—2no]-h(§+-l—2—é+———8+---)6[n—3ﬂo]
16 8 4 2
gln] = E5{n]+1—5-6[11—11(;]+Eﬁ[n—2no]ﬁ-ﬁ6[n-3no]

(d) Indeed,
Gik|H[K]=1, 0<k<(dno~-1)

However, this relationship is only true at 4ny distinct frequencies. This fact does not imply that
for all w:

G(e™)H () =1
{e)

yfr] = gin} «hin]
- i—gé[n] + %J[n - no} + f—séln ~ 2ng) + %éln = 3no} - 3835{’1 - na]
‘;'56[" - 2ng] - %é[n = 3ng) - 1—155[*1 - dng)

16 1
vin} = ln] - 55 éln - dno]
8.65. (a) We start by computing X[k + N}:

Xulk+N] = Nf En]Hn[nik + N)]

_ Z #n](cos( 2x(nk + nN)

2x(nk + nN)
= N

) +sin(~=m )
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We thus conclude that the DHS coefficients form a sequence that is also periodic with period N.
{b) We have:

N

-1 N 1 N-1 N-1
Z XH[k]HN{nk]
k=0

% (Y HmiAn(mA] Hnok]

k=0 m=0

1

N

i N=1 N-1

N 3 #[m] Y Hn[mk]Hnnk]
m=0 k=0

= %i[ﬂ]N
= Z[n]
Where we have used the fact that 3 ! Hx{mk]Hn[rk] = N only if {((m))n = ((n))n, otherwise

it's 0.
This completes the derivation of the DHS synthesis formula.

(¢} We have:
Hyfe+N) = cos(_2"‘(a; M+ sin(%r(a; N,
= cos(%?— + 2x) +sin(2%‘- + 27)
= COS(-E;E) + s'm(%)
= HN[G]-
And:
Hyla+b) = cos(zt(‘;\:- b) ) + sin( 2"{‘;\;" b))

(Cn[aCn[b] - Snla}SniB]) + (Sn[a]Cn (b} + Cnla]Snib])
Cn[SHCn[a] + Snla]) + Sn[b}(—Sw(a] + Cwla])

Cn[b)(Cnla] + Sxa]) + Sn[b)(Sn[—a] + Cn[~a))
Cn(bHnia] + Sn[b]HN([—q]

C,N'[G]HN[b] + SN[G]Hni-b] ( since HNICI. + b] = Hy [b + a] )

wounounonon

Where we have used trigonometric properties.

(d} We have:
N-1
DHS(n~ma) = Y. {n - no]Hn[nk]
n=(
N-=l-ngo

3" znlHw|(n +no)k]

n=-ng
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N-1-ng

= Y Z[n|(HnInk|Cninok] + Hn[-nk|Sn(nok])
N—l—mns N-l=np

= Cn[nok} 3 zfn]Hn[nk]+ Sninok] _Z £[n)H n{—nk)
Ner .

= Cylnok] Y Z[n]Hn[nk] + Swlnok] Y Z[n]Hn{-nk]
n=0 n=0

= Cwnlnok)Xulk] + Sninok} X u]-&]

Where we have used the periodicity of Hy[nk] and Z[n].

{e) We have:
N-1
DHT{#[n]} = DHT{)  zi[mlz[((n - m))n]}
Nt Ny
Xuslk] = 3°(Y mafmlzal{(n - m))n])Hn[nk]
n=0 m=0
N-1 N-1
= 2 alml > zl((n - m)n}Hnink]
m=0 n=G
N-1
= z 31[m]DHT{32{((ﬂ - m))N]}
N-1
= > zi[mNXu[KICn[mE] + Xn2{((~k))n)Sn[mk]) (using P8.65-7)
N-1 ' N-1
= > nimXua[KIOn[mK] + 3 z1(m]X 2| ((~K))n]Sn[mE)
m=0 m=0
N1
_ mgo 22l Xl (HN [mk] +2HN[-mk} )
N-1
+ 3 malm)Xaal(- k) 2R Nl mb),
m=0
= %Xuz[k](){m[k] + X [((-k)N]) + %Xﬂz[((“k))nr](xm[k] - Xa:i{((=k))wD)
= lXHl{k](XHZ[k] + Xa2[((—k))x]) + lxml((—k))ﬂ](xuz[k] = Xa2l({=K))w))

2 2
This is the desired convolution property.

- (f) Since the DFT of z[n] is given by:

4

X[k = z[n]e=7 ¥

(3¢

-

-1

{ng

zin)(cos(~ Z52) + jsin(- Z5))



then:

We thus get:

Xuik]

N-1

= 3 alnl(eos(Z2) - jsin( )
n=0
N-1

= 3" z[n)(Cw[kn] - jSn[kn])

n=0

N-1
3 slniCwlbn] = (X[ + XI(~k)n])
N-1
S zlnlSwikn) = - o-(X[k] - X[(~k)n)
ot j
N=1
= Y z[n}{Cnlkn] + Snikn))
Z
= GUXTH+ X(R)D) = 5 (XTK] = XL(-)

= (G- XM+ GG+ )Xk

This allows us to obtain Xy[k] from X [k]

(g) We have:

Therefore:

We thus get:

X k]

H

ghgtgk

N=1

X[kl = Y z[n)(Culkn] + Sn{kn)
n=0
N~-1 1
;:{n]CN[kn] = E(XHIk]+XH[((_k))N])
N-1
3 zlnlSwlknl = 3 (Xult~ Xu[(-k)n))
n=0

z

:c[n]e"-‘ e

=[ﬂ](CN [kn] — 3 Sx[kn])

)
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3(Xalk)+ Xnl((-KnD) ~ 33 (XulE) - Xnl((-BIN)
= (G- Dxult+ G+ DXul(-R)n1
This allows us to obtain X[k] from X y[k].
8.66. (a) The DTFT is given by:

X&) = X(e*)+ X(e7¥)e N

X(¥)(1 + e~7N)

The DFT is just samples of the DTFT:

]

Xl = X pures

= X(PHN)(1+ (-1

Therefore:

2X[3} . keven

Xt ={ 0 , kodd

(b} The original system computes the following:

XMEH = { 2X(z)H ”‘g ’ ::‘(’:’“
We thus want:
X[K)GlK] = 2X{k|H[2k] k=0,..,N~1
GlK| = 2H[2)
2N-1
= 2 )i k=0,..,N-1
gln] = 2(hln]+ hin+ N))

System A time aliases and multiplies by 2.

For system B, we need:

_ Wii] . keven
Yil = { 0 , kodd
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Thus:

wn) , 0<n<N-1
yln] = { wn-N] , N<n<2N-1
0 , otherwise

System B regenerates the 2N —point sequence by repeating w|n|.
8.67. (a) We have:

1, jwi<d

0 , otherwise

() = {

Since h[n] is FIR, we assume it is non-zero over 0 < n < N. The phase of H(e“) should be set

such that h[n] is symmetric about the center of its range, i.e. §. Therefore, the phase of H{e’*)

should be ¢/, So one possible H{k] may be:

eWmEE | 0<k< MN
Hk} = 0 , otherwise
PAE. 2 L AN-F <k<anN

that is:

S, o<k
Hik) = 0 , otherwise
etF | AN- L <k<aN

(b) System A needs to perform the following operations:

X[kH'[k} , 0<k<k
Y2[k] = 0 , otherwise
X[k-3NH'k-3N] , 4N-¥ <k<4N
Where H'[k] is the N—point DFT of hln].

(c) It is cheaper to implement N—point DFTs than 4N —point DFTs, therefore the implementation in
Figure P8.67-2 is usually preferable to the one in Figure P8.67-1. :

8.68. Substituting the expression for X, [k] from equation (8.164) into equation (8.165), we get:

2N-3

. 1 .
Il{"] = N3 z: Xllk]e;z-tn/(zx-z)
k=0
1 N-1 2N~3

(2 Xcllk]ejzrkn/(zN-&} + E XcllzN -2 k]ejztku/(ZN-z))
k=0

2N -2 g
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Note that:
2N-3 N2
Z X “[2N . . k]g'hlm/(w-z) = Z Xcl{r}cjzf(ZN—i'—r)n/(ZN-z}
=N re=]
N-2
= zXel[k]c-jzwkn/(ZN-z)
k=1
therefore:
l N=1 N=2 .
31[11] = m(z X‘llk]eﬁ'k“/(z-"—z) + Z X:x{k]e-mkn/(zn-z))
k=0 =
1 ) N2 . )
= N 2(xc1[0} + X:I[N - 1]0’2'" + Z Xcl[k](ejzrkn/ﬂN-z} + c—J2tkn/(2N—2)))
k=]
1 1 ; = 1 wkn
= c ¢ - n ¢
= oy X0+ XN ~ 1) +§1x K2 cos( =)
and:
z[n] = =z[n) forn=0,1,. . N-1}
N~-1
" nkn
= Fopl2elblx ‘K] cos(57—)) 0<n<N-1
k=0

where afk] is given by:
1 = —
afkj={ 7 k=0and N -1
1, 1<k<N-2

This completes the derivation.
8.69.

v[n] = z2(2n]
therefore, for £ = 0,1,..,.N-1:
VI = 5(Xalk] + Xofk + N).
Using equation (8.168), we have:

VK] = %(x,[k; + Xa[k + N])

= /B Re{X[kle ¥} + & B Re( X[k + Nje~7 25}
= I Re{X[kle I} + I Re( X[k + Ne T8 =31}
= B Re{X[Hle ™} + jI B Re{—j X[k + Nje~ 14}

= B (Re(X[kle 7} + jIm{X[k + N}e™/ 5},




Using the above expression, we get: -
2Re{e~ %% 1% (Re{ X [k|e 73} + jIm{ X[k + Nje~7 ¥ })}

2Re{X [kle~75¥}
X[k where we used equation {8.170).

2Re{e~ I ¥ Vk}}

Furthermore, we have:

2Re{e~ I H VK]}

N-1
2Re{e” 7 ¥ ufnle %%}
n=0

N=1
= 2Re{Y vfnje~iF 41}
n=0
N-1
= 23 Re{vfnje i (n+ 1))}
n=0
N-1
= 23 cos( 22X (n + )

- 9 Z v[n] 1rk(4n + 1)

and:

2Re{e™ % VIK)} 2Re{ X [kle~7T¥}

2N-1 \
= 2Re{ Z z[nle I B o8}
n=0
N-1 .
= 2Re{)_ zlnle~?In(In+1]}
n=0
N-1
= 2 }: Re{z[n]e~/Eh (3n+1)}
n=0

= 2 z 2{n) cos wk(?n + 1))

From the results above, we conciude, for ¥k = 0,1,.... N — 1:

2Re{ e RV}
z z vfn] cos wk(4n + l))

X3[k]

N—-l
2 Z z{n] cos 'xk(2n + 1))

8.70. Substituting the expression for X:[k] from equation (8.174) into equation (8.175), we get:



W1
1
zz[n] = N Z X, [k]ei?in/(2N)
k=0

N-1} 2N-1

= _2% Xd[o] + Z Xﬂ[k]cjrh/(zN}cj!wkn/(zN) - Z X¢2[2N _k]ejrk/(zNJCjZIkn/(zN))
k=1 k=N+1
N- : -
= Lix= y 2111 IFk{Zn+1)/{2N) & 2  p1.iTE(2n41)/(2N)
= X0+ 3 xke - ¥ x9N -ge )
k=1 k=N+1
N-1 N-1
. %(Xczlﬂl_*_ Z XcZ[k]ejrk(Zn+1)/(2N) - Z xcz[k]ejr(ZN—-t)(za+I)/(2N))
k=1 k=1
1 N-1 ) N-1 _
= i-ﬁ(X"[o] + z X [k]eink(@n+1)/(2N) o Z X 2[]e~irEF1)/(2N))
k=1 k=1
1 gl . _
= E-N—(X“{o} + z X2[k)(eITEn+1)/GN) 4 omixk2a+1)/(2N)y)
k=1 5
N-1 ]
= L ye c2 Tk(2n +1) |
= syiX [01+§x (K] cos(—7—=)). ,
Furthermore:
z{n] = z;[n] forn=0,1.,N-1
N-1
1 k(2
= § 3 AKX cos T, OSm<N-1
k=0
where (k] is given by:
1 k=0
Kj=4¢ % °
Alk] { 1, 1<k<N-1

This completes the derivation.

8.71. First we derive Parseval's theorem for the DFT.
Let z[n} be an N point sequence and define yfn] as follows:

vin] = z[n)® =°[((-n))w].
Using the properties of the DFT, we have:
Yik] = XK X" (K] = | X[&]|°.

"Note that:

ylol = =]

and using the DFT synthesis equation, we get:

1 N-1
[0 = PR 4L!
T k=0



Parseval's Theorem for the DFT is therefore:

N1
it = 5 X IXII
n k=0
{a) Note that:

N-1 N=1
S xeKE =Y X EP
n=0 n=0
and, using equation (8.164):
2N-3 N=1 *
Y XEE =23 XK - 1X2 0 - XN -1
=0 n=0

Using the DFT properties:
3

2N —
Sl = g5 3 ik
n =0

and, using equation (8.161):

2N-3 N~-1
Y imml =2 laln]i - ={0] — J=IN - 1)
n=0 n=0

We thus conciude:

1 = ¢ 2 cl 2 ey — = 7 _ 2 _ T - 1112
ar 3 2 XOHE = X - 1X LN—III’}—2§0iz{n]J lz[0) - 1=V - 1)1

{b} Using equation (8.171),

N=-1 N-1
Yo xEP =S iXa[k]
n=0{} n=0

Note that, using equation (8.167):

2N~-1

N-1
STXRIP =2 Y IXKE - 1X(0),
k=0 k=t

and, using equation (8.166):

2N-1 N-1
Y fzlnl? =23 laln)l®.
n=0 n=0
Using the DFT properties:
2N-1 2N -1

1
a)f? = - Xo[k]2.
;';’[ il 2N§ol 2[k]|

We thus conclude:

Lo S IXGH - X0 = 2 3 el
N gl R - IX(OF) =2 2 I=lnlf*
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8.1. There are several possible approaches to this problem. Two are prwehted below.

Solution #1: Use the program to compute the DFT of X[k], yielding the sequence gfr].

N=-1
gin) = 3 X{kle2=tn/N
k=0

Then, compute
1
zln) = Fol((N = m)]
forn=0,...,N — 1. We demonstrate that this solution produces the inverse DFT below.

zln) = al(N =)l

1 N-1 ]

_N_ X[k]E-Jh'k(N—n)/N
k=0

1 N=-1 .

Tv_ 2 X{k]eﬂrtn/]\f

k=0

Solution #2: Take the complex conjugate of X{k}, and then compute its DFT using the program,

yielding the sequence f[n].
N—-1

_f[n] = Z X-[k]e-j2rkn/N
k=0
Then, compute

..
zln] = = 1°[n}
We demonstrate that this solution produces the inverse DFT below.

) = Sl

1 N=-1 ]
= _}_v_ Z x[k)ejzrtn/N

k=0

9.2. (a) The "gain” along the emphasized path is ~W}.
(b) In general, there is only one path between each input sample and each output sample.
(¢) z[0] to X{2]: The gain ts 1.
z(1] to X{2): The gain is W}
z{2] to X{2): The gainis ~-W§ = -1
2[3] to X[2): The gain is —-WJWF = ~WZ.
z[4] to X{2): The gain is W§ = 1.
z[5] to X[2]: The gain is WEWE = W3,
z[6] to X{2]: The gain is -WWJ, = ~1.
2{7) to X[2}: The gain is ~-WRWRWE = —W}, as in Part (a).
Now
7
z z{njWi"
n=f
= =z{0] + z[1iW3 + z[2]W3 + z[3|W5 + z{4]Wy + 2(5]W}° + {6)Wy?
+ z[7)Wyt
= =2{0] + z[LIW] + 2[2)(-1) + 2B}~ W5) + 2{4)(1) + =[S]W5
+ 2[6)(~1) + 2[7)(- W)

X2
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Each input sample contributes the proper amount to the output DFT sample.

9.3. (a) The input should be placed into A[r] in bit-reversed order.

Al0] = =z{0]
All] = z[4]
A2l = z[2]
Al3] = zI6]
Al4] = z(1]
Al5] = =[5
Ale] = =[3]
Al = =[7]

The output should then be extracted from D[r] in sequential order.
X(k}= Dk, k=0,...,7

(b) First, we find the DFT of (—Wy)" for N = 8.

Ml

T
X[k = Y (-wa)wpt
n=0

7
> Carwewgt
n=0
7
= S
n=0

7
- z W:(k—s)
n=0

1- Wk
1-wg
= 85(k-3)

A sketch of Dir] wis provided below.

o 1 2 3 4 s 6 7 T

(¢) First, the array Dfr] is expressed in terms of Cilr].

Dlo) = C[o)+Cl4)

Dl = Cl+ClIws
D[} = Cp)+Cle|w?
Di3} = cpl+Cmwi
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D[4} = cClo]-Ci4)
D[s] = C[l]--C'[5]W's1
Die] = C[2-Cl6IWs
D = Cl3)-CIMW}

Solving this system of equations for C[r] gives

| Clo] = (D[0]+ D[4))/2

C[y = (D[1]+ Ds)/2

Cl2] = (D[2)+Dig))/2

Cl3) = (D[3)+Dl7))/2

Cl4] = (D[o]- D{4)/2
Cls] = (D[]~ D{shwy’/2
Cl6) = (D[2]- D{ehwy?/2
cfr) = (D3] - DITHW; /2

forr =0,1,...,7. A sketch of C[t] is provided below.

|

fl

1

¢

-y
-

o 1 2 3 4 5 6 7 T

9.4. (a) In any stage, N/2 butterflies must be computed. In the mth stage, there are 2™~ different
coeficients.
(b) Looking at figure 9.10, we notice that the coefficients are

1st stage: WY
nd stage: WP, W7
3rd stage: W2, Wi, W2, W3

Here we have listed the different coefficients only. The values above correspond to the impulse
response

hin) = Wi-uln]
which can be generated by the recursion
yin] = Wemylr — 1] + z|n}

Using this recursion, we only generate a sequence of length L = 2m—1 which consists of the dti.ﬂ'erent
coefficients. Then, the remaining & - L coefficients are found by repeating these L coefficients.
(c) The difference equation from Part (b) is periodic, since
hin) Wi un)
- e—j!aafz‘ ﬂ[ﬂ]

has a period R = 2™. Thus, the frequency of this oscillator is
2=

= —

m
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9.5.

9.6.

9.7.

9.8.

9.9,

Multiplying out the terms, we find that
(A-B)D+(C-D)A=AD-BD+AC~-AD=AC-BD=X

(A-B)D+(C+D)B=AD-BD+BC+BD=AD+BC=Y
Thus, the algorithm is verified.

Answer §

Decimation in Time: The figure is the basic butterfly with r = 2.

Decimation in Frequency: The figure is the end of one butterfly and the start of a second with r = 2.
The figure corresponds to the flow graph of a second-order recursive system implementing Goertzel's

algorithm. This system finds X{k] for k = 7, which corresponds to a frequency of

ol _ 7
k=32 T 16

This is an application of the causal version of the chirp transform with

N = 20 The length of z[n]
M = 10 The number of desired samples
wy = The starting frequency

2n
7
Aw = 3 The frequency spacing between samples

We therefore have )
y[n +19] = X(¢™“*), n=0,...,9

for w, = wp + nAw or .
y[n] = X(e™*), n=19,...,28
for wn = wo + (n — 19)Aw.
In this problem, we are using butterfly flow graphs to compute a DFT. These computations are done in

place, in an array of registers. An example flow graph for a N = 8, (or v = log, 8 = 3), decimation-in-
time DFT is provided below.



(a)

AlZ] »

A =

Ald] &

AlS] »

AlE] »

The difference between £, and £, can be found by using the figure above. For example, in the first
stage, the array elements A4} and A[S] comprise a butterfly. Thus, £, —f =5-4=1 This
difference of 1 holds for all the other butterflies in the first stage. Looking at the other stages, we
find

stagem=1 4 ~4=1

stagem=2: 4 —ly=2

stagem=3: {4 - =4
From this we find that the difference, in general, is

H-4L=2""0, form=1,...,v

Again looking at the figure, we notice that for stage 1, there are 4 butterflies with the same twiddle
factor. The &, for these butterflies are 0, 2, 4, and 6, which we see differ by 2. For stage 2, there are
two butterflies with the same twiddle factor. Consider the butterflies with the Wy twiddle factor.
The £, for these two butterfiies are 0 and 4, which differ by 4. Note that in the last stage, there
are no butterflies with the same twiddle factor, as the four twiddle factors are unique. Thus, we
found

stagem =1: Al =2

stagem=2: Al =4

stagem=3: n/a
From this, we can generalize the result

Aly =27, form=1,...,u~1
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9.10. This is an application of the cansal version of the chirp transform with

N = 12 The length of z{n)
M = 5 The number of desired sampies
wo = %5 The starting frequency
Av = The distance in frequency between samples

Letting W = e~74“ we must have

rin] = e~iwonyrn®/2  mitgn,-itgn’/2

9.11. Reversing the bits {denoted by —) gives

¢ 0000 - 0000 = O
1 = 0001 = 1000 = 8
2 0010 — 0100 = 4
3 = 0011 - 1100 = 12
4 = 0100 - 0010 = 2
5 = 0101 - 1010 = 10
6 = 0110 — 0110 = 6
7 = 011 = 1110 = 14
8 = 1000 — 0001 = 1
9 = 1001 = 1001 =

16 = 1010 = 0101 = 5
11 = 101} - 1101 = 13
12 = 1100 — 0011 = 3
13 = 1101 - 1011 = 11
14 = 1110 = 011} = 7
15 = 1111 = 1111 = 15

The new sample order is 0, 8, 4, 12, 2, 10, 6, 14, 1, 9, 5, 13, 3, 11, 7, 15.

9.12. False 1t is possible by rearranging the order in which the nodes appear in the signa! fiow graph.
However, the computation cannot be carried out in-place.

9.13. Only the m = 1 stage will have this form. No other stage of a N = 16 radix-2 decimation-in-frequency
FFT will have a Wy term raised to an odd power.

9.14. The possible values of r for each of the four stages are

m=1, r=0

m=2, r=04

m=J, r=0,2,4,6

m=4, r=40,1,23456,7




9.15.

9.16.

9.17.

9.18.

9.19.
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Plugging in some values of N for the two programs, we find

N Program A Program B

2 4 20
4 16 20
8 64 240
16 256 640
32 1024 1600
64 4096 3840

Thus, we see that a sequence with length N = 64 is the shortest sequence for which Program B runs
faster than Program A.

The possible values for r for each of the four stages are

m=1, r=0

m=2, r=04

m=3, r=0,2,4,6

m=4, r=0,1,2,3,45¢6,7

where W, is the twiddle factor for each stage. Since the particular butterfly shown has r = 2, the stages
which have this butterfly are
m=234

The FFT is a decimation-in-time algorithm, since the decimation-in-frequency algorithm has only Wi,
terms in the last stage.

If the N, = 1021 point DFT was calculated using the convolution sum directly it would take N}
multiplications. If the N; = 1024 point DFT was calculated using the FFT it would take Nz log, N2
multiplications. Assuming that the number of multiplications is proportional to the calculation time
the ratio of the two times is

NG 1o
Nzlog; N~ 1024 log, 1024

= 101.8 = 100

which would explain the results.

X (5%/#%) corresponds to the k = 3 index of a length N = 8 DFT. Using the flow graph of the
second-order recursive system for Goertzel's algorithm,

e = 2005(?—1:—,&)
_ 2ms(21r8(3))
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8.20. First, we derive a relationship between the X1(e’) and X(e’*) using the shift and time reversal
properties of the DTFT.

nn] = z{32-n]

Xy ()

Looking at the figure we see that calculating 3{32] is just an application of the Goertzel algorithm with
k=7 and N = 32. Therefore, ’

X(e™7)em32%

y[32] X4{7]

XI (ej“)lw=
X(e e i)
X (e H)e—ithne
X(e™? H)

Note that if we put z[n] through the system directly, we would be evaluating X (z) at the conjugate
location on the unit circle, ie., at w = +7x/16.

9.21. (a) Assume z[n] =0, forn <0 and n > N — 1. From the figure, we see that

va[n] = zfn] + Wwln - 1]

Starting with n = 0, and iterating this recursive equation, we find

v:{0]
yill]
¥e[2]

wN]

z[0]
=[1] + Wk z[0]
£[2] + WEz{1] + Wik z[o)

2N} + WEZIN ~ 1]+ - - + W ~V2(1) + WEN z{0]

N-1

0+ Yy W9z
=0

N=t

2 Witalg

=0

N-1

S slawi e

=0
XN — k|

(b) Using the figure, we find the system function Yi(z).

1- Wtz !

1- 2z cos(3fF) + 22
1- Wyt
(1-Wgtz1)(1 - Wkz-1)
X(z)
1-Wh2?

Yi(z) X(z)

X(z)

Therefore, yi[n] = z{n] + Wy [n - 1). This is the same difference equation as in part (a).
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9.22. The flow graph for 16 point radix-2 decimation-in-time FFT algorithm is shown below.
0] o X]0]

e L NN SN
o X NN L
AN AR\W//a

x3] e > —a +—p-
o« > N
11} » L > —— et
. XX
L . Mg N . " -
AV T
x{15] o “f’)‘ — “5‘ + "‘ffs_ — “.’:‘ 4 rX{15]

- -1 -

To determine the number of real multiplications and additions required to implement the fiow graph,
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consider the number of rea! multiplications and additions introduced by each of the coefficients Wi

Wi -
Wi -
Wi :
WE .
W)
W3
W, -
W,

0 real multiplications + 0 rea! additions (Wi = 1)

0 rea! multiplications + 0 real additions (Wis(a + jb) = b — aj)

2 real multiplications + 2 real additions (W7 (a + jb) = (o +8) + ;3 (b - a))
2 real multiplications + 2 real additions similarly

4 real multiplications + 2 real additions
4 real multiplications + 2 real additions
4 real multiplications + 2 real additions
4 real multiplications + 2 real additions

The contribution of all the W} 's on the flow graph is 28 real muitiplications and 20 real additions. The
butterflies contribute 0 real multiplications and 32 real additions per stage. Since there are four stages,
the butterflies contribute 0 real multiplications and 128 rea! additions. In total, 28 real multiplications
and 148 real additions are required to implement the fiow graph.

9.23. (a} Setting up the butterfly’s system of equations in matrix form gives

Solving for

gives

11 ‘[x,.-,m}:[xm[le
Wi Wi [ | Xeotld | | Xnld

[ Xm-IIP] ]
i Xm—l[?]

PWR" ] [ Xomlp) ]

)
Xm-1[q] -iWy Xomlq]

[ I T

which is consistent with Figure P$.6-2.
(b} The flow graph appears below.




(c) The modification is made by removing all factors of 1/2, changing all W;" to W}, and relabeling

the input and the output, as shown in the flow graph below.

X{0] o—n S—— S —p X0}

w

4] X1}

H2] xz2)
w,

{6} +— me| > = +—p 3]

Wi

1] +——= > ——— —— e X4
w

5] ot - X5

w
: > X6}

{(d) Yes. In general, for each decimation-in-time FFT algorithm there exists a decimation-in-frequency
FFT algorithm that corresponds to interchanging the input and output and reversing the direction

of all the arrows in the flow graph.
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9.24. (a) Using the figure, it is observed that each output Y[k] is a scaled version of X[k]. The scaling
factor is W[k], which is found to be

5 7

k = 01 2 3 4 6
1 GGG G G G 6

Wik] =

Using this Wk}, Y[k] = W[k X[k].
{b) Wk} = GP*), where p[k] = the number of ones in the binary representation of index k.
(c) A procedure for finding Z]n] is as follows.

step 1: Form W'[k] = 1/WTk].

step 2: Take the inverse DFT of W'{k], yielding w’[n]

step 3: Let £[n] be the circular convolution of z{r] and w'[n].

If £[n] is input to the modified FFT algorithm, then the output will be X[k], as shown below.
Y{k]

Wk X[}
Wk X{KW'[K]
X[k

9.25. Let z; be the z-plane locations of the 23 points uniformly spaced on an arc of a circle of radius 0.5
from —n /6 to 27 /3. Then _
zi = 0.5e7WotkAY) k201,24

where
_ m
“° = 7%
57
s = () (=)
_ o«
144
From the definition of the z-transform,
N-i
X{u)= z z[n]z, "
n=0
Plugging in z;, and setting W = e~78%,
N-1 ,
X(z) = Z z{[n}(0.5) " "e Fwer Wt
n=0

This is similar to the expression for X (¢7*) using the chirp transform algorithm. The only difference is
the (0.5)™™ term. Setting ‘ .

gln} = z[n](0.3) e Srmwn /2
we get

- N-1
X(z) = WE2 S glnjw -2
n=0

using the result of the chirp transform algorithm. A procedure for computing X (z) at the points z is
then




* Multiply the sequence x[n] by the sequence (0.5)~"e=#orWn*/2 to form gn].
* Convolve g[n] with the sequence W~""/2.
* Multiply this result by the sequence W™’/ to form X (z;).

A block diagram of this system appears below.

gnl | =
] 1{,@ W —g)—» X(z,)

. 2 2
(5 e oW 2 w2
9.26.
2N-1
YR = 3 yfnjesEen

n=0
N-1 2N-1

= E e~ HE/NIN? = (20 /N) (/2)n E e—d(x/N)n? = (2% /N)(k/2in
n=>0 n=N
N-1 N=1

- Z e-—.i(r/N}n’e-:'(h/N)(kfz)n + Z e-:‘(t/h’)(l-m)’c—.f(h/Nltklz)(HNl
n=0 =0
N-1 N=1

= z e—j(t/N)n’e—j(z:/N)(k/?)n + ik Z e-j(a/N)u’-a—zm-;-N‘)e-j(z-/N)wz)z
n=0) =0

" N-1 N1

= z e~ Ix/NIN? (2% [N} E/2)n + (-—1)" Z e—.f(-r/N)I’e-:'(zr/h')ulz)f

n=0 ' =0
N-1
= (1+(-1)%) Z e~ IxININ? = (22 [N)(k/2)n
n=0
2X[k/2}, keven
0, k odd
Thus,
Y[k = 2V Ne I*/4ei /N (4 | ayen
0, k odd
9.27. Let
F’[n] = E-ern/n?zl"]
Then _
Y(e¥) = X (W)

Let y'{n) = T 0. . vln +256m], 0 < n <255, and let Y'[k] be the 256 point DFT of y’[n]. Then

YK =X (aﬂi%ﬂ#))

See problem 9.30 for a more in-depth analysis of this technique.

361
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8.28. (a) The problem states that the effective frequency spacing, Af, should be 50 Hz or less. This
constrains N such that

i
&f = FFs®
1
N 2 %F
> 200

Since the sequence length L is 500, and N must be a power of 2, we might conclude that the
minimum value for N is 512 for computing the desired samples of the z-transform.

However, we can compute the samples with N equal to 256 by using time aliasing. In this technique,
we would zero pad z{n] to a length of 512, then form the 256 point sequence

z[n] + zin + 256], 0 < n < 255
y[n] = )
0, otherwise

We could then compute 256 samples of the z-transform of y[n]. The effective frequency spacing of
these samples would be 1/(NT) =~ 39 Hz which is lower than the 50 Hz specification.

Note that these samples also correspond to the even-indexed samples of a length 512 sampled
z-transform of z{n}. Problem 9.30 discusses this technique of time aliasing in more detail.
(b) Let
yln] = (1.25)"z[n]
Then, using the modulation property of the z-transform, ¥ (z) = X (0.8z) and so Y[k] = X (0.8¢727/N),
9.29. (a) We offer two solutions to this problem.
Solution #1: Looking at the DFT of the sequence, we find

N-1
Xk = Z.'1[1':]3'5'2”""‘”‘r

n=0
(N/f2)-1 N-1

= Z z[n]e_"-:'*“/”-i- E I[n]e-—j‘Zrkn/N
n=0 n=N/2
{(N/2)=~1 (N/2}—-1

= Z :[n}e—ijkn/N+ Z z{r_l_(le)]e—j2:k[r+(h'/2)I/N
n=0 r=0
{N/2)-1

= Y it - (-1
n=0

= 0, keven

Solution #2: Alternatively, we can use the circular shift property of the DFT to find
Xk = -X[keH¥IEH

—(-)*X[x]
(-1 X[K

When £ is even, we have X[kj = —X[k] which can only be true if X[k} = 0.




(b) Evaluating the DFT at the odd-indexed samples gives us

N-1
X[2k+1) = Z zlnje=i2a/N)H2k+1)n
n=l
Nf2-1 N1
= Z _-._-{n]e—jzm/Ne—.fzrkn/(le} + 2 z[n]c-jzmme-jzun/(N/z)
n=0 n=N/2
Nf2-1 o .
= DFTN/z {:[n]e"f(szN)“}+ Z :[l_l_(N/z)]c—gzx{H(N/z)]/Ne—sz&{H(N/z)]/(y/z)
i=0
Nf2-1 ‘ _
= DFTnp {z[ﬂ]e-m'/mn} +(=1)(=1) 3 afflemI N =L/
I=0

= DFTN/g {h[ﬂlc-j(z'/N)ﬂ}

for k=0,...,N/2~ 1. Thus, we can compute the odd-indexed DFT values using one N/2 point
DFT plus a small amount of extra computation.

9.30. (a) Note that we can write the even-indexed values of X [k] as X[2k] for k = 0,...,(N/2) — 1. From
the definition of the DFT, we find

N-1
Z z[n]e—ﬂt(zk)n/N
na=0
Nj2=1 .
- e
n=0
Nj2-1 A _
+ 3 zfn + (N/2)|e i TmEn T b (/D
n=0
Nj2-1

= T (aln) + z[n + (N/2))e I THH
nz=0

X|[2K)

= Y[

Thus, the algorithm produces the desired results,
(b) Taking the M-point DFT Y{k], we find

M=-1 =™
E Z zin + rM]eFmkn/M

Yk =

n=0 r=—00

oo  M-=1

= 2 Z z[n +rm¢'-f3'*(n+rll}/u £i2x(rd)/M

r=-—0o n=l

Let | = n + rM. This gives
w -,
Yik] = Z z[fje=idk/M
I=—o0

= X(ej2lk/ll)

Thus, the result from Part (a) is a special case of this result if we let M = N/2. In Part (a), there
are only two r terms for which y[n] is nonzero in the rangen =0,...,(N/2) - 1.
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(c) We can write the odd-indexed values of X[k] as X[2k + 1] for £ = 0,...,(N/2) ~ 1. From the
definition of the DFT, we find

N-1
X[2k+1] = Z zln)eitx(ak+1in/N
n={
N-1 _
= z zn)e—927n/N o~ j2a(2k)n/N
n=0
{(N/2)-1 (N/2)-1
= E z[nje=72=n/N o ~itdiaykn Z z[n + (N/2)|e=i2ein+(N/20/N o=i A5z ins(N/2)]
n=0 ) a=0
(N/2)=1 ’
Y [talnl - ztn + (N/2)e W e~sadrate

n=0

(zfn] — zfn + (N/2)])e=#C@=/Nin 0 <n < (Nf2)-1
yln] = -
0, otherwise

Then Y[k] = X[2k + 1]. Thus, The algorithm for computing the odd-indexed DFT values is as
follows. '

step 1: Form the sequence

(n] = (z[n] — z[n + (N/2)]))e~72*/Mn 0 <n< (N/2)~1
ymE 0, otherwise

step 2: Compute the N/2 point DFT of y{n], yielding the sequence Y[k].
step 3: The odd-indexed values of X[k} are then X[k] = Y{(k - 1)/2],k=1,3,...,N- L

9.31. (a) Since z[n] is real, z[n] = z*[n], and X[k] is conjugate symmetric.
N-1 .

Z 2°[n)e i ¥ in

n=0

(NZI z[nlﬂkne-ﬁw) '
n=0
= X'[N-K

X[k)

I

i

Hence, Xglk] = Xg[N — k] and X;[k] = —X/[N — k].

(b) In Part (a) it was shown that the DFT of a real sequence z[n] consists of a real part that has even
symmetry, and an imaginary part that has odd symmetry. We use this fact in the DFT of the
sequence g{n] below. )

GlE) X [k] + j X2[k)

(X1erlk] + i X1r01[k]) + §(X2zr[k] + § Xa0:(K])

Xazalk] — Xzo1{k] +7 (X104(k] + Xapa{k])
real part imaginary part

In these expressions, the subscripts "E” and "O" denote even and odd symmetry, respectively, and
the subscripts "R” and "I” denote real and imaginary parts, respectively.
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Therefore, the even and real part of Gk] is
Ggerlk] = Xier[k]

the odd and real part of G[k] is
Gorlk] = ~Xz0:lk}

the even and imaginary part of Gik] is

Geilk] = X2palk]
and the odd and imaginary part of G{k] is

Goilk) = Xyo1(k}

Having established these relationships, it is easy to come up with expressions for X; [k] and X[].

Xilk] = Xaer[k] + iXi01[%)
= GER[kI + JGOl{k]
Xofk) = Xagprlk] + i Xa01[k]

Gerlk] — jGorlk]

{c) An N = 2¥ point FFT requires (N/2) log, N complex multiplications and N log, N complex addi-
tions. This is equivalent to 2N log, N real multiplications and 3N log, N real additions.
(i) The two N-point FFTs, X, [k] and X,[k], require a total of 4V log, N real multiplications and
6N log, N real additions.

(ii) Computing the N-point FFT, G{k], requires 2N log, N real multiplications and 3N log, N real
additions. Then, the computation of Ggrlk), Ge:lk], Golk], and Gorlk] from G[k) requires
approximately 4V real multiplications and 4V real additions. Then, the formation of X, [] and
X3[k] from Gerlk), Gerlk], Gorlkl, and Gor[k] requires no real additions or multiplications.
So this technique requires a total of approximately 2N log, N + 4N real multiplications and
3N logy; N + 4N real additions.

(d) Starting with
N-1
X[k} - Z :[ﬂ]c—thkn/N
n=0
and separating z{n] into its even and odd numbered parts, we get

X[k} = Z z[n]eI2=En/N 4 z g[n]e~itrEniN
n ‘even nodd

Substituting n = 2/ for n even, and n = 2£ + 1 for n odd, gives

(N72)-1 (N/2)-1
X[k = Z z[2l)e— 2k (N/Z) 4 z zZ[20 4 1]e~T2mR@U+1IN
=0 =0
(N/2)—1 (N/2)-1
= Z z[2f]e~FIREUN/2) 4 g=i2rkIN 2 {20 + llc-,-mz/um)
=0 =0
_ § Xl + e PN X[, 0<k<¥
Xifk — (N/2)] — e~ PN X,k - (N/2)), & <k<N

{e) The algorithm is then



step 1: Form the sequence g[n] = z[2n] + jz[2n + 1], which has length N/2.
step 2: Compute G[k], the N/2 point DFT of g[n].
step 3: Separate G{k] into the four parts, for k=1,...,(N/2) -1

Gonlk = 3(Galkl - Gal(N/2)- K)
Gsalkl = 3(Galk]+ Gal(N/2) - K)
Gorlk] = 3(Grlk] - GH{(N/2) - K)
GorlHl = 3(GiK+Gil(N/2) - K)
which each have length N/2.
step 4: Form
Xi[k] = Ggalk]+jGorlF]
X 'lk] = e I N(Ge (k] - iGork])

which each have length N/2.
step 5: Then, form

X{k] = Xy [k} + X2'[K), 0<k< %

step 6: Finally, form

XH=X(N-K, T <k<N
Adding up the computational requirements for each step of the algorithm gives (approximately)
step 1: 0 real multiplications and 0 real additions.
step 2: 24 log, & real multiplications and 35 log; & real additions.
step 3: 2NV real multiplications and 2/ real additions.
step 4: 2N real multiplications and N real additions.
step 5: 0 real multiplications and N real additions.
step 6: { real multiplications and 0 real additions.
In total, approximately N log, % + 4N real multiplications and %N log, % + 4N real additions are
required by this technique.
The number of real multiplications and real additions required if X{k] is computed using one N-
point FFT computation with the imaginary part set to zero is 2N log, NV real multiplications and
3N log, N real additions.

9.32. (a) The length of the sequenceis L+ P — 1.

{(b) In evaluating yln] using the convolution sum, each nonzerc value of A[n] is muitiplied once with
every nonzero value of z{n]. This can be seen graphically using the flip and slide view of convolution.
The total number of real multiplies is therefore LP.

{c) To compute y[r] = h[n] » 2[n] using the DFT, we use the procedure described below.
step 1: Compute N point DFTs of z{n] and hfn).
step 2: Muitiply them together to get Y{k] = H[k]X[k].
step 3: Compute the inverse DFT to get yn].
Since y[r] has length L + P — 1, N must be greater than or equal to L + P — 1 so the circular
convolution implied by step 2 is equivalent to linear convolution.




(d) For these signals, N is large enough so that
volution of z{n] and h[n} produce the same res

circular convolution of z{r]
ult. Counting the number
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and h[n] and the linear con-
f complex multiplications

for the procedure in part (b} we get
DFT of z[n] (N/2)loge N
DFT of hln] (N/2)log: N
Y[k} = X[k]H ikl N
Inverse DFT of Y{k] (N/2)toga N
(3N/2)togz N + N

Since there are 4 real multiplications for
takes 6N log, N + 4N real multiplications.

method requires (N/2)(N/2) =

multiplications than the direct method is 256.

every complex multiplication
Using the answer from part

N? /4 real multiplications.
The following table shows that the smallest N = 2" for

we see that the procedure
(a), we see that the direct

which the FFT method requires fewer

N | Direct Method | FFT method
2 1 20

4 4 64

8 16 176

16 64 448

32 256 1088

64 1024 2569
128 4096 5888
256 16384 13312

9.33. (a) For each L point section, P
complex multiplications are:

L point FFT of input:

Multiplication of filter and section DFT:

L point inverse FFT:

-1 sa.ﬁaples are discarded, leaving L — P + 1 output samples. The

(L/2)log, L = 2" /2

L=12"
(L/2)log, L = v2*/2

Total per section: (v +1)
Therefore,
Complex Multiplications _ (v + 1)
Qutput Sample Tw—P+1

Note we assume here that H[k] has been precalculated.

(b} The figure below plots the n
the number of multiplies per samp.

of the copvolution sum would require

umber of complex muitiplications per sam
le reaches a minimum of 14.8. In comparison,
500 complex multiplications per output sample.

ple versys v. For v = 12,
direct evaluation
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225
5
@ 0k [ ? :
5 ¢ |
£ T
s1st | ¢ T ¢ 7] |
g ‘
e 10} e
L2
8
s 5
5
b3

10 11 12 13 14 15 16 17 18 18 20

v

Although v = ¢ is the first valid choice for overlap-save method, it is not plotted since the value is
so large (in the hundreds) it wonld obscure the graph.

(c)

C P T

v+1) v+1
v ¥ —P+1 Vh-ﬁol-i-;:f—! :
= v
Thus, for P = 500 the direct method will be more efficient for » > 500.
(d) We want |
(v + 1)
el < P,
2-P+1"~ i
Plugging in P = L/2 = 2! gives
2”(” + 1) < 20—1-

T

As seen in the table below, the FFT will require fewer complex multiplications than the direct i
method when v =S5o0r P =2 = 16.

| | Overlap/Save | Direct | j
1 2 1 %
2 4 2
3 6.4 4 -%
4 8.9 8
5 113 16

9.34. This problem asks that'we find eight equally spaced inverse DFT coefficients using the chirp transform
. algorithm. The book derives the algorithm for the forward DFT. However, with some minor tweaking,
it is easy to formulate an inverse DFT. First, we start with the inverse DFT relation

2[n] = lEX[k]e”"‘“’”
N k=0

N

1 z.x[k}e"”""*’”

zfny = w
far
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Next, we define

An = 1
ny = ng+An
where £ = 0,...,7. Substituting this into the equation above gives

N-3
zln] = ]—}f Z X[k]ei2nnok/N pi2etAnk/N
=0

Defining
W= e—ﬂ:An(N
we find
zjng) = = E X [K)e72mrok/N gy -k
N k=0

Using the relation
th = %{e? B (k-7

we get

N=-1

_ 1 2xngk /N yr—22/2 &2 2y (k—t)2 /2
zlnd = 3 X[KlePrnot N w-Erry—¥ 2y

k=0
Let A

Gk} = X [klesmnak/N yy =¥ /2
Then,

N1
= Y-ep rik—t)* /2
zlnd = W ( go Glk)W
From this equation, it is clear that the inverse DFT can be computed using the chirp transform algorithm.
All we need to do is replace n by k, change the sign of each of the exporential terms, and divide by a
factor of N. Therefore,

m;{k] = cjznknomw-k’/:
mz[k] = “r—k=/2

= Yo
Akl = W

Using this system with no = 1020,and £ = 0,...,7 will result in a sequence y{n| which will contain the
desired samples, where

y[0] = =z[1020]

y(l] = z[102])
y[2] = 3[1022]
y[3] = z][1023)
vl = z[0]
vls] = z(1
ylé] = =z{2)
ul7] = z{3)
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9.35. First note that

{ z{n], il <n<il+127,
x,-[u] =

0, otherwise

_ Z[n+il], 0<n <127,
0, otherwise

Using the above we can implement the system with the following block d.lagram

Shift
x[n] —! w ™
by -iL. Multiply fF—» 2F5F2:'lt
w[n} = u{n)-uln-128] ——pn P Multiply — IFFT-2 —p y,(n]
PN FFL1 256-pt
256-pt

The FFT size was chosen as the next power of 2 higher than the length of the linear convolution. This
insures the circular convolution implied by multiplying DFTs corresponds to linear convolution as well.

Neoow = N,_. + N, -1
12864641
191

Nrpr = 256

9.36. (a) The flow graph of a decimation-in-frequency radix-2 FFT algorithm for N = 16 is shown below.



N/ NN ‘><4 o
/i \\ /A\ >o< .

The pruned flow graph is shown below.
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:40] [,  — > > > > * - X[O]

o NN

— — +
, \\ “."'" , —e X4
“5‘ >< vf')‘ - X12)

, i

wo
:‘5 - PR — + r—e X{1}

w

[ 2 - . _:1 P
\\ VJ:?S . —s XI5)
" vf‘ >< “fs‘ x13)

-1
» “:l:s_‘ ot N —ae X[3)
> Yie \ > X w2°—= X11]
-1
\ “{3‘ — X7
W
’ - > 18]

(c) The pruned butterflies can be used in (v — u) stages. For simplicity, assume that N/2 complex
multiplies are required in each unpruned stage. Counting all W} terms gives

Number of muitiplications "= (Unpruned multiplications) + (Pruned multiplications)

v=p

= ,u-g+z2"
=1
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2 D
ﬂ'?+z2 -1
. k=0
1_2u—y+1
Tt N Sk S |
-2+ )
p_2v—1+2v—p+1_2

]

9.37. (a) Starting with the equation
N

finl=z(m+1]-z[2n-1]+ Q, n=0,1,...,?—1,

where
o ¥11
Q=% S zi2n+1],

n=0
we note that z{2n + 1) = A[n], and z[2n — 1] = A[n =~ 1jfor n =0,1,.. ., & — 1. We then get

N
fla)=hin]-hin-11+Q, n=0,1,....,5 — 1
Taking the N/2 point DFT of both sides gives
g1
Hlk) - Wk HE +Q Y Wi,

n=0

Flk]

HIF(L - W3 + 3-QalK

Flo) =

|2
O

|
Z z[2n + 1]

=t

2w

-

z[2n + 1]

[\

n
s+

{0]

Therefore,

Glk] + W§ HI¥]

G[0] + H[0] = G[0] + F[0]
GIN/2] + Wy P HIN/2)
Glo) + Wh/? H{0]

G[0) — H{0) = G[o} — F[0]

X[k
X[0
X[N/2

it

i
it

|| |

(b) The equation,
FIK = H{H(1 - WE) + 3 Q61K
for k # 0 becomes
Fl¥) = H#1-Wi
= HEWxH(WR" - WR)
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9.38.

{c)

{d)

(a)

So
Fl&]

WLWR" - W)

H{k] =

Therefore,

X[k] = G[K]+WEHIK]

Flk]
Gkl + ——~——
i__Fl¥
2sin(2xk/N)
Clearly, we need to compute X[0} and X[N/2] with a separate formula since the sin(2xk/N) = 0
for k =0 and k = N/2.
For each stage of the FFT, the equations
X[o} G[0] + F0]

X{N/2) = Glo] - F(0]
require 2 real additions each, since the values G[0] and F[0] may be complex. We therefore require
a total of 4 real additions to implement these two equations per stage.

= G-

n

For a single stage, the equation
1. Fi)
27 sin(2xk/N)
requires (N — 2)/2 multiplications of the purely imaginary “twiddle factor” terms by the complex
coefficents of F[k] for k # 0, N/2. The number of multiplications were halved using the symmetry
sin(2r(k + N/2)/N) = —sin(2xk/N) and the fact that F[k] is periodic with period N/2. Since
multiplying a complex number by a purely imaginary number takes 2 real multiplies, we see that
the equation requires a total of (V — 2) real multiplies per stage.
We also need (N — 2) complex additions to add the G[k] and modified F[k] terms for k 5 0, N/2.
Since a complex addition requires two real additions, we see that the equation takes a total of
2(N — 2) real additions per stage.
Putting this all together with the fact that there are log, N stages gives us the totals

Real Multiplications = (N -2)log, N

Real Additions = 2Nlog, N

X[k = Gl - k #0,N/2

Note that this is approximately half the computation of that of the standard FFT.

The division by sin(2xk/N) for k near 0 and N/2 can cause X [k] to get quite large at these values
of k. Imagine a signal z, [], and signal z;([n] formed from z, {n] by adding a small amount of white
noise. Using this FFT algorithm, the two FFTs X){k] and X;{k] can vary greatly at such values
of k.

N-1

3 =nWin

n=0

(N/2)=3

= g (’["I"’ﬁ"" +zfn + (N/2)]w;*(ﬂ+(~/=n)
{N/2)-1

= 3 (zln] +in+ (N/) Wi

n=>0

X [24]
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In the derivation above, we used the fact that W&N = 1. Since W™ = Wi7,, X[2k] has been
expressed as an N/2 point DFT of the sequence z{n] + zjn + (N/2)},n =0,1,...,(N/2)- L.

N-1
X[k+1] = 3wt
n=0
(N/4)-1 .
= Y (SWRWE + on + (VWIS
n=0
+ ;:[n + (N/2)]W;+(Nfz)w;*(ﬂ'i'(N/?)) + x[n + (3N/4)]W;+(3H“)W::(M'BNH”)
(N/4)—1

3" {{z[n) - zln + (N/2)]) ~ i(zln + (N/4)]) — zln + 3N/ IWRWA"
n=0

In the derivation above, we used the fact that Wf:/‘ = -3, W,?,N’“ = j, w,f,’” = -], and W,‘{,N =1
Since W™ = W:t"}v X |[4k + 1] bas been expressed as a N/4 point DFT. But we need to multiply
the sequence (z[r] - zi{n + (N/2)]) — j{z[n + (N/4)] - z|n + (3N/4)]) by the twiddle factor W3,
0<n<(N/4) ~ 1 before we compute the N/4 point DFT.

The other odd-indexed terms can be shown in the same way to be

(N/4)=1
X[4k+3] = > {(zln] - zln+ (N/2)])
Il'—"o .
+ j{zln + (N/)] — zfn + BN/OPIWIWE, k=0,1,..,(N/4) -1

Parts (a) and (b) show that we can replace the computation of an N point DFT with the compu-
tation of one N/2 point DFT, two N/4 point DFTs, and some extra complex arithmetic.

Assume N = 16 and define

g9ln] = zn]+zlrn+(N/2)), n=0,1,...,(N/2) -1
filn] = zin]—-z[n+(N/2)], n=0,1,...,(N/4} -1
fln] = zin+ (N/4) - z[n+ (3N/4)}, n=0,1,...,(N/4)-1

A diagram for computing the values of X[k] looks like:
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0]

xn;\ | ;/0[ ! —
/2 ]
SN\ //fm .
R\ -
\\\)O(///m .
- :""‘ \ / o -
WL NN/ | e |
WITANE v -
LA XXXX *
WL AN L
/AR SVZAN I
ol e/ \ . L

-1

..i
If we carry on applying the split-radix principle, we get the next diagram:

Xo]

X&)

4]

X12]

X2)

X[10]

X(el

X[14]

1]

X9

XI3)

X13)

X3}

Xi1)

x]18]
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xmx / \ / \/ >< e+ o
SN NN XX e
B/ BN AAND=N
4] \\\\// / / ><><><>§ s . ——e X2)
NN
W /AN s

, XX
SO /N A
x{B]XXXW N w"
LN \\// “ ><>< “@ o
W/ NN OVAND ><
WL XXXK
/RNAIAN w N X
/AN -GS
/ \ Ay e

qise T4 -1 -1
The flow diagram for the regular radix-2 decimation-in-frequency algorithm is shown in the next
figure for N = 16. Not counting trivial multiplications by W§,, we find that there are 17 complex
multiplications total. Of these 17 complex multiplications, 7 are multiplications by Wl = —J.
Since a multiplication by —j can be done with zero real multiplications, and a complex multipli-
cation requires 4 real multiplications, we find that the total number of real multiplications for the
decimation-in-frequency algorithm to be (10)(4) =

h3

rﬁo

-

) &
’\T\T
'\
/
A3 ..I.

Taking a look at the split-radix algorithm, we find again that there are 17 complex multiplications.
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In this case, however, 9 of these are by W = ~j. Thus, it takes a total of (8)(4) = 32 real
multiplications to implement this flow graph.

N N S
NI\ XX
W AN
N /\\\/ =
/\: & ><: ‘:

-1

- X3

I e /><><\ AN
N/ VAN
VAR YA VAT

5 ) 5 o A

3.

%

9.39. (a) Noting that

arctan{(z) = T~ —+>= -5 +.. iz <1
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o - » -3 2-5-‘ ) 2:-7;'
L ot O i i S A
we notice that, to first order, the §; and 8,4, differ by a factor of 2. -(Note that these formulae are
in radians). This approximate factor of 2 for sucessive 6; is confirmed by looking at some values
of 0;: B, = 45°, 6; = 26.6°, 6; = 14.0°, 63 = 7.1°. So we have a set of angles whose values are
decreasing by about a factor of 2.

You can add and subtract these 6; angles to form any angle 0 < # < #/2. The error is bound by
8 = arctan(2—M), the angle that would be included next in the sum. If the error were greater
than @), then ope of the o; terms must have been incorrect. The inclusion of the Mth term must
bring the sum closer to 8.

{b) An algorithm to compute 6; is described below.

ap = +1
-9=a060
fori=zltoM—-1
if (0 > 6)
a.-=—1
else
a;=+1
eodif
0=af;+6
end for

Using this algorithm, the sequence a, is found to be

110 1|2{3] 4| s|e|7] 8] 9{10
a; [t =1t ~1|-2f2|1]-1}-1]-1

(c) Note that (X +7Y)(1+j@:27%) = (X —es¥Y27) +5(Y + a;X2~%). Hence, the recursion is simply
multiplying by M complex numbers of the form (1 + ja;27*). These can be represented in polar
form:

(1 +ja2™%) = 1+ 2-%gdoisrtanid™)
= Giel®
Multiplication of polar numbers produces a sum of the phases, a;8;.

M-1

é = E a,-B,-

=0

(d) Multiplication of polar numbers produces a product of the magnitudes, G..

9.40. (a) Starting with the definition of the DFT,

N=1
X = D =lnwgt

n=0
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N-1
X3k = Y zfnwirt
n=0
Nfa-1 2N/3-1
= Y Wi+ 3 nwirt + }: z[n]W3
n=g a=N/3 n=2N/3

Substituting m = n - N/3 into the second summation, and m = n—2N/3 into the third summation

gives
N/3-1 N/3-1 Nj3-1
XB = 3 Wi+ Y alm+ NOWESWEE 4 S zim o+ 2N/3 WA WM
n=0 m=0 m={
Nys-1

n

2 (z[n] + z[n + N/3] + z[n + 2N/I)WANE
n=0

N/3-1
= Z (z[n] + z[n + N/3] + z{n + 2N/3NWLS,
n=0

Define the sequence
x1[n] = z[n] + z[n + N/3] + z{n + 2N/3}
The 3-point DFT of z;[n] is X, [k] = X[3k].

(b} This part is similar to part (a). First, z,[n] is found. Starting again with the definition of the
DFT,

N-1
X[k} = Y afn)wpt
n=0
N-1
X[Bk+1] = 3 afnjwpy
nax(
N/3=1 2N/3-1
= E :[nlwn(3k+1)+ z :[u]Wﬁ(3k+l)+ Z z[ ]Wﬂ(:“‘"'i)
n=N/3 n=2N/3

Substituting m = n— N/3 into the second summation, and m = n—2N/3 into the third summation
gives

N/f3-1 N/3=1
XBrk+3) = 3 AaWrH 4 Y glm + Ny WG
n={ m=0
N{3-1
+ Z z[m+2N/3]WlLﬂl+zN/3)(3*+l)
m=0 '
N/3=1 N/3-1
= Y apwitet 4 )‘_‘, zim + NfSWE S D w w7
n=0
Nf3-1
+ Y zim + IN/BWR B DNk N/
m=0
N/3-1

S (alnl + 2in + N/AWRT + zln + 2N/ W2NBywnk+)
n=0
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& /3 IN/3 n ykn
3" (aln)+2[n + N/WNT + z[n + 2N/3WR P YWEWED,
n=0

2N/3

Za[n] = (z[n] + z[n + N/3IWE? + zjn + 2N/IWLTIWE

The 3-point DFT of z,{n] is X2[k] = X[3k + 1]. Next, z3[n] is found in a similar manner. Starting
with the definition of the DFT, '

f

X[¥]

X[3k + 2]

it

N-1

> zfa]WRt

n=0

N-1
E z[n] W;(3k+2)
n=0

Nf3=1 IN/I-1 N-1
z zln]W;(3k+2] + Z z[ﬂ]w;(3k+2) + Z z[n]W;(3k+2)
n=0 n=N/3 n=2N/3

Substituting m = n— N/3 into the second summation, and m = n—2/N/3 into the third summation

gives

X{3k +2)

Define the sequence

N/3-1 N/3=1 ‘ ‘
z z{n}W;(3*+2)+ Z z[m+N/3]w}vm+N,3}(3k+2)
n=0 m=0"
N/3-1
+ Z :[m+2N/3]W},.m+2N/3mH2)
m=0
Nf3-1 _ Nf3-1
T a0+ 5 zfm o+ NWR St RW W
n=l m=0

N/3-1
+ ¥ zlm+ oNBWREH W WY
m=0
N/3=1

Z (zin] +zln + N /3]W;N/3 +2z[n+2N /3}%;”/3)“,;(3&-#2)
n=0
Nf3-1
3 (zln) + zfn + N/BWR + zfn + 2N/3WRN YW W),

n=0

x3{n] = (z[n] + z[n + N/3]W:,N/3'+ z[n + 2N/3]W;7N/3)W§,“

The 3-point DFT of 13]n] is Xa[k] = X[3k +2].
(¢) Todraw the radix-3 butterfly, it helps to derive the output of the butterfly first. From the definition

of the DFT,
X[K]

X0}
X
Xx{2]

> alnjwyt

n=0

z[0] + z{1] + z{2)

z{0] + z{1}W3 + z[2|W7

= z{0] + z[A|W7 + z[2lW{ = =[O} + [)W7 + z[2IW}

n

The butterfly for the 3 peint DFT is drawn below.
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!m - ‘[Q’

- P —

% - olP]

m=1

(d) Using the results from parts {a) and (b), the flow graph is drawn below.
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f——e x0

e X3

—r—as X6}

——e X1)

——e  X[4]

X! & , 20
«1) x / x[1) N=3DFT
3] ol
4] L N=3DFT
5] e
-y %0l
7] y 3 W, il N=30FT
x(8) / &; W x2)

(¢) The system consisting entirely of N = 3 DFTs is drawn below.

———e X2

e X[5].

t——s )8}
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(f}

Ao X ——e X0
1 N=3 N=3 ]
«1] OFT DFT ——se X[3]
«2] e X6
{3 e 1]
4] o N=3 N=3 N
4 DFT OFT .
5] X7
x5} L———e X2
N=3 N=3 |
oL DFT orr [
w!
8] 0 Xl e X8

A direct implementation of the 9 point DFT equation requires 9° = 81 complex multiplications.
The system in part (e), in constrast, requires 4 complex multiplications for each 3 point DFT, and
an additional 4 from the twiddle factors, if we do not count the trival W% multiplications. In total,
the system in part (e) requires 28 complex multiplications. In general, a radix-3 FFT of a sequence
of length N = 3" requires approrimately

re e complex multiplications /N 3-pt DFTs
b = 4 -
Number of complex multiplications ( 3pt DFT ) ( 3 "

iddle facto
(staseN wt'i‘:;dtwiddle ;l;oﬁ) (v — 1 stages with twiddle factors)

)(vstagesn




Replacing v with logy N, and simplifying this formula gives
Number of complex multiplications = ;N log, N - N

Note that this formula for a radix-3 FFT is of the form N log, N. The constant multiplier, %,'is
significantly larger than that of a radix-2 FFT. This is because a radix-2 butterfly has no complex
multiplications, while in part (c} we found that a radix-3 butterfly has 4 complex multiplications.
Also note that this formula is an upper bound, since some of the N twiddle factors in the v — 1
stages will be trivial. However, the formula is a good estimate.

9.41. (a)

N-1

Xk} k(6] ) (z[njh"[n])h[k — ]

N-1
e—jrk’/N z :z[n] e-jm’/n ej:(t’-nnﬂ’)m

a=0)

N-i

z zfn]e~i2rmE/N

nel

(b)

N-1
X{k+ N =h'[k+N] > _ zln]h*[n}alk + N - n]
n=0

h'[k+N] = e Im(k+ N) /N
e—jw(k’+2&N+N’}/N

c-jx&’/ne-jfn

R*[kje=7"N

X[k + N] h*[kle=T*N Nf z[n]h*[n]hlk — nje’™N
n=0

X[kl

(c) From the figure

e [ ] %

xm—?—l hik] —(?—»y[k]

Y k]
we define the signals z,{k] and z,[k] to be

k] = z{k}h"[k]
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Therefore,

y(¥]

(d)

(e) The flow graph for the system,

is drawn below.

3 207 Mol porerrt/M
H(z)=(1-2z73"") g [ o=

2N -1)

nlk] = 3 nlghk-4
&=-—c0
N-1
= Ezme-_fﬂ’mej:(t-t)’m
=0
kefo,...,2N - 1)
h*{k)za [k} ke[N,...,2N - 1]
N-1
c-jxt’/N E z[l] e—jtl’/Nejr(k-l)’/N ke { N,
£=0
N-1 )
S zfle-amktiN kelN,...,2N - 1}
=0
Xk + N kelo,...,N-1]
X[k}
-
H(Z) = z ejli /NZ—E
k=0
M-12M-1
= z Z e,':(r+¢u)=/uz-(r+¢u)
r=0 2=0
M-12M=~1
= E E ej"‘/Nejzsrz/ucjfe’ z—T =M
r=0 =0
M1 20 —1
= 2 ej:rz/Nz—r Z (ejzir/Mz—M)l(_l)tz]
=0 L ¢=0
M-1 r2M—1
= Y Y (eﬂ"mz-“ﬂ—l)‘]
=0 L =0
M-1 r2M -1
- Z ejrr’/Nz-, Z (___cjztr/Mz—H)t]
=0 L =0
-— M-’ejlfz/ﬂ' - Pl - ejz,r(zu}luz-zuz
SNy B T el
= Z:o Z N Feer/Myrz-N
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X[kl xJl
L 3 Z—M
N -1 ¢
- Zz * -~
..z-z".'z -1
2 a .l
L Z-M
2_1 h 4 -: FS
_eﬂrJM
ejleM
. + Z—M
z- ~ -
e
¥ i
i t
z! .
eim(N-‘l) ™
<+ Z-M
_d&(l‘l—iw

(f) Complex multiplications: Since we are only interested in ylk] for k= N,N+1,...,.2N -1 we
do not need to calculate the complex multiplications on the output side of each paraliel branch
until k > N. Thus,

Operation Complex Multiplications
z,[k) = z[K]A* [k} N
Poles of H(z) for k=0,...,N -1 NM
Poles and branch exponentials of H(z) for k= N,...,2N -1 INM
ylk] = za[k]A"[K] N
=3MN +2N
= 3M3 + aM?

We are including the multiplication of ~1 and 1 from the first branch here for simplicity.
Direct evaluation requires N = M4 complex multiplications.

Note that since we are only interested in y[k} for k=N, N+ 1,... 2N -1, the initial delay of
2M? is unneccessary; we have obtained all interesting output before the first delayed sample

appears.



Complex additions: The complex additions on the output side of each para.llel branch do pot
need to be computed until k > N. Thus,

Operation Complex Additions
Poles of H(z) for k=0,...,N -1 NM
Poles and branch exponentials of H(z) for k= N,...,2N ~1 2NM
=3MN
=aMm?

Direct evaluation requires N(N — 1) = M2(M? - 1) complex additions.

9.42. (a) We separate the system function H(z) into two pieces; one corresponding to hg[n] = Re{h[n]}
and another corresponding to hr[n] = Im{A[n]}.

1-Wk:t?
B(2) 1- 2cos(21rk/h1;f)z‘1 +z72
_ 1 — cos(2nk/N)z=}
He(z) = 1-2cos{2rk/N)z-1 +2-2
hr[nl = cos(27kn/N)u[n]
sin(2xk/N)z~}
Hi(z) 1-2cos(2xk/N)z=t + 272
hiln] = sin(27kn/N)u[n]
Since z[n} is real, the real and imaginary parts of X{k] = y:[N} are computed using the folIOvn.ng
flowgraph.
X » ¢ ‘ ‘ ' » Re{X[k]}
| 12! e
e,
2 cos o,
+— 1 > + Im{X[k]}
{ =
1,1
e1 ea
1 @ = 20N
(b)
Re{X[k]} = Re{u(N]}
Im{X[k]} = Im{y[N]}

Since the output of interest is the Nth sample, we need only consider the variance at time N.
The noise e, [n] is input to both Ag[n] and h;[n]. Using the techniques from chapter 6, we find the
variance of the noise is

aR[N] + 0'" Z hR["]

n=0
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o}Vl = o, +a, 2 h}[n}.

Let § = 2xk/N.

N
zcoszen
n—0

1en, .
= g2+
=0

N
Y hiin]

1 en, ; .
= ZZ(e’”“+2+e"‘3")

20(N+1) —528(N+1)
- % (_._131—63-—+2(N+1)+-1—?:%3,,—-)
= %(1+2(N+1)+1)
N
= —-2- 1
Similarly, S5 _ h¥{n] = N/2.
Therefore,
okln] = — (14 (N/2) +1)
= ?-_—-(N +4)/2
oiin] = 2- — 1+ (N/2)
2—28
= S WN+2/2
9.43.
N-1 N=-1
X[k} = Y z[n] cos(2xkn/N) - j S zin]sin(2xkn/N).
n=0 n=0

_For k # 0, there are N - 1 multiplies in the computation of the real part and the imaginary part:
U?; =_(N - 1)02 = 7?:
where o7 = 2-28/12. For k = 0 there are no multiplies, and therefore 3 = 0 = ot

o 0 k=0
”}‘"a’*{ (N-1)0? k#0

9.44. (a)

(Xm-1[@lWx| = [ Xm-a [@lIWER] = 1 Xm-1{d)]

Xalpll < PXmoslpll + Xl < 3 + 5 =1

implies that [Re{Xn[pj}| < I and [Im{Xn[p]}{ < 1 A similar argument bolds for | Xmlg}}
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(b)

The conditions are not sufficient to guarantee that overflow cannot occur.

Re{Xnlpl} < [Re{Xnlpl} +Re{WXn-ldlH
4 ‘cos (2_;:) Re{Xm_slg]} - siv (2—}:,'-) Im{xm—l[‘l]}l

1A

Consider the worst case, when r = 3N/8. Then,

1 1 1
ReCEnN < 3+ | 5elXmelal) + 51 CXmal
1

<

[ XN
Sl

+—=¢1

Therefore, overflow can occur.

9.45. (a) First, note that each stage has N/2 butterflies. In the first stage, all the multiplications are

(b)

W = +1. In the second stage, half are +1 and the other half are WNN“ = —j. Successive stages
have half the number of the previous stage. In general,

Number of +1 multiplications in stage m = g‘—, m=1,...,v

and
Number of —j multiplications i em = 0 m=1
I P mstag : N/, m=2,...,v

If we assume that all the +1 and —j muitiplications are done noiselessly, then the noise variance
will be different at each output node. This is easily seen by looking at Figure 9.10, where we see
for example that X{0] will be noise-free, while X[1] will not be noise-free. Thus, a poise analysis
would be Tequired for each output node separately. A somewhat simpler approach would be to
assume that since the first two stages consist of only +1 and —j multiplications, these two stages
can be performed noiselessly. Each output node is connected to all N/2 butterflies in the first stage
and to N/4 butterflies in the second stage. Thus, if the first two stages are performed noiselessly,
a better estimate of the number of independent noise sources contributing to the output is

Note that all the odd indexed outputs will have exactly (N/4) — 1 of these noise sources, while
the even indexed outputs will have less. In fact, X[0], X [N/4], X[N/2], X[3N/4] will be noiseless.
X[N/8], X[3N/8], X[5N/8}, and X([7N/8) will have one noise source. It is possible to continue this
analysis for all X[k}, but clearly, a complicated formula would be required to describe the oumber
of noise sources for all even k. We have shown that

Number of noise sources = (N/4)~-1, k odd
Number of noise sources < (N/4)-1, k even

Thus, the number of noise sources is upper bounded (N/4) — 1. Using this bound, we can get 3
THRETE TUTTENER SRl R R TR

ENFEIT)

IA

(7 -1

% 1 forlarge N

I
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When the scaling is done at the input, an upper bound on the noise-to-signal ratio is found to be

ENFIRP) < §0B _ 30,2 _ N2277°
fiXmPE T & 4 7T 4

This equation is similar to Eq. 9.65, but scaled by -1- This implies that Eq. 9.65 is about 1 bit too
pessimistic. However, note that the N2 dependence is still present.

Another approach to this noise analysis is to compute the average noise at the output by using the
average number of noisy butterflies connected to an output node. This style of analysis is used in
Weinstein.

{c) Now assume as before that the first two stages are noiseless. Thus, equation 9.67 would not include
the first two stages.

v—1

1
028 Z 2(u-m)(§)2v—2m—2

m=2

E[F]

1A

v=1 1

= GT% z(a)v—m—2

m=2
v-3

= w33 ()

k=0

- (587

-1
= 430 - (3
= - )
Thus,

ELFIRIY
(X))

2N‘4
B°N
12(N—4)a§,

12N¢

IA

N

9.46. The butterfly for decimation-in-frequency is drawn below.

X 4[P] > . > o X lP]
X, e - - = . Xl
‘ Wy
where
Xm[P] = xm-l[P] + Xm—l[?}

Xmlg) {(Xm-s[pl = Xen-1leh WK

The statistical model is drawn below.
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— X_[P]

xm—'I[p] . > o

A 4

— X, [d]

X . [de > ’
m-1 w
N e[ri, aj

As in a decimation-in-time FFT, each output node connects to N — 1 butterflies in a decimation-in-
frequency FFT, each of which introduces a noise source whose variance is

Ellelm, Y] = o} = 327
Thus the output noise propagated through the Sowgraph is
E|FK?) = (N - 1)o}

since each noise source propagates along a unity gain path to the output nodes.

Thus, the results for the decimation-in-frequency FFT are identical to those for the decimation-in-time
FFT. This is true for both cases of scaling either at the input of the FFT by 1/N, or at the input of
each stage of the FFT by 1/2.

9.47. Recall the foliowing symmetry properties of the DFT:
z{n] real &= X[k}]= X"[N -k
zln]=z°[N-n] <<= Im{X[k]}=0
z[n] = —z"[N -n] <= Re{X[k]} =0
Thus, z{n] real and even <=> X[k] real and even; and z[n] real and odd <=+ X{k] imaginary and odd.
(a)
wfn] = o] + 23[n]
z,[n] is real and even; z3{n] is real and odd.
Yi[k] = Re{Vi[k]} + Fim{Yi[k]} = X [k] + Xs[4]

Re{Y1[k]} is real and even; jIm{Y;[k]} is imaginary and odd; X;[k] is real and even; Xslk} is
imaginary and odd. It follows that
X[k}
X[k}

Re{Y:[£]}
Fim{Y;[k]}

it

(b)
vs[n] = wiln] + jpain]

Yi[k) + jYs[k} = Re{Y1[k]} + jIm{Y:[K]}] + j[Re{¥3[K]} + jIm{Y3(k]}]
Re{Y,[k]} - Im{Y3[k]} +j[Re{Ya[]} + Im{Yi[k]}]

real odd even odd
[Ev{Re{Y3[k]}} + Od{Re{¥3[k]}}} + JEv{Im{Y3[k]}} + Od{Im{Y{k]}}]

Ys[k}

Yalk]



Thus we have

Re{Yi[k]} = Ev{Re{Ya[k}}}
Re{Y2[k]} = Ev{Im{YV3[k]}}
Im{Vi[k]} = Od{Im{Y3[*]}}
Im{Y2[*]} = -Od{Re{}s[]}}

and so
Yill) = ZMRe{Ysfk]} +Re(H[N - K]}
+2Mm{¥sk) - In{K%IN - K]}
GiH = m{KK])} + In{hIN - K}
~J[Re{¥s{K]} - Re{WA[N ~ K]}
and from part (a)
Xk = S[Re{¥s[k]} + Re{Vs[N — A]}]
XK = SIm{Vk]} + In{BIN - k)]
Xsi = LMm{na[H} - m{Ya(V - K}

XK = ZLiRe{Yslk]) - Re{Xa[N - K]}

usfn] = z3{((n + 1))¥] - 23[((n - 1))n]

w{((N = n))n] = z3[((N —n + 1))n] - z3[((N —n - 1))N]

Since z3[n] = z3[((N = n))n],

us[((N - n}}w] = z3{((n - 1))n] — z3[{(n + 1))n] = —usn]

For n = 0, we have u3[0] = —u3{0], which is only satisfied for u,[0] = 0.
{d) Using the circular shift property of the DFT we have

Uslk] Xa[kje? 2T/ _ X [kl 7(3n/N}k

27 sin{2xk/N)X;3k]

{e) From part {(a}, since u;fn] is antisymmetric,
X[k} = Re{Y[k]}
Uslk] = jIm{Y; [k}}

and so

X[k = ___I’;‘s{'ﬂ;i} k#0, -’2!

393

Note that X3[0] cannot be recovered using this technique, and if N is even, neither can X;3[N/2].
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(f) In part (b) replace X; and X with U3 and U, and use the result of (d) to give

Xl = J[Re{V[k]} + Re{Ya[N - K]}
XK = SAm{YsH]} + In{[N — K]}
Xk = gMm{V[k]} ~ Tn{¥ilN - K}})/ sin(2nk/N), k#O,N/2
Xl = -3[Re{K:[k]} - Re{Wa[N - KI}}/sin(2ek/N), k#0,N/2

9.48. First, we find an expression for samples of the system function H(z).

M -
bz
H(z) = _E_%___:
1- Zt=1 ez

M .
Er-—-o bee j2wkr/N

j2xk/NY _
H(e*™T) 1= SN are-seilN

Now assume N, M < 511. Let b[n] = b, and

a[n]={ 1, n=0

8y, 1SnEN

Let B[k}, A[k] be the 512 pt DFTs of b[n], and a[n}. Then

H(cjztk/ﬂ?) = _i%

9.49. (a) It is interesting to note that (linear) convolution and polynomial multiplication are the same
operation. Many mathematical software tools, like Matlab, perform polynomial multiplication
using convolution. Here, we replace

L-1 ) 7 MN-1 i
Py =3 ax’,  qla)= ) bt
=0 =0
with
L-1 M-1
Plrl= Y abln—il,  dnl= 3 bdln—i]
=0 =0
Then,

r[n] = pin] = gin].
The coefficients in r|n] will be identically equal to those of r(z). We can compute r{n] with circular

convolution, instead of linear convolution, by zero padding p(r] and ¢(n] to alength N = L+M—1.
This zero padding ensures that linear convolution and circutar convolution will give the same result.

(b) We can implement the circular convolution of p{n] and g[n] using the following procedure.
step 1: Take the DFTs of pn] and g[n] using the FFT program. This gives P{k] and Q[k]-
step 2: Multiply to get R[k] = P{k]Q[k).
step 3: Take the inverse DFT of R[k] using the FFT program. This gives r[n].
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Here, we assumed that the FFT program also computes inverse DFTs. If not, it is a relatively
simple matter to modify the input to the program so that its output is an inverse DFT. (See
problem 9.1}.

While it may seem that this procedure is more work, for long sequences, it is actually more efficient.
The direct computation of r{n) requires approximately (L + M)? real multiplications, since ai and
b, are real. Assuming that 2 length L + M FFT computation takes {(L + M)/2] log,{L + M)
complex multiplications, we count the complex multiplications required io the procedure descri

above to be

Operation Complex Multiplications
FFTs of p[n] and q[n] | 2{(L + M)/2)log(L+ M) = (L + M)log,(L+ M)
R{k] = P[K)Qk] L+ M
Inverse FFT of Rk] L + M}/2}log;(L + M)

= [3(L + M)/2]logy (L + M) + (L + M)

Since a complex multiplication is computed using 4 real multiplications, the number of real multi-
plications required by this technique is 6{(L + M) log,(L + M) +4(L + M). Plugging in some values
for (L + M} =2, we find

L+ M Direct FFT

2 4 20
4 16 64
8 64 176

16 256 448
32 1024 1088
64 4096 2560

Thus, for (L + M) > 64, the FFT approach is more efficient.
(¢) The binary integers u and v have corresponding decimal values, which are

Ydecimal = Z“i?
=0
M=-1 .

Vdecimal = 5—:6 v2'

Note the resemblance to p(z) and ¢(z} of part (2). We form the signals

L-1
Z u,-&[n - i]
=0

uln] =
M-1

v[n] = Zu;é{n-i}
L—.o

and use the procedure described in part (b). This computes the product u - v in binary. For
L = 8000 and M = 1000, this procedure requires approximately

# real multiplications = 6(8000 + 1000) log;(8000 + 1000) + 4(8000 + 1000) ’
= 745x10° '

In contrast, the direct computation requries 8.1 x 107 real multiplications.
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{(d) For the (forward and inverse) FFTs, the mean-square value of the output noise is (L + M)od.
While 0}, will be small, as there are 16 bits, the noise can be significant, since L + M is a large
number.

8.50. (a) Using the definition of the discrete Hartley transform we get

Hyla+ N] = Cnla+ N}+Snfe+ N)

cos(2na/N + 2x) + sin(2na/N + 27)
cos(2xa/N} + sin(2xa/N}

Cnia] + Snia)

= Hyld]

It

H,\r[a-I—b] Cj\r[0+b]+SN{G+b]
cos(2xa/N + 2xb/N) + sin(2xa/N + 2xb/N)
cos(2xa/N) cos(2xb/N) — sin(2xa/N) sin(2xb/N)

+ 5in{2xa/N) cos(2xb/N) + cos(2xa/N) sin(2xb/N)

Grouping the terms in the last equation one way gives us
Hyla+b] = [cos(2na/N) + sin(2xa/N)]cos(2xb/N)
+ [cos(—2xa/N) + sin{—2na/N)] sin{2xb/N)
= Hyla]Cn[b] + HN[fc]SN[b]
while grouping the terms another way gives us
{cos(2xb/N) + sin(2xb/N)) cos{2xa/N)
+ [cos(—2xb/N) + sin(—2xb/N)] sin(2xa/N)
Hp [b]CN[a] + Hn[—blSN[a]

Hyla +8)

(b} To abtain a fast algorithm for computation of the discrete Hartley transform, we can proceed as
in the decimation-in-time FFT algorithm; i.e.,

(N/2)-1 (N/2)~-1

Xglk] = 3 alerlHu[2rk]+ Y z[2r + 11HN[(2r + 1)k]
(N’;:;,-l (N',:;J-i
= Y zlrlHw[2rkl+ Y z{2r + 1HN[2rK|Cn[k]
T:m—l =
+ 3 zor + 1HN[((-2rk))N]SNR)
r=0

Now since Hy[2rk] = Hnyirk], we have

(N/2}-1 (N/)-1
S, zrHuplrkl+ Y. z(2r + 1 HaplrklCnlk]
r=0 =0
(N/2}-1
+ Y #lor + UHnpl((-rk))ns)Shk]
r=0

Flk} + GIKICnIK] + G((~k))w/2]Snik]

Xrlk]

n
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where
(N/2)-1

Fihl= 3" z[2r]Hy[rk]
r=0
is the N/2-point DHT of the even-indexed points and

(N/2)-1

Glkl= ) z[2r + 1}Hyplrk]
r=l)

is the N/2-point DHT of the odd-indexed points. As in the derivation of the decimation-in-time
FFT algorithm, we can continue to divide the sequences in half if N is a power of 2. Thus the
indexing will be exactly the same except that we have to access G[({—k))n 2] as well as G([k] and
F[k]; i-e., the “butterfly” is slightly more complicated. The fast Hartley transform will require
N log; N operations as in the case of the DFT, but the multiplies and adds will be rea! instead of

complex.
(a)
1 1 0 0 0 0 0 0 10 0 0 00 0 O ]
1 -10 0 0 0 0 © 61 0 0 00 O o
6 01 1 0 0 0 ¢ o0 W 0 00 0 O
0 0 1 -10 ¢ 0 O 00 0 W2 00 0 O
F, = T, =
0 0 00 1 1t 0 0 00 ¢ 6 10 0 0
0 0 ¢ 0 1 -1 0 0 00 0 0 01 0 O
6 0 0 0 0 0 1 1 00 0 0 00 W o0°
0 6 0 0 0 0 1 -1 | (00 0 0 00 0 W}
(10100000' [1 06 00 0 0 0 ©
61 0 1006 0 0 01060 0 0 0 O
10-10 00 0 o0 0010 0 0 0 0
61 0 -100 0 0 06001 0 o0 0 O
Fz——- Tz=
00 0 010 1 ¢ 06000 W 0 0 0
00 0 0 01 0 1 0000 0 W 0 O
00 0 0 10 -1 0 0000 0 0 WZ 0
oo o 0061 0 -1 0000 0 0 0 W]
[1 000 1 0 0 0
6100 0 1 0 0
0010 0 0 1 ¢
l',3=00010001
1000 -1 0 0 0
0100 06 -1 0 0
0010 0 0 -1 0
(0001 0 0 0 -1
(b)

Q7 = PETFFITEFE
F,T;F.T;F;
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where = denotes conjugation. Drawing the flow graph, we get

" \ / ? \/ | >< )
{1} — s P 1)
3] - e i3]
" >< "
5] > 1S}
|
" >< "
{7 ¢ a0 ° o -1 ¥

This structure is the decimation in frequency FFT with the twiddle factors conjugated and therefore

calculates
N -IDFT{z[n}}

(¢) Knowing that Q calculates the DFT and -kQ” calculates the IDFT, we should realize that cas-
cading the two should just return the original signal. More formally we have

F¥F1=21 F§F2=2I F;‘F;;:ﬂ

THT, =1 THT, =1

f

(1/N) (FETEFITIF]) (FsT2F. T Fy)

(L/N)(NT)
=1

a/N)Q¥Q

where N = 8 in this case.

9.52. (a) First, we derive the circular convolution property of the DFT. We start with the circular convo-

lution of z{n] and A[n].
N-1

yln] = Y zim]h{((n — m))w)

m=0
Taking the DFT of both sides gives
N-1N-1
Y = 3 Y aimhl((n -~ m)wlw™
n=0 m=0
N-1 N-)

P L DI (CEENY]
n=0

m=0
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Using the circular shift property of the DFT,

i

Yk}

N-1
Y- alm]HKIWT*

m=0

N-1
HR Y =tmWi*
m=0

HKIX[K)

Next, the orthogonality of the basis vectors is shown to be a necessary requirement for the circular
convolution property. We start again with the circular convolution of zfn] and hin}

N-1

yin} = D almjAl((n - m))s]

m=0

Substituting the inverse DFT for z[m] and A[((n - m))y] gives

N1

vin) = 3
m=0 ky=0

N-1

= 2
m=0 ky=0
1 N-1 N=-1
= w2

ky =0 ka=z=0

With orthogonal basis vectors,

N-1

1= 1 —kz((n—m))
(72 xtewz) (3 S ki ")

ky=0
N=-1

1 phii 1 —ka{n—
(ﬁ 2 X lde;*"") ('ﬁ > HigWy ™" "")

k3=0
N-1

(X[k;]H[kg]W,;"‘" S W;"‘"‘W,f,’"‘)
m=0

E Wit = { N, k=0
™=
= 0, k#0
so the right-most summation becomes
N1 N-1
z W;k:mwﬁzm = z W](::-him
m=0 m=0
= Né[kl - kg]
Therefore,
N-1 N-1
1 -
il = o5 3 3 (Xlk)HkIWE Nk ~ka])
E =0 k=0
V!
= £y X[k HikWx"
ky=0
N-1

m=0

3 zlmlAl((n - m))n]

Therefore, the circular convolution property holds as long as the basis vectors are orthogonal.

(b)

(=), -

k k k
((1+4*+16" +64%)) .



E =0 = (@)
E o= 1: ((1+4+16+64)),; = {(85))ar
k = 2: ((1+ 16+ 256+ 4096)),7 = ({4369))7
k= 3: ((1+64+4096+262144));; = ((266305));7
The relation holds for P = 17, N = 4, and Wy = 4.
{c) :
3
X[k = ((Z:[ﬂ]f‘*))
n=0 17
= ((1-1+2-4*+3-16* +0-64*));7
= ((1+2'4t+3~16k”17
Using this formula for X (K],
X[ = (1+2+3)) = ((6)hz = 6
X(1] = ((1+2-443-16))r = (7 = 6
X[2) = ((1+2-1643-256)); = {(801))yy = 2
X[3] = ((1+2'64+3'4096))17 = ((12417))17 = 7
3
- (g
n=0 17

({(3-1+1-4% +0.16* +0-64%)),,

(3 + 4 )17
Using this formula for H[k],
Hl)) = (B+Dhr = (@) = 4
Hl] = (B+49)r = (M = 7
H2 = (3+16))r = (19hr = 2
HE = (3+64))1r = (60 = 16
Multiplying terms Y'[k] = X[k|H[k] gives
Yo = {((24))r = 7
Y[i] = ((42)h = 8
Y2] = (4hr = 4
YB = (112} = 10
(d) By trying out different values,
N = 13
Wi = 13

((NT'N)r = (W' Wa)hr = (13- O = {{(52)17 = 1

[ =T~ B — BN



(e)

y[n] ((13}321/[1:]13"“))

((13{7-1+8-13" + 4. 169" + 10- 2197%))17

Using this formula for {n],

vio] = ((13[7 + 8+ 4 +10)));- = (3777
vl1] = ((33(7-1+8 13 +4-169+ 10 2197))):7 = ((295841)),,
¥(2] = ((13[7-1+8-169 + 428561 + 10 - 4826809)));7 = ((628988009)),;
8] = ({13(7-1+8-2197+ 4. 4826809+ 10 - 10604499373)));; = ((1378836141137)),7
Performing manual convolution y[n] = z{n] + hjn] gives '
yo] = 3
vl = 7
2] = 1
w3 = 3
The results agree.

9.53. (a) The tables below list the values for n and k obtained with the index maps.

na ky
toli]2 0

ng 0le':i2 kh 0j0]2]4

1]3i4|5 1{1{3]5

As shown, the index maps only producen=9,...,5and k=0,...,5.
(b) Making the substitution we get

XK = X{k + 2k,
S5

= Z z{nlwe{i;-bzk:)ﬂ

n=
2

=0
1
= Z 2 zlsnl+n,}ws(k|+zkz)(3n1+ﬂ3)
2=0n; =0

(c) Expanding out the W, terms we get
W6(h+2kz)(3ﬂ: +n3} Wg*‘ n W:kzm Weh na W:kznz

W.:‘ ny W:‘ nz Wskzﬁz

(d) Grouping the terms we get

X[k + 2ks) = 22: [(i z[3m; + "ﬂwf‘"’) W:’"’] Wy

ny=0 ny =0

The interpretation of this equation is as follows
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(i) Let G[k1,n:) be the N = 2 point DFTs of the inner parenthesis; i.e.,

1
0<k; <1,
Glki,ma) = 3 2[3 whm, shs
[k1, 2] 2 z{3n; + na]W, {0511252-

This calculates 3 DFTs, one for each column of the index map associated with n. Since the
DFT size is 2, we can perform these with simple butterflies and use no multiplications.

(ii) Let G[k1,nz] be the set of 3 column DFTs multiplied by the twiddle factors.

05"151,

A = Whina
G[k;, ﬂz] & G[k!,ﬂa], { 0 S na S 2.

(iii) The outer sum calculates two N = 3 point DFTs, one for each of the two values of k;.

2
- 0<k £1,
X[ky+2ks) = Y Glky,na)W5™, i
S LR PP
(e} The signal flow graph looks like
G{0.0]
{0} % r s
G[0,1])
%1} » 4

lé é\g’
N h

~

G{0.2)

x2] «

G[1,0]

1.1 '
x4} ] %3]
: %
G1.2] /

5
w; s

X3} ¢ > X1

-1

/ ’
u!\r
)

5] +
-1

The only complex multiplies are due to the twiddle factors. Therefore, there are 10 complex
multiplies. The direct implementation requires N2 = 6* = 36 complex multiplies (a little less if
you do not count multiplies by 1 or -1).




(f) The alternate index map can be found be reversing the roles of nand k; ie,

n=n;+2n, forn,=01;n2 =0,1,2
k=3k; + k2 fork; =0,1; k2 =0,1,2
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Solutions — Chapter 10

Fourier Analysis of Signals

Using the Discrete Fourier Transform
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10.1. (a) Using the relation

2nk
= §r
we find that the index k = 150 in X {k] corresponds to a continuous time frequency of

Q . 2x(150)
T [1000)(107%)
2x(1500) rad/s

{b) For this part, it is important to realize that the k = 800 index corresponds to a negative continuous-
time frequency. Since the DFT is periodic in & with period N,
2% (800 — 1000)
1000(10-4)
—2x(2000) rad/s

9799

10.2. Using the relation
27k

NT -
k
Je= NT
we find that the equivalent analog spacing between frequencies is
1
NT
Thus, in addition to the constraint that N is a power of 2, there are two conditions which must be met:

. =
or

Af=

:} > 10,000 Hz (to avoid aliasing)
wr < 5Hz (given)
These conditions can be expressed in the form

1
= < 5N
10,000 < T <5

The minimal N = 2" that satisfies the relationship is
N =2048

for which ]
10,000 Hz < T < 10,240 Hz
Thus, Fyjp, = 10,000 Hz, and Fmax = 10,240 Hz.
10.3. (a) The length of a window is

samples

L = (16,000 ) (20 x 1073 sec)

= 320 samples

(b) The frame rate is the number of frames of data processed per second, or equivalently, the num-
ber of DFT computations done per second. Since the window is advanced 40 samples between
computations of the DFT, the frame rate is

frame rate = (16,000““"’“) (1&“” "°°“°d)
sec 40 samples
= 400 frames

sec
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(c) The most straightforward solution to this problem is to say that since the window length L is 320,
we need N > L in order to do the DFT. Therefore, a value of N = 512 meets the criteriaof N > L,
N =2*. However, since the windows overlap, we can find a smaller N.

Since the window advances 40 samples between computations, we really only need 40 valid samples
for each DFT in order to reconstruct the original input signal. If we time alias the windowed data,
we can use a smaller DFT length than the window length. Witk N = 256, 64 samples will be time
aliased, and remaining 192 samples will be valid. However, with N = 128, all the samples will be
aliased. Therefore, the minimum size of N is 256.

(d) Using the relation

1
Al=wr
the frequency spacing for N = 512 is
16,000 _
Of =~ 5= =31.25 Ha
and for N = 256 is
16, 000
= — = 62.
Af= =5~ =625He

10.4. (a) Since z[n] is real, X{k] must be conjugate symmetric.
X[k} = X*[{(—k))~]
We can use this conjugate symmetry property to find X (k] for & = 200.

X[((-k)N] = X°[K]
X[((-800))1000) = (1+43)
X[200) = 1-3
(b) Since an N-point DFT is periodic in k with period N, we know that
X[800]=1+j
implies that
X[-200l=1+3;
Using the relation
o = 2k
NT)
we find
Q _ —27(200)
-39~ {1000)(1/20,000)
= —2r(4000) rad/s
Q _ 2x(200)
207 {1000)(1/20, 000)
= 2x(4000) rad/s
Consequently,
. 1+3
X5 9) jo=-2x(en00) = 20,000
. 1-j
Xc(J n) IQ:Z!’(M) = 20, 000

Note that both expressions for X (j {2) have been multiplied by the sampling period T = 1/20,000
because sampling the continuous-time signal z.(t) involves multiplication by 1/T.



10.5. (a) After windowing, we have
zln] = cos(feTn)
- % [¢#9aT 4 ¢=3f0Tn]

= % [ csm 4 e
forn=0,...,.N=-1 and z[n] = 0 outside this range. Using the DFT properties we get
N
X = 6k~ BTyl + A+ MET)A)

If we choose

2r
T= Fagk

then
X{k] = %J{k — ko] + %Jlk - (N - k)},

“which is nonzero for X[ko) and X[N — ko), but zero everywhere else.
(b) No, the choice for T is not unique since we can choose the integer ko.
10.6. Since z{n] is real, X [k] must be conjugate symmetric.
X [k} X°[((=k))~]
X{((~k)}N) X*[#]

1l

Therefore,

ay
1

X[((~900}}1000]
X[100]
X{((—420))1000} ()
X|[580] 5
Note that the £ = 900 and & = 580 corrsﬁond to negative frequencies of Q. Since the DFT is periodic
in k with period N, we use k = 900 — 1000 = —100 and k = 580 — 1000 = -420, respectively, in the
equations below.

!

Starting with

we find

Q _ 2x(-100)
1% 7 {2000)(1/10,000)
= —2x(1000} rad/s

Q 2x(100)
10 = (1000)(1/16,000)
= 2x(1000) rad/s

0 2x(—420)
—40 = (1000}(1/10, 000)
= —2x(4200) rad/s

2x(420)
Qo = o06)(1710,000)
= 2x(4200) rad/s
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Consequently,
Xe(4 ) |ne-2xgro00) = 10,1000
Xe(5 Q) laz2sroony = 10,1000
X.(19) lo=—2e¢a200 = 2—;&
X (i Q) [o=2eazon) = 2_%—000

Note that all expressions for X, (j () have been multiplied by the sampling period T" = 1/10, 000 because
sampling the continuous-time signal z.(t) involves multiplication by 1/T.

10.7. The Hamming window's mainiobe is Awpy = 2%; radians wide. We want

n
&
Awyy < 100
8n x
& ot
L-1 = 00
L > 801

Because the window length is constrained to be a power of 2, we see that
Lpin = 1024

10.8. All windows erpect the Blackman safisfy the eriteria. Using the table, and noting that the window
length N = M + 1, we find

Rectangular:

Awny =

The resolution of the rectangular window satisfies the criteria.
Bartlett, Hanning, Hamming:

Awyy = %;_r
_ &
- 255
x x
= < —
e = 25 7

The resolution of the Bartlett, Hanning, and Hamming windows satisfies the criteria.
Blackman: '

1
M
12x

255

x T
= mafn'
The Blackman window does not have a frequency resolution of at least » /25 radians. Therefore,

this window does not satisfy the criteria.

Auwyy =
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10.9. The rectangular window’s mainlobe is

radians wide. The difference in frequency between each cosine must be greater than this amount to be
resolved. If they are not separated enough, the mainlobes from each cosine will overlap too much and
only a single peak will be seen. The separation of the cosines for each signal is

. x 17x g
' T 3T 6| 64

x 21x 5x

b = 12| ®
r 21x 5x

T 4T e} 64

Clearly, the cosines in z;[n] are too closely spaced in frequency to produce distinct peaks.
Ib z3[n}, we have a small amplitude cosine which will be obscurred by the large sidelobes from the
rectangular window. The peak will therefore not be visible.

The only signal from which we would expect to see two distinct peaks is z2(n].

10.10. The equivalent continuous-time frequency spacing is

1
A7=F1

Thus, to satisfy the criterion that the frequency spacing between consecutive DFT samples is 1 Hz or
less we maust have

aAf

1

NT

T

1A

1

1

1
N
1
1024 ¢
However, we must also satisfy the Sampling Theorem to avoid aliasing. We therefore have the addition
restriction that,

IA

v

T >

> 200 Hz

g Y

Putting the two constraints together we find

IA
|~

1
1024 Ts

§ 8

1
Trnin = 7534
10.11. The equivaient frequency spacing is

2x 2x
= — = ——————— = 15.34 rad
Al = 5T = 192 (5009) rad/s

or
Al
=—=244Hz
Af 27 2.4
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10.12. The equivalent frequency spacing is
1

-~ NT
Thus, the minimum DFT length N such that adjacent samples of X [k} correspond to a frequency spacing
of 5 Hz or less in the original continuous-time signal is '

Af

Af S5
1
NT
N

IA
L]

v

RY

5T

8000
5

AV AT

1600 samples

10.13. Since w|n] is the rectangular window and we are using N = 36 we have

35
X (k] = 3 zlrR+m]emiG=/30km
m=0 ‘

= DFT{z[rR + n}}
Because z|n] is zero outside the range 0 < n < 71, X, [k] will be zero except when r =0 orr =1.
When r = 0, the 36 points in the sum of the DFT oaly include the section
JRIE LWL EL]

2

of z[n]. Therefore, we can use the properties of the DFT to find

23[((k - 3))ss) + F[((k + 3))36]
18[k — 3] + 184[k — 33]

cos({mn/6) =

Xolk]

When r = 1, the 36 points in the sum of the DFT only include the section
SiRFIn o o —i(FE)Om

2
of z[n]. Therefore, we can use the properties of the DFT to find

Xik] = F[((k - 9)se] + F5{((k + 9))6]
= 185[k - 9] + 183[k ~ 27]

cos(mnf2) =

Putting it all together we get

18(8[k - 3]+ 48[k —33)), r=0
Xkl =< 18(8[k-9]+48k-27]), r=1
0, otherwise

10.14. The signals 23[n], z3]n], and z¢[n] could be z[n], as described below.
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Looking at the figure, it is clear that there are two nonzero DFT coefficients at k = 8, and & = 16.
These correspond to frequencies

(27)(8)
128

= %rad

_ (@n0s)
“a = a8

x
= -—rad
rl

g =

Also notice that the magnitude of the DFT coefficient at k = 16 is about 3 times that of the DFT
coeflicient at & = 8.

z1[n): The second cosine term has a frequency of .267 rad, which is neither /8 rad or #/4 rad.
Consequently, z,{n] is not consistent with the information shown in the figure. :
zo[n): This signal is consistent with the information shown in the figure. The peaks occur at the
correct Jocations, and are scaled properly.

z3[n]: This signal is consistent with the information shown in the figure. The peaks occur at the
correct locations, and are scaled properly.

z4[n): This signal has a cosine term with frequency # /16 rad, which is neither x/8 rad or x/4 rad.
Consequently, z4[n] is not consistent with the information shown in the figure.

zs[n}: This signal has sinusocids with the correct frequencies, but the scale factors on the two terms
are not consistent with the information shown in the figure.

zg[n): This signal is consistent with the information shown in the figure. Note that phase infor-
mation is not represented in the DFT magnitude plot.

10.15. The instantaneous frequency of the chirp signal is

u.'[n] =wp+ An

This describes a line with slope A and intercept wo. Thus,

A= Ay _ {0.5x — 0.257)
T Az (19000-0)

wp = 0.25x rad

= 41.34 x 107° rad

10.16. Using

1
&f = %7

and assuming no aliasing occured when the continuous-time signal was sampled, we find that the fre-
quency spacing between spectral samples is

or

1
Af = Gozai/ic,000)
= 977Hz

AQ =27Af =6l4radfs

10.17. We should choose Method 2.
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Method 1: This doubles the number of samples we take of the frequency variable, but does not change
the frequency resolution. The size of the main lobe from the window remains the same.

Method 2: This improves the frequency resolution since the main lobe from the window gets smaller.

Method 3: This increases the time resolution (the ability to distinguish events in time), but does not
affect the frequency resolution.

Method 4: This will decrease the frequency resolution since the main lobe from the window increases.
This is a strange thing to do since there are samples of x[n] that do pot get used in the transform.

Method 5: This will only improve the resolution if we can ignore any problems due to sidelobe leakage.
For example, changing to a rectangular window will improve our ability to resolve two equal
amplitude sinusoids. In most cases, however, we need to worry about sidelobe levels. A large
sidelobe might mask the presence of a low amplitude signal. Since we do not know ahead of time

the nature of the signal we are trying to analyze, changing to a rectangular window may actually
make things worse. Thus, in general, changing to a rectangular window will not necessarily increase
the frequency resolution. ’

10.18. No, the peaks will not have the same beight. The peaks in Vz(e’*’) will be larger than those in V; (e7).

First, note that the Fourier transform of the rectangular window has a higher peak than that of the
Hamming window. If this is not obvious, consider Figure 7.21, and recall that the Fourier transform of
an L-point window wn}], evaluated at DC (w = 0), is

L=1

W(e®) =3 win)

n=>0

Let the rectangular window be wg[n], and the Hamming window be wy[n]. It is clear from the figure
(where M = L+1) that

L-1 L-1
E wg(n] > Z wg[n)
n=0 n=0
Therefore,
Wr(e™) > Wr(e™)
Thus, the Fourier transform of the rectangular window has a higher peak than that of the Hamming
window.

Now recall that the multiplication of two signals in the time domain corresponds to a periodic convolution
in the frequency domain. So in the frequency domain, V;{e/“) is the convolution of two scaled impulses
from the sinusoid, with the Fourier transform of the L-point Hamming window, Wy (e?“}). This results
in two scaled copies of Wy (e’*), centered at the frequencies of the sinusoid. Similarly, Va(e*”) consists
of two scaled copies of Wz (e?“), also centered at the frequencies of the sinusoid. The scale factor is the
same in both cases, resulting from the Fourier transform of the sinusoid.

Since the peaks of the Fourier transform of the rectangular window are higher than those of the Hamming
window, the peaks in V2(e’)} will be larger than those in V;(e?*).

10.19. Using the approximation given in the chapter
24x(Ag +12)

L=~ 1558 +1
we find for A,; =30dB and Ay = —%rad,
247(30 + 12)
L T55(x/40) T

f

261.1 = 262
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10.20. (a) The best sidelobe attenuation expected under these constraints is

24x(Aq +12)
155A

- 24x{Ay + 12)

512 = 155(= /100)

A; = 21dB

L = +1

+1

(b) The two sinusoidal components are separated by at least /50 radians. Since the largest allowable
mainlobe width is x/100 radians, we know that the peak of the DFT magnitude of the weaker
sinusoidal component will not be located in the mainlobe of the DFT magnitude of the stronger
sinusoidal component. Thus, we only need to consider the sidelobe height of the stronger compo-
nent.

Converting 21 dB attenuation back from dB gives

—21dB = 20logym

m 0.0891

L

Since the amplitude of the stronger sinusoidal component is 1, the amplitude of the weaker sinu-
soidal component must be greater than 0.0891 in order for the weaker sinusoidal component to be
seen over the sidelobe of the stronger sinusoidal component.

10.21. We have

‘U[ﬂI = 505(21"1/5)11)[11]
e-iz'“ﬁ* + e—j‘.’:uls
= [ ] w(r)
2
V(e-f“’) = %W(cj(u—-zr/ﬂ) + %W(ej(wua/s))

The rectangular window's transform is

sin(16w) e—iwst/2
sin{w/2)

W(e™) =

In order to label V{e) correctly, we must find the mainjobe height, strongest sidelobe height, and the
first nulls of W(e/™).

Mainlobe Height of W(e*): The peak height is at w = 0 for which we can use I'hopital’s rule to find

cos(16w) =32

W(e°) = 32——= =

=) cos(w/2)| =

Strongest Sidelobe height of W(e?): The strongest sidelobe height for the rectangular window is
13 dB below the main peak height. Therefore, since 13 dB = 0.229 we have

Strongest Sidelobe height = 0.2239(32) == 7.2

First Nulls of W(e*): The first nulls can be found be noting that W(e’) = 0 when sin(16«) = 0

Thus, the first nulls occur at 2
r i
wz:hﬁ

Therefore, |V {e?)| looks like
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164 IV(E) |

~2x/5 - 20/32 2x/5 + 2xf32

[
-n -2n/5 0 2r/5 - x

Note that the numbers used above for the heights are not exact because we are adding two copies of
W(e’¥) to get V(e?“) and the exact values for the heights will depend on relative phase and location of
the two copies. However, they are a very good approximation and the error is small.

10.22. The ‘instantaneous frequency’ of z[n), denoted as An), can be determined by taking the derivative
with respect to n of the argument of the cosine term. This gives

Al = 5 [+ 10008 (o)
T T n
= 7% 5 (3000)
Aln] l+i n
27 T 8 16"‘”(3000

Once Ajn)/2x is known, it is simple to sketch the spectrogram, shown below.

0_5 T T T T T T T

0-45 B -

04 1

0.35¢+ ‘ i

/2
o
N
th

0.15

0.1

0.05

2000 4000 6000 8000 10000 12000 14000 16000
Sample number (n)
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Here, we see a cosine plot shifted up the frequency (A/27) axis by a constant. As is customary in a
spectrogram, only the frequencies 0 < A/2x < 0.5 are plotted.

10.23. In this problem, we relate the DFT X{k] of a discrete-time signal z[n] to the continuous-time Fourier
transform X.(7§2) of the continuous-time signal z.(t). Since zjn] is obtained by sampling z.(t),

zfn] = zc(nT)
X(e) = Z X. ( “’+;—)

Over one period, assuming no aliasing, this is

r 1 @ _
X(e )—fxc(JT) for—r<w<w
which is equivalent to
X(ejw) - %xc (]"'"f), forO<w<n
X (), formSw<2n
Since the DFT is a sampled version of X {e’*),
Xk = X)) mzmayw for0<k<N-1
we find
X[k (Jh") for0<k<
= -X (21(1:-1\’)) for-ﬂ<k<N-—1

Breaking up the DFT un.o two terms like this is necessary to relate the negative frequencies of X (jQ2)
to the proper indicies & < k < N —1 in X[k}

Method 1: Using the above equation for X[k], and plugging in values of N = 4000, and T = 25us, we
find
40,000X. (27 -10- k), for 0 < k < 1999
X;[k =

40,000X, (527 - 10 - (k — 4000)), for 2000 < k £ 3999

Therefore, we see this does not provide the desired samples. A sketch is provided below, for a
triangular-shaped X, (502).

X 09

// A

— Faf=10Hz Q
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 Method 2: This time we plug in values of N = 4000, and T = 50ps to find

Xafty = | 20/000Xc(G27-5-B), for 0 < k < 1999
? 20,000X, (j2x - 5 - (k — 4000)), for 2000 < k < 3999

Therefore, we see this does provide the desired samples. A sketch is provided below.

X G Q)

A
AT

— b aAt=5Hz| | Q
Method 3: Noting that z3{n) = zafn] + z2 [n — §], we get

Xalk] = Xa[k] + (~1)* Xa[k]

2X,[k], for k even

Xolty = { Kelkh for b
0, otherwise
40,000, (27 - 5- k), for k even, and 0 < k < 1999
X3k} = { 40,000X.(j27-5- (k — 4000)), for & even, and 2000 < k < 3999

0: otherwise

This system provides the desired samples only for k an even integer. A sketch is provided below.

X,G9)

/\\

¢
o)

— Af:gHZ‘
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10.24. (a) In this problem, we relate the DFT X|[k] of a discrete-time signal z[n] to the continuous-time
Fourier tranform X.(5Q) of the continuous-time signal z.(t). Since z[n] is obtained by samphng
z(t),

I

zc(ﬂT)
Z X. ( +32T)

Over one period, assuming no aliasing, this is

z[n)

X (™)

; 1 w
“Y= =X lim —r<w<
X (™) TX,(JT) for —r<w<r
which is equivalent to
X (7 "") forx <w<2rm
Since the DFT is a sampled version of X (e/v),
XK = X)), ooy for0<k<N-1
we find
o PO osk<d
rX ( H%Tﬂ) for f <k<N-1

Breaking up the DFT into two terms like this is necessary to relate the negative frequencies of
X(j9) to the proper indicies £ < k < N - 1in X[k].

The effective frequency spacing is

2x

AR NT
27

(1000}(1,/20, 000)

2n(20) rad/s

(b) Next, we determine if the designer’s assertion that
Yik] = aX(j2r- 10- k)

is correct. To understand the effect of each step in the procedure, it helps to draw some frequency
domain plots. Assume the spectrum of the original signal z.(¢) looks like
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X6)

Q
-2x(10000) 2x{10000)

Sampling this continuous-time signal will produce the discrete-time signal z[n], with a spectrum

— X&) |
© X[k} = Samples of X(¢'9)

1T

Next, we form
X[k, 0<k <250
Wlkl=< o, 251 < k<749
Xik]), 750 <k <999

and find w(n] as the inverse DFT of Wik].
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WIik]
1/T<b o
o? e
Q o
s [
T ———— g
250 500 750 999

Before going on, we should plot the Fourier transform, W (e#“}, of wn]. It will look like

wie

o)
1T
\L‘/\/\/\K ®
2n

W (e’*) goes through the DFT points and therefore is equal to samples of X (jf?) at these points
for 0 < k < 250 and 750 < k < 999, but it is not equal to X (j1) between those frequencies.
Furthermore, W(e’*) = 0 at the DFT frequencies for 251 < k < 749, but it is not zero between
those frequencies; i.e. we can not do ideal lowpass filtering using the DFT.
Now we define

w[2n], 0<n <499

vin] =
0, 500 < n < 999

and let Y[k] be the DFT of y[n]. First note that Y (™) is
Y(e¥) = 2W(eH7?) + SW(eie=20)77)

which looks like
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Y(e™)
12T

x 2x 3=n 4%

Y[k] is equal to samples of the Y (e#*)
Y{k] = Y(ej”)lwr.:Zrl'./N
= lw (%) 4 iw (oW
= W (sF)+ 5w (¥ (5)
Now putting all that we know together, we see that for k = 0,1,...,500, Y[k] is related to X. (1)

as follows.
X (j27-10- k), k even, k # 500

Yik]= ¢ $X.(j2r-10-k), k =500
W (e V) ¢ W (e/*k-N/N) | odd

In other words, the even indexed DFT samples are not aliased, but the odd indexed values (and
k = 500} are aliased. The designer’s assertion is not correct.

10.25. (a) Starting with definition of the time-dependent Fourier transform,

Yin,A) = i y|n + mlw[m]e~IA"™
we plug in o
yn+m]= Z hlklz[n + m - k]
k=0
to get

i i hlklzin + m — kjw[m]e~*™

m=—00 j=0

f: h{k] i z{n + m — kjw[m]e~ ™
k=0

Yin, )

i hlE}X[n — k, X)
k=0
hjn] + X[n, )

where the convolution is for the variable n.



{b) Starting with
Yin,A) = e 7*Y]n, )

we find

Yin, X)

M
e~ idn Lz kK] X[n - k, A)]

={0

M
eI 1S " hlkleI M Xfn — k, ,\)]
o =0

S~ hlkle™** X{n - k,2)

k=0

If the window is long compared to M, then a small time shift in X[n,A) won't radically alter the

spectrum, and ) .
- Xn—k,2) =~ X[n,A)
Consequently,
- M - .
Y[n,A) = D hlkle ™ X[n,2)
k=0
= H{e*)X[n,A)

10.26. Plugging in the relation for c,,[m} into the equation for I{w) gives

= £, _
Hw) = 7 z z vinjvin + m]] e~vm

m=a~({L=1) La=0
L-1

= ij:'_lun v[n + m]e~ ™
g2l Y ol

m=-(L~1)
Let £ = n + m in the second summation. This gives

n+{L-1)

p il ot
Lo 3 el

t=n—(L-1)

I{w)

|

n+{L—1)

1 k=t . o
= ﬁg;u[n]a S vfflemiet

t=n~(L-1)

Note that for all values of 0 < n < L — 1, the second summation will be over all nop-zero values of ulf]
in the range 0 < ¢ < L — 1. As a result,

1 L-1 o L=-1 .y
Iw) = Eﬁgov[n]e’ ‘gu[lje

1 = f _Jut juw
= gV (@WIE)
1 ja
= -—LUIV(e’ W

Note that in this analysis, we have assumed that vin] is a real sequence.



424

10.27. (a) Since z[r] has length L, the aperiodic function, ¢;z[m], will be 2L — 1 points long. Therefore,
in order for the aperiodic correlation function to equal the periodic correlation fuction, &..{m], for
0 €< m < L -1, we require that the inverse DFT is not time aliased. So, the minimum inverse
DFT length Ny;, is
Npin =2L -1 _

(b) If we require M points to be unaliased, we can have L — M aliased points. Therefore, for &;.[m] =
¢sz[m] for 0 £ m < M - 1, the minimum inverse DFT length Ny, is

= 2L-1-{L-M)
L+M-1

Nmin

10.28. (a) Let
wrlm] = #(utn] - ufn — M])

be a scaled rectangular pulse. Then we can write the aperiodic autocorrelation as,

E wg[njwgln + m)
= Y wglk - mjwslk]
k=-00
= Z wg[klwg[—(m — k)]
k=-00
= wg|m]s wg[-m]

wplm)

The convolution above is the triangular signal described by the symmetric Bartlett window formula.
This is shown graphically below for a few critical cases of m.

Consider m = —(M — 1). This is first value of m for which the two signals overlap.

m = —(M - 1) case

o wikl 12
* W lk+(M-1)]

T
k=—(M-1)

Atm =0, all non-'zero samples overlap.




m= 0 case

o wlk} M"’zl o ¢ @
* wn[k] T

—
k=0

Consider m = (M — 1). This is last value of m for which the two signals overlap.

m=(M- 1) case

0 wik] M20 00 0@ % % % &
* wWelk-(M-1))

k=M-1
The final result of the aperiodic autocorrelation is

wglml

1¢

=
m=—{M-1)

s Ly

Stated mathematically, this is

{14mm;mmu-1
wg[m] = .

0, otherwise
(b) The transform of the causal scaled rectangular pulse wg(n) is

jwy — ___l_ﬁn(wM/z) —jw{M=1}
Wr(e) = m sin(w/2) e ? 1}/2
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From part (a}, we know that the Bartlett window can be found by convolving wg[m] with wx{~m].
In the frequency domain, we therefore have,

Wa(e) = Wg(e?)Wr(e )
[ 1 sin(wM/2) -Jw(ll—l)lz][ 1 Sm(““’”/_2)c:w(u-n/z]
oo 73 sm(=w/2)
1 [sm(wMﬂ)
sin{w/2}

{c) The power spectrum, defined as the Fourier transform of the aperiodic autocorrelation sequence,
is always nonnegative. Thus, any window that can be represented as an aperiodic autocorrelation
sequence will have a nonnegative Fourier transform. So to generate other finite-length window se-
quences, win], that have nonnegative Fourier transforms, simply take the aperiodic autocorrelation

of an input sequence, zin].
[- -]

win] = 2 z[m}z[n + m]

RS = 00

The signal w{n] will have a nonnegative Fourier transform.
10.29. (a) Rectangular: The Fourier transform of the rectangular window is given by

. u.-l .
WR(CJU) - E (I)C—me
m=—(M-1)
letn=m+(M—-1). Then,m=n- (M -1), and
2(M-1)
WR(ejw) = Z e-—ju{n—(u—l)]

2(M-1)
= cjw(u—l) z e—jwn
n=0

Using the relation
M-l aM

Za

we find
—jwi2(M=1)+1]

1 — e—iw(2M~1)
T 1-e
cjw(ll-—l) — e—jwM
1—e v
c—.ii-*/?[ejw(l‘-lﬂ} — e~ Fe(M-1/2)]
e-iv/3eiw/2 — g—-ju/3]
oF(M=-1/2) _ g=juw(M=1/2)
efw/2 _ g-jw/2
2j sinfw(M ~ 1)]
2j sin(w/2)
_ sinfw(M - 3)]
- sin(w/2)

— ejw(M-l)
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01' sin[u”‘ —1
Fl
sin(w/2)

where 2M - 1 is the window length. A sketch of Wgr{e’“) appears below.

| We (@)
2m-1
N\ SN @
T T

—2r/(2M-1)  2/(2M-1)
Bartlett (triangular): Wp(e™) is the Fourier transform of a triangular signal,

Wr(e) =

wg[m]
° [1v) %
Q
Q
3]
T Q
%?TT | TT?e_m
—{M-1) 0 M-1

which is the convolution of a rectangular signal,
x{m]

o?ooooooqvoou-m

m
—(M=1)/2 0 (M=1)12

with itself. That is, wg[m] = zim] « z[m].
Above, we found the Fourier tranform of a rectangular window, as

sinfw2M=1)
sin{w/2)

where 2M — 1 was the length of the window. We can use this result to find the Fourier
transform of z{m]. The signal z[m] is similar to the rectangular window, the difference being

Wa(e®) =
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that it is scaled by 711—‘ and has a length 2#=1 + 1 = M. Therefore,

1 sinfwM/2)
VM sin(w/2)

The time domain convolution, wg[m] = z[m]sz{m} corresponds to a multiplication, Wp(e/) =
[X ()] in the frequency domain. As a result,

X(e&¥) =

X))
1 sin(uM/z)]’

= M| sin{w/2)
A sketch of Wp(e?“) appears below. ‘

A

Wa{e™)

"

(
o]
-2rM 2nM
Hanning/Hamming: Starting with
wylm] = (a+ Beosfxm/(M ~ 1)]) wg[m]
wg[m] = (a + gej*"'/(”'l) + ge—j“’“/(“'”) wrm]

We take the Fourier transform to find
Wu(e™) = oWr(e™)+ g (Wi(eitem=/(M=1) 4 wp(edlo+e/M-1l)))

sinfu (M - 1)), 8 [sinllw — g25)M — )
sin(w/2} 2| sinf{w- g55)/2)

8 [sinlfw + 525)(M = })]

2 | sinflw + =72

A sketch of Wg(e?*) appears below.

- 0 R
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(b) Rectangular: The approximate mainlobe width, and the approximate variance ratio, F, for the
rectangular window are found below for large M.
In part (a), we found the Fourier transform of the rectangular window as

Wg(cj”) = sinfw(M - %)]

sin(w/2)
The numerator becomes zero when the argument of its sine term equals 7n.
eM-lw _
2
_ 2m
“ = M-

Plugging in n = 1 gives us half the mainlobe bandwidth.

) . _ 2n
5Mainlobe bandwidth = 27—
. ) 4r
Mainlobe bandwidth = mj-_—l
Mainlobe bandwidth = —2—'-

M
1 (M-1)
F=—- Y un
Qm:—(M—l)
1
= =(2M-1
Q( )
. M
e

Bartlett (triangular): The approximate mainlobe width, and the approximate variance ratio,
F, for the Bartlett window are found below for large M.
In part (a), we found the Fourier transform of the Bartlett window as
, 1 [sin{wM/2)}?
wy o - |2 AT
W)= 7 "o
The pumerator becomes zero when the argument of its sine term equals xn.

oM
= =
_ 2xn
Y = M
Plugging in n = 1 gives us half the mainlobe bandwidth.

1. . ] _ 2
-iMamlobe bandwidth = v
Mainiobe bandwidth = %

To compute F, we use the relations

‘{:‘m . M(M-1)

m=0 2

M-1
2 _ M(M-1)(2M-1)
Zr T
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6!;8 M- M
1 [ ¥ m
= 5[ ("ﬁ) "J
1 M-1 4 -1 M-1
- 5[2';1-52 42 y_;m_l]
_ 1 MMM 2AM-1)M@2M -1)
= 0[2 W + 6MF2 ‘]
1
~ -—Q—[!ZM 2M+—
2M

~

Hanning /Hamming: We can approximate the mainlobe bandwidth by analyzing the Fourier

transform derived in Part (a). Looking at one of the tertns from this expression,

8 [sinl(w - gA5)(M - })]
2 | sl ~ 772

we note that the numerator is zero whenever the its argument equals mn, or

(o-3) (M-3) = =

nr x
M—-(1/2) T M-1
nr "
MM
w(n+1)

w =

R

n

So the mainlobe bandwidth for this term is

1., . A x
;‘Z-Ma.u:.lobe bandwidth =~ W

2r

M

Note that the peak value for this term occurs at a frequency w ~ x/M.

Mainlobe bandwidth =~

A similar analysis can be applied to the other terms in Fourier transform derived in Part (a).
The mainiobe bandwidth for the term

g |sin](w + 555 )(M — §)]
2 sm[(w + 'y-—)/2]

is also 2x /M. Note that the peak value for this term occurs at a frequency w =~ —r /M.

Finally, the mainlobe bandwidth for the term
sinfw (M — })]
sin(w/2)




is also 2 /M. Note that the peak value for this term occurs at a frequency w = 0.

A sample plot of these three terms, for § = 2a and large M is shown below.

(5]
=% (4] n
-2 -M /M 2\
Thus, for large M, the mainlobe bandwidth is bounded by
2x . . 47
o < Mainlobe bandwidth < M
Therefore, a reasonable appraximation for the mainlobe bandwidth is
. . 3
Mainlobe bandwidth = i
1 Mo M 2
Fo= L (a +Bcos (_—))
Q m=—(M=-1) M-1
1 M-1 M-1 m M-1
= = 2 2 2
= 0 E o’ + 2ap Z cos(M_l)+,6 2 cos
m=—~{M—1) m=={M-1) m=«{M=-1)
Using the relation 11
29 242
cos* 3 + 2 cos 26
we get
F = — a® + 2af cos ( )
Q | m=ttt-n) m=—(M~1) M-1
52 M-1 ﬁz M1 2m
*+32 2 W3 > osiz—i)|
m=-—{M-1) m=-—(M-1)
Noting that

M-
S a(gmy) =
m=—{M-1) -
E w(gm) -
M-1/ =

m=—{M=1)
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we conclude
-
! [(2M -1)a® - 208 + %z.(w -1)+ %—]
- § (%)

10.30. (a} Using the definition of the time-dependent Fourier transform we find

R Ol

13
X[0,k} = Zz[m]e‘ﬂh/nkm

m=0 )
d 13
= z z[m)e=Ix/Nkm z sfl)e=in/mu
m=0 i=7
L [
= Z z{m]e= i@/ NEm Z 2l + 7)e~i2%/TVem o= j2xk
m=0 m=0
6
= Z (zlm] + z[m + 7])e—j(2:/7)km
m=(
By plotting zfm]
xm [
e—o———¢ © © - °
-t 0 1 2 3 4 5 66 7 8 9 10 N

we see that z{m] + 2[m + 7] = 1 for 0 < m < 6. Thus,

6
z (1)e-j(2r;‘7)km
m=0

DFT{1}
75[k)

X[0,H

I

(b) If we follow the same procedure we used in part (a) we find

13

X[n,k} = Z z{n + mje~i(3=/Tkm
m=0
6 13
= Z z{n + m}c'ﬂz”/ THm z:[n + [~/
m=0 =7
6
= 3 (zln + m] + z{n + m + 7))~/ Tim
m=0

Withn >0 we havez[n+m]+zfn+m+7}=1for0<m <6, and s0

Xn k| = DFT{1}
75[k]




Therefore, for 0 < n < 0o we have

ZS: 78[K]
k=0
= 7T

6
S X[,k
k=0

- 10.31. (a) Sampling the continucus-time input signal

(b)

{c)

z(t) = ej(h'/l)m‘t
with a sampling period T = 10™* yields a discrete-time signal
z[n] = z(nT) = £>*/*

In order for X,,[k] to be nonzero at exactly one value of k, it is necessary for the frequency of the
complex exponential of z[n} to correspond to that of a DFT coefficent, wi = 2xk/N. Thus,

§1r__21rk
8 N

16k
N o= 7

The smallest value of k for which N is an integer is k = 3. Thus, the smallest value of N such that
X, [k] is nonzero at exactly one value of k is

N=16

The rectangular windows, w;[n] and w;[n], differ only in their lengths. w;|n] has length 32, and
w2[n) has length 8. Recall that compared to that of a longer window, the Fourier transform of a
shorter window has a larger mainlobe width and higher sidelobes. Since the DFT is a sampled
version of the Fourier transforro, we might try to look for these features in the two plots. We notice
that the second plot, Figure P10.31-3, appears to have a larger mainlobe widtb and higher sidelobes.
As a result, we conclude that Figure P10.31-2 corresponds to wy [n], and P10.31-3 corresponds to
ws [ﬂ]

A simple technique to estimate the value of wy is to find the value of k at which the peak of | X[kl
occurs. Then, the estimate, is

. 2xk

WEN
The corresponding value of €l is

s _ 27k

= J1

This estimate is not exact, since the peak of the Fourier transform magnitude | X (e’*)| might
occur between two values of the DFT magnitude |X[k]|, as shown below.

DTFT: IX_ (¢
o DFT: ix K
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The maximum possible error, Qmax error, of the frequency estimate is one half of the frequency
resolution of the DFT.

1 2nx
Qmax error = INT

b

NT
For the system parameters of N = 32, and 7' = 10~4, this is

max error = 982 rad/s

(d) To develop a procedure to get an exact estimate of (X, it helps to derive X[k]. First, let’s find
the Foutier transform of z,[n] = z[n]w[n], where w[n] is an N-point rectangular window.

Xo{¢)

N-1
Z ejuone—jun
n=0

N-1
= z c—j(u—wo)ﬂ
n=90

Let w' = w — wy. Then,

_ N-Lo

Xel(e®™) Z e n

n=0

1-e'N
1— e

(eju'Nfz - e-—jw'N/Z)e-—jw'N/Z
(e=3' 73 = ¢~3v'[2)e=3v" 72

sin(w'N/2) i (N=1)/2
sin(w' [2)

Sil}[(w - wolN/3 _jw—wen-1/2
sinf(w — wo)/2]

Note that X,(e’”) has generalized linear phase. Having established this equation for Xo(e™),
we now find X [k]. Recall that X,[k] is simply the Fourier transform X.{e’“) evaluated at the
frequencies w = 27k /N, for k=0,...,N — 1. Thus,

sin{(2xk/N — wo}N/2] 32Xk /N o N-1)/2

Xalkl = “(Crk/N <w0)/3]

Note that the phase of X, [k], using the above equation, is

(2xk/N -;:o)(N -1) tmx
where the mn term comes from th.e fact that the term
sin{(2xk/N ~ wo)N/2]
sinf(2xk /N — wp)/2]

can change sign (i.e. become negative or positive), and thereby offset the phase by 7 radians. In
addition, this term accounts for wrapping the phase, so that the phase stays in the range [—x, 7).

(X [k} =~
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Re-expressing the equation for ZX[k|, we find
_ A.LXylk] —m=) 2%k
w=—""N1 N
Let X;,{k] be the DFT of the 32-point sequence Ty [n] = z[n]wy [n], and let X2y[k] be the DFT of
the 8-point sequence 22, [n] = z[njwz[n}. Note that the kth DFT coefficient of X2, |k] corresponds

t0 X1,.4k). Thus, we can relate the 8 DFT coeffients of X2[k] to 8 of the DFT coefficients in
X[k Using the k = Oth DFT coefficient for simplicity, we find

2( £ X 1[0} — mx) - 2L X w2[0] — pr)

32-1 8-1
[Xus[0] -~ mr _ {X {0} - px
- 15.5 - 35

A solution that satisfies these equations, with m and p integers, will yield a precise estimate of
wo. We can accelerate solving these equations by determining which values of m and p to check.
This is done by looking at the peak of | X, [k]| in a procedure similar to Part (c). Suppose that
the indices for two largest values of |X,[k]| are kmin and kmoz. Then, we know that the peak of
1.X (e?¢)| will occur in the range

<wp <

27 kmin 2nkmaz
N N

By re-expressing the equation for ZX,[k], we see that

il

Timin % [2/.X..,1[kma] + (‘2‘7‘%& - G-’o) (N - 1)]

! feexantbed + (= - 20) (N - 1]

"

Mymaz

In these equations, &g is the estimate found in Part (¢). So we would look for values of m in the
range {|Mmin], [Mmaes |- Similar expressions hold for p.

Once wy is known, we can find Qo using the relation Qo = wo/T.
10.32. For each part, we use the definition of the time-dependent Fourier transform,

X[n,A) = f: zin + mjw[mle™ A",
(a) Linean'ty': using z{n] = az1[n] + bz2[n],

i zin + mlwlmje =™

T =00

Xin, )

= Z {az1n + m] + bza[n + m]) wim]e~IA™

m=—00

= a i 2)[n + mjwlm]e™ ™ + b i za[n + mjwlm]e~ ™"

aXyfn, A) + bXa[n, A)

(b) Shifting: using y[n] = z[n - na),
Yin,3) = Y yin+ miuime "

m==00
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= _Z z[n —ng + m]w[m]e—j‘\m

= X(ﬂ - Ng, A)
{c) Modulation: using y[n} = ewonz|n],

yin+m] = &+ Mzin 4 m)
Y in + mjufmje
= i gheelniml oty £ mlwimle= A"

m=—od

Y[n, )

o0
= Z efW“z[n+m]w{m}c'5(*'”°’m
TRE=00

= "X [n, )\ —uwg)

(d} Conjugate Symmetry: for z[n] and win] real,

X[n,A) = z zin + m}w[m]e'j)‘m

) .

S zln+ mjuwfm]e*™
[X[n, -2
= X*[n.-})

10.33. (a) We are given that ¢.(7} = £ {z.(t)z.(t + 7)}. Since z|n} = z.(nT),

¢m] = £ {z[n)z[n +ml]}
= E{z.(nT)z(nT + mT)}
= ¢(mT}

(b) P(w) and P.(Q) are the transforms of ¢{m] and ¢.(7) respectively. Since ¢{rm) is a sampled version
of ¢.(7), P(w) and F.(f1) are related by

P(u)-—-— z P, (u-T21rk)

h--oa

{¢) The condition is that no aliasing occurs when sampling. Thus, we require that Pc(ﬂ) = 0 for
{2 > ¥ so that

Pw)=2P.(5). ol < #
10.34. In this problem, we are given

» z[n| = Acos(uon + &) + ejn]
¢ 8 is a uniform random variabie on 0 to 2x
& ¢[n] is an independent, zero mean random variable
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{a) Computing the autocorrelation function,

¢22[m] £ {z[nz{n + mi}
£ {(A cos(won + 8) + [n]) (A cos(wo(n + m) + 8) + e[n + m]}}
£ { A cos(won + 6) cos(wo(n + m) + 6)}
+ £ {Ae[n] cos{wo(n + m) + 8)} + £ {Ae[n + m] cos(won + 8)}
+ £ {e[n]e[n + m]}
A%E {cos(won + 8) cos{uo(n + m) + 8)}
+ AE {e]n]} £ {cos(wn(n + m) + 8)} + AL {e[n + m]} £ {cos(won + 6)}
+ £ {e[n]efn + m]}

nuu

First, note that

cos(a) cos(b) = % cos{a + b} + -;» cas(a — b)

Therefore, the first term can be re-expressed as

A% {% cos (2won + wom + 28) + %cos(wom)}

Next, note that
E{e[n]} =0

As a result, the two middle terms drop out. Finally, note that since efn] is a sequence of zero-mean
variables that are uncorrelated with each other,

£ {e[n]e[n + m]} = o28m], where o2 = £ {¢*[n}}

Putting this together, we get

¢zzlm] = A%E {% cos (2wgn + womn + 26) + %cos(uom)} + o28[m)]

Since & f2* cos(2won + wom + 26)d8 = 0, we have

Az
¢z:lm] = 5 cos{wgm) + af&{m]

(b) Since the Fourier transform of cos(wom) is #8{w — wo} + #é(w + wy) for jw| < 7,
Jr Az' 2
;. () =Ps:(“’)= -2—[5(1.0—&)0)+5(w+u)0)]+5,
10.35. (a) Plugging in the equation .
Ik = Hwn) = 1 VI

into the relation

var{l(w)] = P7.(w)
we find that

P:, (w)

1

e [ W]
var [VIRIP] = L2P%(w)
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This equation can be used to find the approximate variance of [ X[k]{*. We substitute the signal
X [k) for V[k], the DFT length N for L, and use the power spectrum

Pee(w) = "3
This gives
var [| X{k][*] = Mo}
{b) The cross-correlation is found below.

N-1 N-1

EXKXFY = 3 Y £{zinsina]} Wimwy™
ny =0 ny=0
N=1 N-1
= 3 3 oliny - naWym W™
Il|I=0 ﬂj=0

N=-1
- Towi
n=0

_ e[
%z =)
= Noiélk-r]

Note that the cross-correlation is zero everywhere except when k = r. This is what one would
expect for white noise, since samples for which k # r are completely uncorrelated.

10.36. (a) The length of the data record is

20, 000 samples

@ = 10 seconds- second

Q = 200,000 samples

(b) To achieve a 10 Hz or less spacing between samples of the power spectrum, we require

1
—
w7 S 10H
1
N 2z w5
20,000
> Pl —
= 710
> 2,000 samples

Since N must also be a power of 2, we choose N = 2048.
(9

gt"lo

, 000
2048
= 97.66 segments

If we zero-pad the last segment so that it contains 2048 samples, we will have K = 98 segments.

(d) The key to reducing the variance is to use more segments. Two methods are discussed below.
Note that in both methods, we want the segments to be length L = 2048 50 that we maintain the

frequency spacing.
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(i) Decreasing the length of the segments to &th their length, and then zero-padding them to
L = 2048 samples will increase K by a factor of 10. Accordingly, the variance will decrease by
a factor of 10. However, the frequency resolution will be reduced.

(ii) If we increase the data record to 2,000,000 samples, we can keep the window length the same
and increase K by a factor of 10.

10.37. (a) Taking the expected value of
y —_ _l_ T jum
olm) =57 | Tw)emdw
gives
el L [ Twyeoman
2z @

£ {¢{m}}

1 (% - A
5 _'E{I(u)}e’”'”dw

Using the relation
- 1 ol .
E{I(w)} = iU [_' P2 ()Cun(e’)do

we find

_ 1 * 1 ¥ H{w—8) jwm
- 5/ ,Pu(‘”[z, [ Coutee=e dw]de

Substituting v’ = w ~ & in the inner integral yields

- 1 L4 1 =8 'y i+ ,
e{oml} = op ) PO |5 f_ ., Cuule ) dw'{ df

— __l_ " 8 rn _1_ i ' jw'm !
= 57T f_’ Py.{8)e [2“_ -'_.Cw(e’ )t dw] 48

Note we can change the limits of integration of the inner integral to be [~7, 7] because we are
integrating over the whole period. Doing this gives

£{Bm]} = 5;-155 _:P,,(G):”'" [51; _: c.,,(aw')cfw'mw]de
= 5oty [ PO enelm et
= pyeeetrl [ [ Patt)eimas]
= spcwelmideslm]

(b)
- 1%+
¢P[m] = -ﬁ Z I [k}eﬂtkm/N
H .



By applying the sampling theorem to Fourier transforms, we see that

3l'["l] = i .$==[m+r‘~’]
EGm) = 3 £(Fualm + ]}

. % f: Coolm + rN]¢zz[m + rN]

[ 2] -]

which is a time aliased version of £ {$,.[m]}.

(c) N should be chosen so that no time aliasing occurs. Since ¢,,[m] is 2L — 1 points long, we should
choose N > 2L.

10.38. (a) For0<m < M,

. 1 Q-m-1
¢:z[m] = 5 Z z[n}z[n +m]
n=0
i M-1 2M-1 KM-1
=2 2 z[njz[n + m} + z zin)z[n + m]+ ... + 2 z|n]zin + m)
n=0 n=M n=(K-1)M
1 M=
= = njrin +
5 L);o zinlzin + m]
M-1 M—1
+ z gin+ Mizln+M+m]+...+ E zin+ (K - 1)M]z[n+ (K - 1)M+m}]
n=0 =0
) K=1M-1
= 5 z Z zln + iM)zln + iM + m]
i=0 n=0
LY e
= — m
e L”
where 1
&im] = Ez[n+iMz(n+iM+m} for0<m<M-1
n=b

{b) We can rewrite the expression for ¢;[m] from part (a) as

M-1

clm] = E z{n + iMlz[n + iM + m]
n=0
-1 N-1
= Z zin + iMiz[n + iM + m] + Z 0-z[n+iM +m]
n=>0 no M

k]
-

zi{njyi[n + m)

it

where
2] = zin+iM]}, 0<n<M-1
0, M<n<N-1
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(d)
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and
yiln] = z[n + iM] for0<n<N-1

Thus, the correlations c;{m] can be obtained by computing N-point linear correlations. Next, we
show that for N > 2M — 1, circular correlation is equivalent to linear correlation.

Note that the circular correlation of z;|n] with y;[n],

N-1

Eyzlm] = 3 zifnlwil((n + m))w)

n=0

can be expressed as

Galm] = &yl-m]
N-1

= 3 zl((n - m)wlyitn]
n_._--o
N-1

= Z zi[({m = n))n]ysln}
=

where z'[n] = z[~n]. Note that this is a circular convolution of z;[—n] with y,[n]. Thus, we have
expressed the circular correlation of z;[n] with yi[n] as a circular convolution of z;[—n] with y;[n).
Now recall from chapter 8 that the circular convolution of two M point signals is equivalent to
their linear convolution when N > 2M — 1. Since we can express the circular correlation in terms
of a circular convolution, this result applies to circular correlation as well. Therefore, we see that
HN>2M-1,

¢ci[m] = &fm] foro<m<M-1

Thus, the minimum value of N is 2M — 1.

A procedure for computing ¢.;[m] is described below.

step 1: Compute X;[k] and Y;[], which are the N > 2M — 1 point DFTs of z;[n] and y:[n].
step 2: Multiply X;[k] and Y;*[k] point by point, yielding C;[k] = C:[k] = X,[k]¥;" [k].

step 3: Repeat the above two steps for all data (K times), then compute

K-1
LA}:}:%ZC.[}:} for0<k<N-—1
=0

step 4: Take the N point inverse DFT of &..[k] to get ¢.zfm).

Assuming that a radix-2 FFT, requiring & log, N compiex multiplications is used to compute the
forward and inverse DFTS, the number of complex multiplications is

2-Zlog, N-K=KNlogy N, for step 1

KN, © for step 2
N, for divide by Q operation in step 3
Zlog, N for step 4

So the total number of complex multiplications is (K + 1)}Nlog, N + {K + 1)N.

The procedure developed in part (c) would compute the cross—correlation estimate ¢z, without any
major modifications. All we need to do is redefine y;[n] as

wlr)l=yln+iM], 0<n<N -1



and z;{n] is the same as it was before, namely

Note that for m < 0,

(e) For N = 2M,

i -1
zdn] = zZln+iM], 0<n<M
0, M<n<N-1

beylm] = dyal—m.

viln] = z[n+iM), for0<n<2M-1

n

2{n + iM](uln} - ufn ~ M]) + z[n + iM](uln — M) - uln - 2M])
z[r + iM(un] - u[n — M]) + zfn ~ M + (i + 1)M]{u[n - M] - u|n - 2M))

zi[n] + 201 [n - M]

Taking the DFT of this expression yields

Yilk] = Xi[k] + (-1)* X4 [k]

A procedure for computing ¢, for 0 < m < M — 1 is described below.
step 1: Compute the N point DFT X;[k]fori =0,1,...,K.
step 2: Compute Yi[k] = X;[k] + (-1)* X, [k] for i =0,1,..., K - 1.

step 3: Let Ag[k] =

step 4: Define V[k] =
step 5: Compute

0 and compute
Ailk] = A [k] + Xi[k)Y (K], i=1,...,K-1

Ax-1[k]. Gompute vim], the N point inverse DFT of V[k].

$zzlm] = —v[m]

Assuming that a radix-2 FFT, requiring 3 ¥ log, N complex multiplications is used to compute the
forward and inverse DFTs, the pumber of complex multiplications is

(K +1)%log, N, for step 1

0, for step 2
(K —-1)N, for step 3
Llog, N, for step 4
N, for the divide by Q in step 5

So the total oumber of complex multiplications is Ei-N logs N + K N. Note that for large N and
K, this procedure requires roughly half the number of complex multiplications as the procedure

described in part {c).

10.39. {a) Using the relations,

duml = o [ X APma
Xn,A) = i z[n + mjw{m]e=*m 4\

m=—o0

e ia e e

I T P
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we find
1 (" .
dnom] = o | X[n NP mdr
2x J_,
1 : g

= — - fAm
o Xin, M) X[n, A)e?A™dA

= -é-l;[-: (‘i z[n+l]w[1]e-ju) ( z z[n +r]w[r]cj‘\") Am gy

==00 r=-—0o0

=i§mwwwmm%£wwmq

i=—o00 r=—o0

= i f: z[n + Juiliz[n + rlwlr] (217{. f_ : g—IM—t4r) giAm d,\)

=m0 F=—00
Using the Fourier transform relation,
8ln — ng) +—r eIV
we find o oo
dnml= S 3 zin+ fullleln + rlwlrléim ~ 1+ r)
I=—oo F=—0c

The §fm — | + ] term is zero everwhere except when m — I+ = 0. Therefore, we can replace the
two sums of | and r with one sum over r, by substituting { =m + 1.

en,m] = _Z rin +m+rjwm+ rlz[n + rjwir]
z z[n + rlwlrlz(n + m + rlwfm + 1]

r=-—00

(b) First, note that

IXln, )

n

Xln,-2)X[n,))
[Xfr, - N

Starting with the definition of ¢[n, m],
dnym] = o / 1Xfn, M) ™ dA
2x J_ o
c{n‘ —m] = ...1.._ f’ !x[n A)!2 e—jlmdA
I J !

we substitute A’ = = to get

1 -

-_— R -\ 2 _iX'm !
dr, —m]} 27 J, I X[n, =X ™dX
—_ 1 * A\ [2 pFA gy s
= 21'[_'1)({1;, NP X max

1 * ? X' m gyt
- 2—1‘[_11)([11,)\)1":1* dx
= ¢fn,m)



Thus, the time-dependent autocorrelation function is an even function of m for n fixed. Next, we
use this fact to obtain the equivalent expression for c[n, m].

00

eln,m] = .=Z.m zfn + rjulrjz[m + n + rlwlm + )
= f: z[n + rjwlrjz[~m + n + rJw[-m + 7]
Substituting r' = n + r gives T
- Hgmz[rqw[« ~ nlslf’ - mjuf(s’ - m) - n]
- j;m 2lr')elr’ — mluly’ - nle{—(m +n - ')
=f§;¢%w-wmh—ﬂ

where
hmlr] = wl-rjw[—(m + 1))
(¢) To compute c[n,m] by causal operations, we see that

honfr] = w[-rjwl[-(m +r))

requires that wir] must be zero for

-r < 0
r >0
and wir] must be zero for
-(m+r) < 0
m+r > 0
r > -m

R

Thus, wlr} must be zero for r > min(0, —m). I m is positive, then w|r] must be zero for r > 0.
This is equivalent to the requirement that w{—r| must be zero for r < 0.

(d) Plugging in ' ‘

a”, r20
“1= 0, r<o

into hglrl = wi—rjw{—{m +r)], we find

hmfr] = {

Taking the z-transform of this expression gives

a¥rtm e >0,r> -m
0, otherwise

|

Z hpir]z™" j
= |
Z a2r+mz—f !
re0

a™ i (a®271)"

Hn(z)

i

I



Again we have assumed that m is positive. If |z} > a?, then

Hule) =
halrl = a™3[r] + a?hnfr — 1]
Using this in the equation for ¢jn,m) gives
eln,m] = Z z{rjz{r — mlhm[n — 1]
= Z zfrlz[r — m] (¢™8[n - r] + a®Amin — r — 1))
= a™z|n]z[n - m] + o? 2 z{rlz[r = m}Amn -1~ 1]

= a™z|njz[n — m]+acfn — 1,m)

A block diagram of this system appears below.

£

x{n] 0" ‘

{e) Next, consider the system

ra”, r>90
wl=rl= 0 r<0

{re”ulr]} {(r + m)a"* "u[r + m]}

= a™rfa? +a™mra® r>0r>-m

honr]

> ¢[n,m]
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To get the z-transform Hp,(z), recall the z-transform property: rzfr] & -—z%ﬂ. Using this

property, we find
a?z-1

a®z Y1 +a%z71)
(1-62z-1)p3

ra*ulr] <

r?a?ufr] =

Again we have assumed that m is positive. Thus,
a?z~l(1 +a’z")] a?z—!
m = e % m—_—
Hm(z) e [ A= a2y ma [(1 - azz'l)?]
am+22—1(1 -+ a2z—1) + mam(a2z—1)(1 - 022-1)
(1 - 422—1)3
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a™t?z-1(1+a%z7! + m — ma?z"?)
(- atz1y
a™*3(1 4+ m)z L +a™H(l -m)z?
1—3a%z7! +3atz-2 — af2z—3

Cross-multiplying and taking the inverse z-transform gives

henlr) = 36%hm[r = 1] 4 36 hnlr — 2] — %hmlr = 3] = a™*3(1 + m)d[r - 1] + a™ (1 — m)dir - 2|
henlr} = 36%hmlr = 1] — 36*An[r — 2} + a®hm{r — 3] + a™*2(1 + m)éfr — 1] + a™ (1 — m)éfr - 2]
Using this relation for An[r] in

cn,m] = i zjrjzfr - mlhy[n - 7]
we get
cn,m} = i zlrlzlr — m] (3a%hm[n — r — 1) = 3a*hm[n — r = 2} + 6®hm[n - r - 3])
+ i zlrjz[r — m] (a™**(1 + m)é[n ~ r — 1) + & (1 - m)é{n - r - 2))

= 3aqn-1,m]- 3a4c[n_— 2,m] + a%¢c[n — 3,m]
+6™*3(1 + m)zin — ljz[n - 1 = m] + a™ (1 — m)z{n — 2jz[n ~ 2 - m]

A block diagram of this system appears below.

z” [ Al il A
x(n] > X > + > @-{ > > ¢fn,m]
-1 ’ w -1
z A 2 z
™ 2me1)z ™ ¥ 3a
> €
Y -1 A —33‘ < 2-1
: Q
> X — ¢
Z-1W m+4 - A 6 W z-t
a (1-m)z a
- _—
Y

rd

10.40. (a) Looking at the figure, we see that

X{ﬂ., A) = {(z[n]c-i-\ﬂ) * flo[ﬂ]} Iin
= [ Z zln — mle=PAEm plm) | irn

M=ok
(- -]

= Y zin—mlhofm]e*
Let m' = —m. Then,

X[ﬂ., A) = f :[ﬂ + m']ho[—m']c_jh“'

£ an
mi=o0




(b)
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E z{n + m'jhg[-mle=

m'=—00
= X[n,A)
if ho{-m] = w[m]. Next, we show that for ) fixed, X[n,)) behaves as a linear, time-invariant
system.
Linear: Inputting the signal az;[n] + bz2[n} into the system yields

i (az:[n + m] + bza[n + m]) ho[-m]e~*m
i azaln + miho[—mle™" + f: bzafn + mlho[—m]e~A™

m=—cc m=—o0

aXi[n,A) + bXz[n, A)

The system is linear.
Time invariant: Shifting the input z{n] by an amount ! yields
m 1
z zin + m + lJho[-mle™*™ = X[n + 1, )
RE =00
which is the output shifted by ! samples. The system is time-invariant.

Next, we find the impulse response and frequency response of the system. To find the impulse
response, denoted as h(n], we let z[n] = &[n].

z 8[n + mjw[m]e™ ™

m=—o
w[-n}e’"
-— ho[n}eja\ﬂ
Taking the DTFT gives the frequency response, denoted as H(e’*).
H(e) = Ho(e'“™Y)

hln]

We find S(e7) to be
{zln}e™*") + w[-n)

X (0 wemiv)

sin]
S(e)
S() = X () Hole™)

i

Note that most typical window sequences are lowpass in nature, and are centered around a fre-
quency of w = 0. Since Ho(e"") = W{e~7*) is the Fourier transform of a window wh.lch is lowpass
in nature, the slgna.t S(e#) is also lowpass.

The signal s{n] = X[n, 3) is multiplied by a complex exponential ¢/**. This modulation shifts the
frequency response of S(e?) so that it is centered at w = A
M) = sfnjer
H{™) = § (a""-*))
Since S(e7) is lowpass filter centered at w = 0, the overall system is a bandpass filter centered at

w=A
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(c) First, it is shown that the individual outputs yi[n] are samples (in the A dimension) of the time-

dependent Fourier transform.

wfnl = i z[n + mjwlmje= ™

f: z[n + mjw[mle~33*4m/N

m=—co
X[n A yz2eaym
Next, it is shown that the overall output is y[n] = Nw|[0)z[n].

N=1

vinl = Y win)

k=0

]

N-1 =
= z Z z[n + mjwlm]e=2xkm/N
k=0 m=—-x
a N-1 .
= Z Z z{n + mjwm]e 2 km/N

m=—o0 k=0

[ N-1
= Z z{n + mjwlm) Z e~ I3mkm/N
m=-oo k=0
Ni[m]
= Nuwf0]z([n]

{d) Consider a single channel,

decimator expander

)

D)

xin] hdin] IR TR goin]

e—j lt n
In the frequency domain, the input to the decimator is
X (eJ'(w-l-»\.)) Ho(e)
s0 the output of the decimator is

= _— . o
% gx (e’“ 2w0)/ R+ A )) Ho (ej( 2 t)/R)

The output of the expander is
R-1

% Z X (cj(w-!-.h—hl/m) H, (cj(u-irll.l!))
i=0

i

4

VAU
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The output Yi{e/*) is then
Yile”) = jf_'j Go (M) x (efte=21M) Hy (eito-rem2m/Rr)
RS
The overall system output is formed by summing these terms over k.

Y (e)

N1
z Yi(e*)
=0

Rz =

To cancel the aliasing, we rewrite the equation as follows:

V) = X)L T Ho () Go (1)
k=0

]

-1

+
™

X (g(w-zrr/n)) %NZ_IGO (e:'(w-xs)) Ho (e;'(u-x.-m/n))
k=0 ’

1 —)

Aliasing 6omponent

f =~
[}

Therefore, we require the following relations 1o be satisfied so that y[n] = z[n]:

N1
flw—Ay) y (wr—A, -ZI'IIR) = , =1,...4 -—
Hao(,: -)Ho(a . ) 0, Vwandl=1,...,R-1

N-1
jlw—Ase) j(w=Ax) -
gﬂo(a )Ga(a ) R VYuw

{e) Yes, it is possible. G,(e™) = N Hy(e) will yield exact reconstruction.
(f) See chapter 7 in “Multirate Digital Signal Processing” by Crochiere and Rabiner, 1983.
(g) Once again, we consider a single channel,

decimator expander

xin] holnli— | R s ggin ydni

AN RPN

From Part (a), we know that the output of the filter ho[n] is

oo

X[ﬂ., Ak) = Z I{m}ho[ﬂ - mle-—jhm

m=—oc
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or, using Ay = 27k /N,

Xn, k] = i z[m]ho[n — m]e=72xkm/N

Therefore, the output of the decimator is

X’[Rn,f:]-_- f‘; z{m]ho{Rn — m]e~32*km/N

Recall that in general, the output of an expander with expansion factor R is

z.in] = Z z[l}é[n — £R)

f{=—cc

This relation is given in chapter 3. Therefore, the output of the expander is

i X[RE, k)d[n - LR)

fx—o0

This sigpal is then convolved with go{n], giving

i i X[Re, k]8[m — LR]go[n — m] = i X[R£, k]go[n — LR]

m=—00 =0 e
Therefore,
wfn] = Z go[n — LR} ( Z z[m)ho[RI — m]e"-""“'"/") eI2nkn/N
{=—oo m=—oc
N-1 e o ‘ .
yln] = z Z goln — ¢R) ( Z z[m]ho{R! - m]e—gzkam) 2xkn/N
k=0 {==0c me—oo
N-1 o oo .
= E goln — {R] Z zimlho[RI — mje=2xkim=n)/N
k=0 t=—co oo
= - N-1
= 3 Y goln - tRIho[Rl - mizfm] " ePHin-mI/N
= —com==oo k=0

Now recall that 31! ei2=*n—mW/N = N§[((n — m))n], by considering it as a Fourier series ex-
pansion, or as an inverse DFT of Ne~/2*mt/N_ Thys,

N1 oo
2 I2xk(n=m)/N _ n z 8fn - m ~ rN)
k=0

re=—00

where r is an integer. Therefore,

yin] = i i %ofn — ER)ho[LR — mlz[m|N 3" &ln—m —rN]

{=—00 mE=—o0 r=—oo
= N i i goin — LR}h[(R - n + rN)z[n ~ rN]

N i z{n - rN] i go[n — {R]ho{tR + rN — n]

r=—c0 =0




451

Therefore, if we want yin] = z{n], we require

for all values n.

o0

S goln — LRJo[R + 7N — n} = dr] '

4= 00

{bh) Intuitively, we see that it is possible since we are keeping the necessary number of samples. If

go[n] = 8[n}] find that

f: [n — LR}ho[tR + *N — n]

d=—o00

holrN|
= &lr]

since hofrN] is zero for all values of r, except r = 0, where it is equal to 1. Thus, the condition
derived in Part (g) is satisfied.
(i) See Rabiner and Crochiere or Portnoff. (Hint: consider an overlap and add FFT algorithm.)

10.41. Note that h[n] is real in this problem.

(a) First, we express y[n] as the convolution of A{n] and z{n].

The autocorrelation of y[n] is then

Fyylm]

i

[

y[n] = 2 hlk}z[n — k]
k=—00
& {y[n + mjyn}}
£ { S hikjzln+m — 4] ST hifjzln - t]}
Ty I=—00

i i R{KIAIE {z[n + m — Kiz[n ~ 1]}

k= wool=—0o0

S 5 ARl m - k]

k=—l=—-o0

Since z[n] is white noise, it has the autocorrelation function

$ell + m— k] = a28[l + m — k]

Substituting this into the expression for ¢y, {m] gives

$yyIm]

Note that

= o i i A[KIR[IS[L + m — ]

k=—m iz=—o0
oo

= o2 3 Al+mirll]

= -0

$yylm] = o: z h{l — mlhll]

=00

is also a correct answer, since dyy[m] = ¢yy[-m]-
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(b) Taking the DTFT of ¢,,{m] will give the power density spectrum #,(w).

Ea) = 3 {az ) h[r+mzhm}e"'"'“

m=—oo lz=—ao
= o2 i 1] i h{l 4+ m)e~ 7™
=~ m=—00

Substituting k = I + m into the second summation gives

3 M Y ke

=—C0 k==o0
(-] oo

= o2 Y e T bl

=t k=—00
)

= o} i h[-le~ ! z hikje~ ik

iz—~oo k=—o0
= H'()H (™)
= o |H(ej“’)[2

2y (w)

{c) This problem can be approached either in the time domain or the z-transform domain.

Time domain: Since all the a;’s are zero for a MA process,

o
yin]l = Zbga:[n - k]
k=0

50 g}[n] is nonzero for § < »n € M. Note that the autocorrelation sequence,

[= <]

¢nlml= 3 yin+miyn]

Bn=—00

can be re-written as a convolution

dylm] = 3 glm — nlyln]
where g[n] = y[-n]. Therefore,
$rs(n] = ¥(-n] + yin]
Since y[—n} is nonzero for —M < n <0, and y[n] is nonzero for 0 < n < M, we see that their
convolution ¢y, {m] is nonzero only in the interval [m} < M.
Z-transform domain: Note that
&,,(2) = G2 H(2)H*(2)

If all the a;’s = 0, then

n
X
"

M
z bgz-k
k=0

M

M
Pn(z) = Z bzt 2 bEz‘
k=0

L=0
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The relation for $,,(z) above is found by multiplying two polynomials in z. The highest power
of z in $,,(z) is z™ which arises from the multiplication of the k =0 and | = M coefficients.
The smallest power of z in ®,,(z} is z~* which arises from the multiplication of the k=M
and ! = 0 coefficents. Thus, ¢,,[m)] is nonzero only in the interval [m{ < M.

(d) For an AR process,
bo

1- Zf:l akz-k
b

Tie, (1 —axz™?)

H(z)

Since
¥y, (2) = cZH(2)H (z)
b

nle(l - oz=)(1 - ajz)

Thus, the poles for $,,(z) come in conjugate reciprocal pairs. A sample pole-zero diagram appears
below.

®y(2) =

Nth order zero
Nth order zerg atz = ==

x X

By performing a partial fraction expansion on $,,{(z) we find that each pole pair contributes a
sequence of the form Akc:';"l

A

and therefore
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{(e) For an AR process, with by = I,

which means that

Y{(z) _ 1

H(Z) = X(z) = - 2:;1 G*z-k

N
¥l =) ayln - K + zin]
=1

The autocorrelation function is then

¢nlm] =

Form =0,

The ¢,[0} term is
¢4(0]

byy[-m]
£ {y[n - mjy[n}}

N
£ {y[n -m] E aryin — k] + :{n]) }

=1

N
Z a;€ {y[n — mlyn - ]} + £ {y[n — m|z{n]}

k=1

N
z aidyylm — k] + ¢y [—m]

k=1

N
Z Grdyy[m — k] + ¢zy[m]

k=1

N
 Sl0} =) andyy[—K] + 62, 10]
k=1

£ {z[nlyln}

N
£ {z[n] (; aryln - k] + z[n]) }
=1

N
Z aif {z[njyin ~ K]} + £ {z(n}z[r]}

k=1

N
3 ot {alnlyin - K} + o2

k=1

it

Note that z{n] is uncorrelated with the y[n — &}, for £ = 1,..., N. Therefore,

Thus,

ézy [0l = ‘73

N
dnlll = D abyl-k+o2
=1

N
z a.,,¢,,[k] + 0’3

k=1




since ¢yy[k] = ¢py[—k]. Form > 1,

N
Z aidyylm = k] + ¢z [m]

=1

N
Z at¢w[m - k]
k=1

$yylm}

since ¢zy[m] is zero for all m 2 1.
{f) By symmetry of the autocorrelation sequence, we know that

$ulm =k = yylk - m]
¢w[|m - kl]

Thus,
N N
3 ardyalim - K] = 3_ axdyyim = ¥

=1 k=1
Using the result from part (e), we get

N
Z 0k¢wum - k” - ¢W[m]
k=1

form=12,...,N.

10.42. (a) Sampling z.(t) we get

z[n] = z.{nT)
1 & IV Seenen
— —- hat L] n

T 16 Z (2) ¢
k=—4
Define the periodic sequence X[k] to be
¢ 9 XK ¢
12

1/4

0000

allllTre oo ot
Y. |

-16

Then we see that we can write z[n] in terms of X[k]:

1 = j(2x n
z{n] T Z X{k]e/(2n/18ik

k=—4¢

7
i i k
Tl x[k]cﬂz:/u) "
6.2,

IDFS{X[+}

]

0 4 16.
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However, since the period we use in the sum of the IDFS is unimportant we can also write

1 &8 _
zn] = -I—GZX[k]e’(z’/“'*“
k=0
IDFS{X[k]}
IDFT{Xo[k]}

where Xo[k] is the period of X [k] starting at zero, i.e.,

Xik), £=0,...,15
0, otherwise

XQ{k} = {

Using this information we can now find G[]

G[¥] DFT{g[n]}
DFT{z{n)(ufn] - ufn - 16])}
DFT{z{n]}
DFT{IDFT{Xo[k}}}
= Xolk|

Thus, G{k] looks like
&1 Gl

1? "Q‘s 8—6————g—0——8 1{;6 1%8 @ K

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

L4

(b} We want to find a sequence Q[k] such that

nw

dnl = oo (%)
o i (l)m {27 /32)kn
16 “~. 2

We can apply the same idea as we did in part (a), except now the DFS and DFT size should be
32 instead of 16. Going through the same steps will lead us to the sequence Q{k] that looks like:

o1 ax
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(Here we have assumed « = 1). We see that we can interpolate in the time domain by zero padding
in the middle of the DFT samples.

10.43. (a) Using the relation,

fo= wr» O0Zk<N/2
*T) E, N2SkSN

3

where N is the DFT length and T is the sampling period, the continuous-time frequencies corre-
sponding to the DFT indices k = 32 and k = 231 are

.o %2
f2 = (5e)(1/20,000

= 2500 Hz
231 — 256

far = (Z86)(1720,000)
= -1953 Hz

{b)} Since .

Z[n] = z{nlwrin]

the DTET of #([n] is simply the periodic convolution of X (¢} with Wr(e™).
XE*)= 5 [ X(@Wa(@“ )i

-

{¢) Multiplication in the time domain corresponds to periodic convolution in the frequency domain, as
shown in part {b). To evaluate this periodic convolution at the frequency w2 = 27(32)/L, (whgre
L = N = 256) corresponding to the k = 32 DFT coefficient, we first shift the window W,z(e’)
t0 w3z, Then, we multiply the shifted window with X (¢’), and integrate the result. In order for

Xavsl32] = 2 X[31] + X[32] + aX[33]

we must therefore have

1, w=0
Wavg (eJU) = a, w= i2ﬂ’/L
0, 2xk/L, for k=2,3,...,.L -2

Note that we are only specifying Waeo(e?*) at the DFT frequencies w = 2xk/L,fork =0,..., L-1
(d) Note that the L point DFT of a rectangular window of length L is

L-1
Z(l)e-—jz:k/.[.
n=0

1 — -2k

Wrlk]

1— e—i2=kL

= Ll

Waug(e?) is only specified at DFT frequencies w = 2xk/L, and it can take on other values between
these frequencies. Therefore, the DTFT of Waeg(e?) can be written in terms of Wr(e?™) and two
shifted versions of Wg{e?).

) a . . 1 ] a .
Wavg(eJ"') = EWR (eJ(W+2 /L)) -+ EWR(C’”) + _L_WR (eg(u 2 /L))
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(¢) Taking the inverse DTFT of Wy, (e7) gives woygfn]-

uhlvg[ﬂ] = -a-wg[n]e'ihrn/l- + _l.wR[n] + gwn[n]ejzfﬂll.
= l + E cos m) w I"']
= |3 T 7 R
A sketch of waygln] is provided below.
w__[n]
2/256 ¢ avg[
1256
0 : . , .,
0 64 128 192 256

10.44. (a) After the lowpass filter, the highest frequency in the signal is Aw. To avoid aliasing in the
downsampler we must have

AuwM < 7
T
M s %
N
< ETN
N
Mmax = T |
(b) The fourier transform of z;fn] looks like |
X(e)
L 1
- /6 0 6 X w
so M = 6 is the largest M we can use that avoids aliasing. With this choice of Af the fourier
transform of z,[n] looks like
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X (¢

-n 0 T ®

Taking the DFT of z,[n] gives us N samples of X,(e’) spaced 2x/N apart in frequency. By
examining the figures above we see that these samples correspond to the desired samples of X (¢’*}
which will be spaced 2Aw /N apart inside the region ~Aw < w < Aw.

Note that after downsampling the endpoints of the region alias. Therefore, we cannot trust the
values our new DFT provides at those points. However, the way the problem is set up we already
know the values at the endpoints from the original DFT.

(c) The system pin] periodically replicates Xn[n] to create Xn[n]. Then, the upsampler inserts M — 1
zeros in betweeen each sample of Xn{n]. Thus, the samples k. — ks and k. + ks which border
the zoom region in the original DFT map to M (k. — ks) and M (k. + ka). The system h{n] then
interpolates between the nonzero points filling in the “missing” samples. Since the linear phase
filter is length 513 it adds a delay of M/2 = 512/2 = 256 samples 50 the desired samples of XNM[n]
now lie in the region

Mk - ka)+256 Sn< Mk +ka)+256
K~k <n< k+ky
where

kil = Mk +256

(4

k’A = Mka

(d) A typical sketch of X (¢*) and X n[k] look like.

X(e")




. HAREEEA

0 kc-kA kc k‘:+kA N-1 Kk
After periodically replicating and upsampling by M we have a signal that Jooks like
l X,Jn] atter upsampling
Q [

M-1 zefos Q

Filtering by A[n] then interpolates between the samples. X war[n] is shown below if we assume that
h[n] is the ideal zero phase filter. The points with an x correspond to the interpolated points.

Xy
L . o
interpolated points ¢
T ITmef.;z?l”T”] ”l l |
0 Mk k) M, M(k_+k,) M(N-1) P

Thus, we need to extract the points

M{k.~ ka) <n< Mk +ka)
K-k, <n< ki+ky




where

ka

Mk,
Mka
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Solutions — Chapter 11

Discrete Hilbert Transforms
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11.1. Using the fact that z.[n] is the inverse transform of Re we get
Re{X(e*)} 2 — ae? — ae™
z.[n] = 25[n]- ed[n + 1] - ad[n ~ij

Since z[n] is causal, we can recover it from z,[n]
2ln] = 2aclmjuln] - 2. [0[n} = 25{n] — 2a6{n 1)
This implies that
o] = ZZ2E0 e+ 1) - abfn - 1
and since jZm{X (¢’*)} is the transform of z,{n] we find
Im{X(¢’)} = 2asinw
11.2. Taking the inverse transform of Re{X(e/*)} = 5/4 — cosw, we get
zeln] = 28l - %5[11 +1] - 38n - 1]

Since z(n] is causal, we can recover it from z.[n]

2] = 2c{njuln] - z.[0)d[n) = 23] - 8[n — 1),

11.3. Note that

% cosw
4

(-1) (1)

X ()X (%)

1X (e

If X{e7) = (1~ ™) we get
z[n] = 4fn] - -12-6[11 —1]

but this does not satisfy the conditions on z[n] given in the problem statement.
However, if we let X (&) = (1 — de™7)e™7 we get

=tn] = dln — 1] - 380 - 2]

which satisfies all the constraints. The idea behind this choice is that cascading a signal with an allpass
system does not change the magnitude squared response.
Another choice that works is X{e#) = (1 - 2¢77¥)e~7 for which we get

2n] = 38l - 1] - &[n - 2

The idea behind this choice was to flip the zero to its reciprocal location outside the unit circle. This
has the same magnitude squared response up to a scaling factor; hence, the 1 term.
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11.4. Take the DTFT of z.[n] to get

zeln] = 34ln] - F0m+2) - 16n 2]

X, (%) = ; - %cos%.

where X, {e7) = }[X (%) + X*(e7)] is the conjugate symmetric part of X (e’*). Since X (e} = 0 for
—7 € w < 0 we have

X(@e) = { 2X,(¢*), 0Sw<x

0, otherwise
_ I1-cos2dw, O0Sw<n
- 0, otherwise
Thus,
i l-cos2w, 0w
Re{X(e™)} = { 0, othe‘:wise
and

Im{X ()} = 0.

About Notation: Xg(e’™) with a capital R is the real part of X(e’*). X,(¢™*) with a small r is the
conjugate symmetric part of X (e’) which is complex-valued in general.

11.5. The Hilbert transform can be viewed as a filter with frequency response

iwy _ | =4 O0<w<n,
e ={ 7 555

(2) First, take the transform of z.[n]
X () = xé{w — wg) + 7w + wp).

Now, filter with H (e} and take the inverse transform to get z;[n]

Xi(e™) = H(E)X.(e)
= —jwd{w - wo}+ jrd(w + wp)
ziln] = sinwgn

(b} Similarly, z;[r} = — cosuwpn.
(¢} z.[n] is the ideal low pass filter

zr[ﬂ]= sini:’:n) — { l! ‘wl S“’c

0, we<jw/<x
After filtering with the Hilbert tranformer we get

. "-ja 0 S“" ch
Xy ={ i, —we<w<0
0, welj<Ln

Taking the inverse transform yields

1 . 1 f . . 1-coswcn
z,-[n]=§-;f Je’“&d-;[ﬂ’“d&u:——}—n&-
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11.6. Using Euler’s identity,
iXp(e) = j(@2sinw - 3sindw)
e N
CEE) )
= —g-ej"” +ev -4 ge”"“
Since z,[n] is the inverse transform of jX{e’) we get

zafn) = 2ot + 4+ 8n+ 1) = Sln - 1+ Sin -4

Because z{n] is real and causal we can recover most of xn], i.e.,

2z, [nlu[n] + z[0]3[n]
z[0)8[n] - 25[n — 1] + 34[n — 4]

z[n]

The extra information given to us allows us to find z[0],

6 = X(er}[uzc

o

= Y zinje®
= ap)-2+3
Plugging this into our equation for z{n] we find
z[n] = 58[n} — 28[n — 1) + 35]n ~ 4]

11.7. {a) Given the imaginary part of X (¢’*), we can take the inverse DTFT to find the odd part of zn],

denoted z,{n].
Im{X ()} = sinw+ 2sin2u
1 .
= Lo Loy low Zemiw
2_1 2] 2
1 1 1 _;
= low e Lemie Zemite
2j 2 b

z[n] = DFT![iIm {X(ef")}]
= DFT [a‘*w o -,z.,]
- 6[n+2]+%6[n+ 1 - 55[n-- 1) - djn — 2]
Using the formula z{n] = 2z,[njuin] + {0}6[n], we find
| . z[n] = —dfn - 1] - 25[n ~ 2] + z{0}d[n]
Any z[0] will result in a correct solution to this problem. Setting z[0] = O gives the result
z[n] = —éfn - 1] - 26[n - 2]
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(b) No, the answer to part (a) is not unique, since any choice for z[0] will result in a correct solution.
11.8. Using Euler’s identity and the fact that z,[n] is the inverse transform of jXr(e/*) we find
iXr(e*®) = 3jsin2w

o _ gmitw
(252

]

zofn] g(é[n +2} - 8[n—2))
Because z(n] is real and causal we can recover all of z[n| except at n = 0,

z[n] = 2z,[njuln] + z[0)d[n}
= —34[n - 2] + z[0}é[n]

Therefore,
2] = zfn} +2:[-n)
(—35{n — 2] + z[0}5[n]) + (—38[n + 2] + z[0}5[n])
2

3 3
—58ln + 2] + ={0d[n] - 58[n ~ 2]

Using the fact that Xg(e’) is the transform of z.[n] we find

3 iz _3 i
2e’ + z{0} 5¢
z[0} — 3cos 2w

Xr{e?)

Thus, Xrz{e’“) and X ps(e’*) are possible if z[0] = —1 and z[0] = O respectively.
11.9. (a) Given the imaginary part of X (e’*), we can take the inverse DTFT to find the odd part of z[n],

denoted z,[n].
Im{X(¢*)} = 3sinw+sindw
3. 083 _. 01 o 1 _.
= v ot L =ilw
TRl TR TL A Th
o X 3 e 3 e 1 -
= 2je’ +2J.eJ 2je 23.:

zofn) = DFT[iIm {X(¢)}]
= DFT! [%eﬂ“' + ge"" - -g-e'j“ - %e'f-’-‘-*]
= Fon+3)+ e+ 11- Ssim~1)- Loin -3
Using the formula z[n] = 2z,{nju[r] + z[0)é[n], we find
z{n] = —38[n — 1] - &[n - 3] + z[0}é[n]
Taking the DTFT of z[n] gives
X(e) = -3¢~ — 7% 4 2]0]
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Evaluating this at w = x gives

x(e,w)l = _3e~ix i :[0} =3

w="r
341420 = 3
zfo] = -1
Therefore,
z[n]) = -34[n — 1] ~ &[n — 3] - éfn]
(b} Yes, the answer to part (a) is unique. The specification of X (/) at w = x allowed us to find a

urnique xn].

11.10. Factoring the magnitude squared response we get

|H(e5“)|2= 2 - cosw _ 1-cosw+1 _ (1—%:”:‘")(1—-%6‘")
S+4cosw  l+4cosw+4  (1+2e73w)(1+ 2ev)

(1-3z7')1-12)
{1+ 2z-1H1 + 22)
H{z)H"(1/z")

|H(z)?

fl

Since h{n] is stable and causal and has a stable and causal inverse, it must be a minimaum phase system.
It therefore has all its poles and zeros inside the unit circle which allows us to uniquely identify H(z)
from |H{z)|%.

1-1z-1
H@z) = 1 -:22

= lz—-l (1 - %2-1)
2 1+ 32~1

— 1—1 2 1
= 22 (1+1+%z_1). 2| > 3

1 1) 4
hln] = —-2-6[n = 1j+ (-5) uln —1]
11.11. Note that z;[n] can be written as
zin) = —44[n + 3] + 46[n — 3]
Taking the DTFT of z;[n] gives

—4e7 4 4T
—4(25 sin 3w)
= —§jsindw

X&)

]

Since X (/) = 0 for —x € w < 0, we can find X (e’™) using the relation
o | 2Xi(e™), 0 < w < =
X(e"’)_{o, ; BRI
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‘
|
;
,
1
:

Thus,

xiom = { osn 0

Therefore, the real part of X(e/¥) is

A

IA A
€ e
A A
(=08 ]

X, ()

5 (X&) + X ()]

_ | 8sin3w, 0 < w < «¥
- —8sin3w, —x < w < 0
11.12. (a) Factoring the magnitude squared response we get
g 0 2 2 1 ( 1_jw)( 1 .w)
= - - - =1]-= - - = 1— ¢
H (™) g ~ 3w =1-geswtg 1-3e 3
= H(E)H ()

Thus, one choice for H(e) and hln] is
. 1,
H(e®)=1- 3¢

h[n] = 8[n] - %J[n —1

(b} No. We can find a new system by taking the zero from the original system and flipping it to its
reciprocal location. This only changes the magnitude squared response by a scaling factor. If we
compensate for the scaling factor the two magnitude squared responses will be the same. Thus, we
find

H(e™) %(1 — 3e~9)
hn) = %J[n] - 36[n - 1]

satisifies the given conditions.

11.13. Expressing X z(e’*) in terms of complex exponentials gives

Xz(€¥) = 1+ cosw+sinw —sin2w
1. 1 _,; 1 ; 1 . 1 . 1 .
- i %) 2 a—fw e D oamrw o jiw Eal . -
= 1+2c’ +2e +2,e’ 2},:_ 2J,f:-’ +2jc
1 0. 1.5, ) S 1 _. 1 _. 1 _a
= e = P BT ) U
2J_e’ + 2e’ + % +1+4 2¢ 2je + 2jc

Taking the inverse DTFT of Xg(e’) gives the conjugate-symmetric part of z[n], denoted as z,[n].
e L ln+ 2]+ 2ol + 1)+ e dln + 1]+ 8in] + 26fn — 1) — dln — 1 + dn — 2]
z.[n] = —2—j [n+2] + 2 [n 2j ) 25 25

Using the relation z[n] = 2z.[n}uln] - z.[0}6[n],
z|n] = é[n] + 8[n — 1] + jén — 1] — d[n — 2}
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We then find the conjugate-antisymmetric part, z,in} as

! .
zeln] = 5 (eln] ~2"[=n)

= 2 (ln]+ b0 — 1+ 38l — 1] - 6n — 2] - 8{n] = &{-n ~ 1]+ 6[~n ~ 1] = $6[-n - 2)
= %(5{n—1]+j6[n—1]-—-j6[n—2] 6[n+1]+35[n+1] —jé[n+2})
= 34181+ 2@+ 1]+ 80 - 1) = § @fn + 2+ Sln - 2

Taking the DTFT of z,[n] gives j X;(e/™).

iXi(e™) = -g (¢ —e#) 4 L (F 4 o) - 2 (@™ +em™)
= —jsinw+ jcosw — jcos 2w
% .
Xi(€¥) = —sinw + cosw —~ cos 2w
11.14. First note that,
(a) The inverse transform of Xg(e’) is z.[n], the even part of z[n]. This is true for any sequence
whether it is causal, anticausal, or neither.

{b) 7X(e™) is the transform of z,[n], the odd part of z{n]. This is true for any sequence whether it
15 causal, anticausal, or neither.

{c) For an anticausal sequence
z[n} = 2z, [n]u[-n] — z.[0]é{n]

Using Euler's identity and (a},

. L) 1 k
Xp(e) = =} cos(kw)
R 2(2)
=0 AL I
= 1+§'§('2‘) (C’k +e Jk"")
oo k
sl = Sl+33(3) Gk +sn-K)

k=1
Using (c) and then taking the odd part we get,

z[n) = 2z.[n]u{-n] - z.[0)5[n]
= /1 k

= éfn =} dn+k

I1+§1(2) [n+ k]

. Zzln] = z[-n]
zfn) = ZHZEH

- %i( ) (@8ln + K] — 8in — K])

k=1
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Now taking the DTFT and using (b),

() -
(
0

R =

X)) =

M8 51

L
.
LUIR ]

)k sin(kw)

k
sin(kw)

"
[
-

)8

Ve

. d
Il
-

Thus,
. o0 1 k
Xi@) =3 (3) snte)
k=0
11.15. Given X,(e’), we can take the inverse DTFT of jX:(e?*) to find the odd part of z|n], denoted z,[n}-
Im{X(&°)} = sinw )
1 .. 1
—e

20 T %

zofn] = DFT[iIm {X(g*}}]
= DFT [%a” - %e""‘]
= %6[11 +1] - %5[" - 1]

Using the formula z{n] = 2z,[n]u[n] + z[0]4[n],
z[n] = ~5{n - 1] + z{0]d[n]

Since
[~ =]
Z zfn] =3
n=—0oo
-1+z[0] = 3
z[0] = 4
Therefore,

z{n] = 48{n} — é[n - 1]
11.16. Using Euler’s identity and the fact that z.[n] is the inverse transform of X (™) we have

Xp(e™) = 2-4cos(3w)
= 2-2e™ +e77v)

t

z.[n] —26[n + 3] + 28[n] — 24{n — 3]

Since z{n] is real and causal, it is fully determined by its even part z.[n],

2z [n]u[n] — z[0}é[n]
48[n] — 48[n — 3] - 24{n]
248(n) — 4d[n ~ 3]

z[n|

it
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Using this information in the second condition we find

z zin)e™

AT -0
o0

= 3 -1

n=—-oo

= 2+4
# 7
Thus, there is no real, causal sequence that satisfies both conditions.

X (Y wms

11.17. There is more than one way to solve this probiem. Two solutions are presented below.

Solution I: Yes, it is possible to determine z{n] uniquely. Note that X[k], the 2 point DFT of a real
signal z{n), is also real, as demonstrated below.

1
X[k = 3 zinjerdnis
ﬂ-=o
1
XK = 3 almi-n™
n=o
Thus,
X0} = z[0]+z(1]
Xx{1] = zi0)-={1]
Cleatly, if z[n] is real, then X[k] is real. Therefore, we can conclude that the imaginary part X;{k]
is zero.

Therefore, the inverse DFT of Xg[k] is z[n], computed below.

1< ;
z[n] = EZXR[k]e’z'“*/z
k=0

1
on] = %ZXR[I:](-I)““

z{D] = %(XR{O] + XR[ID
-1
1) = 3(Xalo] - Xalt)

= 3

Thus,
z{n] = —§[n] + 34[n - 1]

Solution 2: Start by making the assumption that X{k] is complex, i.e., X [k] is nonzero and Xr[k] =
25[k] — 46[k — 1). Then, because zp[n] is the inverse DFT of Xg[k] we find

XR[k]cj'z'u/z

LT

ztn["] =

Xg(k)(-1)™

i~ It~

b
[ TR
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and
zl0] = 3(Xal0] + Xxl1]
= -1
zoll] = 3(Xal0)— Xalt)
= 3 |
Zepln] = —d[n} + 38[n - 1)
Because z{n] is real and causal, we can determine it from z.p[n]
Zep[n), n=0
2z, O<n<N/2
Zp{Nf2], n=N/f2

0, otherwise

z[n] =

With N = 2 we bave
z[n] = —d[r] + 38[n ~ 1]
If we began by making the assumption that X[k] was real, i.e., X;[k] = 0 and X[k] = Xglk] =
28(k] — 45[k — 1) than by taking the inverse transform we find that
z{n] = z¢p[n] = ~6[k] + 36[k - 1]

This is the same answer we got before. Since there was no ambiguities in our determination of
z[n], we conclude that z{n] can be uniquely determined. :

The next problem shows that when N > 2, we cannot necessarily uniquely determine z[n] from
X (k] unless we make additional assumptions about z(n] such as periodic causality. When N > 2
the two assumptions we used above leads to two different sequences with the same Xglk].

11.18. Sequence 1: For k = (,1,2 we have
Xr[k] = 94[k] + 6d[k — 1] + 6[((k + 1))3]

and Xg[k] = O for any other k. Using the DFT properties and taking the inverse DFT we find for
n=1223

342 (ej(z:/s)n + e-,'(z'/a)n)
3+ 4cos(27n/3)

78[n) + 8[n — 1} + é[n — 2]

If we let z{n] = z.,{n] we have the desired sequence.

Sequence 2: If we assume z{n] is periodically causal, we can use the following property to solve for
z|n] from z.;[n): A

Zepn)

zp[0), n=0
z[r] = { 2z,[n], 0<n< %
0, otherwise
Note that this is only true for odd N. For even N, we would also need to handle the n = N/2
point as shown in the chapter. We have

Zpl0], n=0
2ln] = { 2epin], n=1
0, otherwise

= 76[11] + 25[1’3 - 1]
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11.19. Given the real part of X{k], we can take the inverse DFT to find the even periodic part of z[n],

denoted z.,(n].

Using the inverse DFT relation,
N=1

Zepln] = .;r_ Y Xg[hw
k=0

we find
1
Z,0] = Z(4+1+2+1)=
i . . 1
zHpll) = Z(4+J.—2-J)=§
2,2 = %(4-1+2—1)=1
2oll] = (4-j-2+5)=3
? 4 2
Thus,

Zeplr] = 28[n} + 381~ 1]+ 6fn ~ 2] + 56l - 3
Next, we can relate the odd periodic and even periodic parts of z[n] using

Zepin], O0<n<N/2
zopfn] = { —Teplnl, N/2<nSN-1
0, otherwise

Performing this operation gives 7 .
Zopln] = -;-6[11 ~1)- %J[n -3
Taking the DFT of z,,{n] yields jX[k]. Using the DFT relation,

iXi[K =Y zoplmWm

we find
, 1 1
iXiho = (0+2+0 5)-
, _ J AR
iXi2 = (0+;+0-1)=
iXi3) = (o+"2+o+ ) j
Thus,

JX K} = =58lk = 1] + jé[k - 3]
11.20. As the following shows, the second condition implies z{0] = 1.

z{0)- -;- Zs: X [jefex/oren
k=0

=zl

I

8
: S XK
k=0

]
—
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This condition eliminates all choices except z;[n] and z3[n).
The odd periodic. parts of z2{n] and z3|n] forn = 0,...,5 are

Zopln] = ’zfﬂl-zil((-n))s]

= 3 (6ln — 4]~ 8l((n + )e]) - 3 (6fn = 5] - 6l((n + 5))e)

z3fn] — z3[({(—n))s]

z,,,,[n] = )

= 3= 1]~ 8(n + D)) - 3 6n 2~ &{((n + Do)

For n < 0 or n > 5, these sequences are zero. Since the transform of z,p[n] is jX;[k] we find for

k=0,...,5
1 ) , 1 . .
, e = [o-iax/e)ak _ i(axfe)ak _ [ -itesfe)sk _ j(2%/6)5k
X = L (e eir/t) - 2 (e el /st)
= ~Zjsin(ark/3) + Zjsinsmk/3)
.2
= g (-olk =2+ 8k~ 4) |
_ 1/ ‘(2x | i(2x
iXLIE = : (e (2r/6) _ (2 /G)k) -3 (e j(2x/6)2k _ 502 /6)2&) é
= —gj sin{7k/3) + gj sin(27k/3) ’
.2 |
= i (-ak -2+ ok -4 ‘

Thus, both z2[n] and z3[n] are consistent with the information given.

11.21. (a} Method I1:
We are given

Xg(pe™) = Ulpw)
= 1+p lacosw
Since %% = %% we have,
?—K = —oplcosw
&U - P
V = -aplsinw+ K(p)
Since % = —%% we have,
8 -1
”~ . - pr— e,
ap~?sinw + K'(p) = ap~?sinw
Thus,
K'(p) = ©
K{p) = C
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Since z[n] is real V(p,w) is an odd function of w. Hence, V(p,0) = 0, implying that C = 0.

Therefore, :
X(pe*) = Ulpw)+iVipw)
= l+p lacosw—jp lasinw
= 1+ap }cosw - jsinw)
= l4+ap le
X(z) = l+4az?

(b) Method 2: Since Xg{e?“} is the transform of z.[n] we have

Xr(#”) = 1+acosw
—_ E'_ jw a_ —Jjw
= 14 2:’ + 2e
zn] = 8ln)+ Séln+1)+ 38 ~1]

Because z{n] is real and causal, we can recover z,[n] from z.{n] as follows

Ze[n), n>0
0, n=10

—z.[n], n<0

Z4[n)

o o
= —Eé[n +1}+ Eéln -1]

Thus,

zfn] + zo[n)]
é[n] + adln — 1]

zin)

X(z) = l+az?
Note that we could have obtained z[n] directly from z.(n] as foliows

2z.[n)uln] — z.[0]5[n]
(28[n] + adfn + 1] + adln — 1])uln] — &n]
8[n]) + adin ~ 1]

z(n]

It

11.22. Taking the z-transform of un{n] we get

2 2z7N/2
I—2z-1 1-2z-%
1—z-N/2 4 =1 _ g=1-N/2

= » lt#0

1-2z"1

Un{z) -14z782

Sampling this we find

{'}N[k] = UN(eztt/N)
1-— {_l)t + e~ JEFk/N _ e-—jIri/N(_l)t
= i- g—32xk/N
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When k is even but k # 0 we see that Un{k] = 0. For k odd, we get

2+ k—jz:k/N

1 — e—i25k/N
2c—jtklﬂ(ejrk/h‘ + e-—jﬁ:[N)
e—Ik/N (gink[N _ ¢—jnk[N)
~2; cot(xk/N)

Unelk]

When k = 0 we get 0/0 which, if the function was continuous, you would use 'Hépital’s rule. In this
case the function is discrete so that is not available to us. One route to the answer is to use the definition
of the DFS

Unio]

N
Z ﬁN[n]e"'ﬁ'*“
k=0

N

Y inln]
k=0
=N

k=0

Putting it all together gives us the desired answer

) N, k=0,
Unlk] = —2j cot{xk/N), k odd,
0, keven, k#0

11.23. (a) Because z.p[n] is the inverse DFT of Xg[k] we haveforn =0,...,N-land k=0,....N -1

xapt) = XX
zoln) = ALt

or equivalently, if we periodically extend these sequences with period N

Z[n] + Z[-n]
2

ER {n] =

Note that since the signal is real #*{—n} = Z[-n}.
The first period of Z[n]iszerofromn=Mton=N—-1. If N = 2(M - 1) there is no overlap of
#{n) and £[—n] except at n = 0 and n = N/2. We can therefore recover Z[n] from Z.[n] with the

following:
2,fn), n=1,...,N/2-1
Zn]=<{ Z[n), n=0,N/2
0, n=M,...,N-1
Tf we tried to make N any smaller, the overlap of [n] and [—n] would prevent the recovery of z[n).
Consequently, the smallest value of N we can use to recover X[k] from Xglk] is N = 2(M - 1).

(b) If N = 2(M - 1),

2z,n] n=1,...,N/2-1

z{n] = zplnjunin] = { Tepln), n=0,N/2
0, otherwise

e el



where

1, n=0,N/2
0, otherwise
2u[n] - 2uln — N/2] — 8[n] + é[rn — N/2|

2 n=1,2,..,N/2-1
uy[n] = {

]

Taking the DFT of z{n] we find
X[k] = Xrlk] @ Un|k}

where :
Unlk] = DFT {2u[n]- 2uln ~ N/2] ~ §{n] + §{n — N/2]}
S SV o L ittt Sl el Y M WP Y N
1- e—J2rk/N

N, k=0,

Unlk} = —2jcot(rk/N), 0<k <N -1, kodd
0, otherwise

11.24. We are given

Hg(e'™) Hga(e™) + Hop(e™)

Hi(e™) = Hgi(e™)+ Hor(e™™)

hefn] —  Ho(e™) = Ha(e™) + jHa(™)

hiln] +— He) = He(e™) + iHp(e")
where h.|n], h[n], Hr(e’), Hi({e’), Hgr(e?), Hor(e™), Her(e?*), and Hor{e?”) are real.
Begin by breaking H{(e’*) into its real and imaginary parts Ha(e’) and H(e')

H(e™) Hp(e™) + jH (™) _ _

[Her(e™) + Hor(e')] + jlHer(e™) + Hor(e™)]
Now solve for the conjugate symmetric and conjugate antisymmetric parts of H (e’)
H(e) + H*(e75)

|

H () = :
_ [Hgr(e?) + Hor(e)] + jlHEr(e?) + Hor(e?)]
- 2
+ [Her{e?) - Hor{e?)) — j{HE1(e’*) ~ Hor(e™*)]
2
= Hga(e™)+ jHor(e)
Hew) = HE9) -2;!'(:"'”)
_ [Hea(e) + Hop(e)] + jlHEi(e™) + Hoy(e™)]
25
_ [Ber(¢?) — Hor(e”)] - ilHer(e™) — Hoi(e)]
2j

= Hg(e®) - jHor(e™)

Thus, ) ) )
* Ha{e’?) = Her(e™”)  He(e¥) = Hey(ev)
Hp(e) = Hor(¢*})  Hp(e™) = —Hor(e”)

479
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11.25. (a) By inspection,
H(ev) = 1(2H]p(¢j("+§)) -1)
. 1~ jH(elw—¥)
Hyp(e)y= —2-7 (2 )
(b) Find hn]:
Taking the inverse DTFT of H(e*) yields

M = j [2e7 o) - )]
= j [2 cos(xn/2)hypln] — 12 sin(rn/2hypn] - 6[1:1]
= 2sin(xn/ 2)hlp{n]
The simplification in the last step used the fact that ky,, [n]l = ’l"%';"m is zero for even n and equals
1/2 for n = 0.
Find hyy[n] :

Taking the inverse DTFT of Hlp(ef“) yields

n] = jedix/2)n
hlp[“] 8in] 19’2 hin]

= 3dln) - 3G)Ap

i

Using the fact that A[n] is zero for n = 0 and n even we can reduce this to

 hyplnl = 2 i0) 4 2o

{c¢) The linear phase causes a delay of ng = M/2 in the responses. If ny is not an integer, then we
interpret hypfn] and hln] as

sin{x(n — ng}/2)

hpln —na] = x(n — ng)
_ 2sin’(n(n = ng)/2)
hfn-ng] = - g
Then,
hln] = h[n — ngjwin)

= 2sin(x(n —n4)/2) hlp["‘ — ngjw{n]
= 2sin{r{n — ng)/2) ﬁlp[n]

where hin] and i:lp[n] are the causal FIR approximations to Afn] and hyy[n]. Similacly,

in(x{n — ng}/2); 1
hypln) = { s_l_n“ﬁz_w—_‘“l"l +30[n ~ nduin], M even
sin(x(n — ng)/2)hin], M odd

(d) The lowpass filter corresponding to the first filter in the example looks like
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IHb(e"")!

127

081 M=18,8=2.629
o6t
0.4¢
0.2}

0 0.2n 0.2n 0.6n 0.8n r
oy

The lowpass filter corresponding to the second filter in the example looks like

IHp(ei"’)l
1.2

0.8} M=17,B=244
06}
04t
0.2t

° o 0.2x 0.2n 0.6n 0.8r n

@

11.26. (a) The example shown here samples at the Nyquist rate of T = #/{flc + AQ) as in the chapter’s
example, but the bandpass signal is such that AQ/(Q + AR) = 3/5. Then, 27/ (AQT) =10/3.
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1} 5,69)
s \
1 -~ > s a
Qc > /Qci-Aﬂc
17T ;
1 5 (&)
”~ -~
1 r > > i
“2r N, % s X 2r ©
Ty S(e™)
“2n .,"-n NP 2n ©
2/(3T) _
\ S4&)
] L 3 3 1
-6x B, SN ae3m én o

(b) If 2x /(AQT) = M + ¢, where M is an integer and ¢ some fraction, then using the Nyquist rate of
27 /T = 2(§. + AQ) will force decimation by M. As just shown, this choice for T causes Sa(e’“)
to have intervals of zero. Instead, choose T such that 2x/(AQT) is the next highest integer

2=
~A—QT-—-M+1.

Then decimating by (M + 1) produces the desired result.
11.27. Yes, it is possible to always uniquely recover the system input from the system output. Although
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Y (¢’“) contains roughly half the frequency spectrum as X (e7*), we can reconstruct X (¢™*) from Y {*)-
We can accomplish this by recognizing that since z{n] is real, X (e?v) must be conjugate symmetric.

The output of the system, yin], has a Fourier transform Y (') that is the product of X (e’*) and
H(e?*). Therefore, Y{e’) will correspond to

[ X(e¥), 0SwsT
Y(e*) = { 0, otherwise
At first glance, it may seem like X (e7*) = Y(¢/*) + Y*(e™?). Thisis close to the right answer, but it
doesn’t take into consideration the fact that Y(e’*) is non-zeroat w =0 and w = Thus, the solution
X(e7*) = Y(e/) + Y*(e™#), will be incorrect at w = 0 and w = ¥, since Y(e’¥) and Y*(e?*) will
overlap at these frequencies. It is necessary to pay special attention to these frequencies to get the right

answer. Let
0, w=0w=x

2(e”) = { Y(e), otherwise
Alternatively, we can express Z(e’) with the constants a and b defined as

e = Y@, = 2 vinl
b= Y, = 3 lnl(-1)"

Z{e™) = Y (&) - ad{w) — bd(w —7)
We can construct a conjugate symmetric X (¢’) from Y{(e) and Z(e'¥) as
X(9) =Y() + Z (e ")

In the time domain, this is
z{n] = y[n] + z7[n]

Or, since

B—-1)"
oo = ol - = - 252
e -1

zln] = yln] +¥7[nl - 57~ =5

11.28. Since H(z) corresponds to a real anticausal sequence hln), F(z) = H(1/z) corresponds to a real,
stable, causal sequence fln]. We can apply the equation developed in the book for causal sequences to
F(z).

Fi) = o § Fel0) (E55) T b2

v 2
where v = e is the integration variable; i.e., the closed contour C is the unit circle of the v-plane. Now
find H(z) '

H(z)

F(1/2}

1 [ 4vY dy
— — <
mfcﬁn(u )(z_l_v) - i<l

where Hg(v) = Re{H(¢”)}.
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11.29. {(a) We have
H{z[n]} = z[n] » kln]
H{H{=z[n]}} = z[n] * h{n] * h[n]

We need to show that Afn]+h[n] = —é[n]. Alternatively, we need to show that H{e/)H(e/¥) = -1,
which is easily seen from

_ jwy _ | —7 O0<w<rw
H(e)—{j ~-T<w<0

(b) In Parseval’s theorem,
3 b 1 * fury v [ 5
S flnle [ﬂl=§j:’F(e’ )G (7) du

n=-o0

Let fin] = #{z[n]} and g*[n] = z[n]. Then

S Helnllatn) = o [ H()X ()X () d

n=-—00

where
-j O<w<r

H(ew)={j ~m<w<0

but the integral = 0 since the integrand is an odd function over the symmetric interval.
{c) Since H{z[n]} = z[n] * k[n]

(zln] = y[n]) + A[n]
(z{n] + Afn]) = y(n}
z{n] * (yin] » hin])

by the commutativity and associativity of convolution.

H{z[n] = y[n]}

nw

11.30.

hln]
z,[n} zi[n]

hin} is an ideal Hilbert Transformer:

zs_i-ﬂg_&, n#0

h[n] = 6, n=0
H(C’U) -3, O<<w<x
- i —H<w<0
{a) In the frequency domain,
q’::s;(ejw) = IH(Cjw)lzﬁs—z-(cjw)
= Qz.z. (e_yw)

Therefore, ¢z.-z.[m] = ¢z.s'[m]‘



(b) The cross-correlation between input and output is just the convolution of ¢2.2.[m] and h[m],

¢z.z.[m] = i h[k]¢=.-z.-[m - k]

E=—-o0

The following shows that it is an odd function of m:

> hfk|gz,z[-m - Kl
k=—cc

= . Z h[-q¢=rlr{‘m+q

I=—0

¢l-‘i {_m]

=]

= Y Al fm-1

f=—o0
oo

= - Z h{(}¢1r=r[m—!]

t=—0c0

= —¢z.2 [m]

since hin] = ~h[-n] and ¢, [m] = ¢ . [-m].

{c) Starting from the definition of the autocorrelation and using the linearity of the expectation oper-

ator we get

¢z2{m] Efz{n]z*n + mi)
E[(ze[n] + jziln])(z+[n + m] — jzi[n + m])]
¢z.:,[m] + Bzix [m] + j{9z,2. [m] = ¢z2,2.1m])

= %z,z.{ml - 2jéz.2, [m]
The last line was found using the results from parts (a) and (b).
(d) Taking the transform of both sides of the equality from part {c) we find

P:z(w) = 24’:.:.-(31-”) - 23-@3-3-' (CJU)
2[¢,, 2. (&) - FH(E) 8, 2. ()]
28, .. ()1 - jH ()]

0

Since

oy g 0, O<w<r
1-jH(EY) = {2, —r<w<0

we get 0 0<w<
\ w<y
Pz:(w) = { 4*3'3'(&1}!), —cw<

11.31. (a) As shown in the figure below, the system reconstructs the original bandpass signal. As in the

example, T = x/(Q + Af}) and M = 5.
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o .

N
__Ln L 1 1 1 1 1 - py = = —u (’)
1T yr(ei’”)
_n 1 'l i 1 d - .y g — n m
1 Y,62) = S 6
-Q -40Q -Q Q ~.- Qc+mQ

(b) In the frequency domain .
(i) =4 % F<w<
Hi(e®) = { 0, otherwise
Note that H(e?*) = 5G(e/(w4*/3)) srhere

oy _ 1, W<k
G(e*) = {0, other:i.se
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sin(xn/5)
gln] e
We can therefore write h;[n] as
mim = 22D e
§cos(3Zn)sin(En)  _ 5sin(En)sin(fn)
= N “n _I+JL l:ﬂ .
i) haln]

{¢) Using the information from part (b) we find

vin] = veln}* hiln]

(vreln] + dvieln)) = (hniln] + jhis[n])

(reln] & hrifn] — yieln] » Auln) +7 (v [n) * Brsln] + yre[n] « hustn])
yrln]

We can now redraw the figure using only real operations:

Ydll—y ™ h fn] > oc [ v
Yin} yinl | Converter

yin—y ™™ n)
4 y[nl "

(d) From comparing the top and bottom figures in the answer to part (a), it is evident that the desired
complex system response is given by:

wy _ J 1, =—a<w<0
Hf”)‘{o, 0Swen

11.32. (a) We know )
X(2) = loglX (2)}

When X (z) has a zero or a pole, the term log{X (z)] goes to negative infinity or infinity respectively.
Therefore, X{z) has & pole at these locations.
If {n] is causal, X (z) has a region of convergence that is the outside of a circle corresponding to its
largest pole. However, we require the region of convergence to include the unit circle, i.e., X(e?*)
is defined. These two conditions imply that the poles of X (z) must be inside the unit circle.
But the pole locations for X (z) correspond to the pole and zero locations for X(z). We conclude
the poles and zeros of X (z) must be inside the unit circle, i.e., z|n] must be minimum phase.

(b) This argument is similar to the last, but in reverse. Start with the fact that z{n] is minimum phase
and must have its poles and zeros inside the unit circle. Then, as shown in part {a), the poles of

X () must also be inside the unit circle. Because the region of convergence most include the unit
circle, we know it lies outside the circle defined by its largest pole. Thus, £{n] must be causal.

{c)

M, M,
H(l - agz‘l)H(l - biz)
X(z) = log |4 o

[Ta-azH][0-ds

k=1 k=1
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M, M,
= log(A)+ Y log(1-arz"t) + Y log(l ~ by2)

k=1 - k=1

N N,
- Elog(l -z ) - Elog(l —-diz)
k=1 =1

{d) Using the power series expansion

o0 zn
log(l-2)=- -
n=]1
we find
o an
logli-az) = -3 %2 Jol>lal
n=1 n
- -]
og(1-B2) = -3 2 el > 17
n=1

-1 ﬂ_“
= T L s

From the equations above we can identify the following z-transform pairs

n

--g;l—‘u[ﬂ - 1]  aee g lOE(l - Clz_:), ’ZI > laf

-1

"’n sl-n—-1] — logl-Bz), |z > 187

We can now take the inverse transform of X (z).

[ log(A), n=0
M, o N;
—Zﬂ‘—+2-cz, n>0
in] = & S o7
FEL_SE g
L k=1 n k=1 n

{e) From the results of part (d), we see if Z[n] is causal, all the b, and d; terms must be zero. But the
expression for X{z) shows these terms correspond to the zeros and poles outside the unit circle.
We conclude that all the zeros and poles of X(z) are inside the unit circle, i.e., z[n} is a minimum
phase sequence.





Solutions — Chapter 3

The z-Transform
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3.1. (a)
n" ® 1\ a = /1\" _ 1 1
(- EWE@
(b)
1" <1\ 5
z|-{z -1 = - =) zm=-) 22
) wenes] = -2 ) ez
2z 1 1
= 1oz 1-3z-1 |1t<§
(c) '
0 1
(@) - forerty el
{d)
Zi§ln)]=2=1 allz
(e)
Zln-1jl=2z"" [z[>0
6]
Zlfn+ 1] =z™! 0<|zl <o
{e)
1\* (1) _1-(29)7%0
, z [(5) (u[n] — uln - 10])] = “go (ﬂ) =T @) lzt >0
32 n, 0<n<N-1 _
z[n]:{N N<n n ufn] - (n — Nu[n - N]
d 1
nz{n] & —ZZX(z) = n uln] & -—zal—l izl > 1
-1
null @ 5= z =il
zin -mﬂ & X@E)-z™ = (n-Nuun- N& - 2" :)2 lz] > 1
therefore 2=l z=N=1  z=1(1 = =N

X(z)= -2 T T (1-z)2

{(1-z






3.3. (a)
zo[n) = o™ 0<jal <1
-1 o0
Xo(z) = z a—nz—n+zanz—n
R==—00 n=0
o0 o .
= Ea"z" + Za“z""
n=1 n=0
_az 1 z(1-a?) 1
T leaz l=-az"! (1-az)(z-a) Ial(lzl(lal
XD
pole zero
/ a— Cance
N roots of 1
(b)
1, 0<ngN-1 N-1 1— 2N N
=4 0, N<n - = X = "= = z#0
""lo n<o o) nz=:02 T -Gy T

(c)
z[n] = zsfn = 1] # 23)n] & Xc(z) = 271 Xp(2) - Xo(2)

_ N -1 2 i N -1 ?
X.(z)=1z l(z”"(z—l)) =22N"1(z-1) z#0,1

Xd2D)
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3.4. The pole-zero plot of X(z) appears below.

X{z)

/*ﬁt circle
N g
FY FY
-K.y 2

{a) For the Fourier transform of z|n] to exist, the z-transform of z[n] must have an ROC which includes
the unit circle, therefore, |3 < |z < |2]-
Since this ROC lies outside }, this pole contributes a right-sided sequence. Since the ROC lies
inside 2 and 3, these poles contribute left-sided sequences. The overall z[n] is therefore two-sided.

(b) Two-sided sequences have ROC’s which look like washers. There are two possibilities. The ROC’s
corresponding to these are: |1] < |z| < |2] and 2] < |z} < |3I-

(c) The ROC must be a connected region. For stability, the ROC must contain the unit circle. For
causality the ROC must be outside the outermost pole. These conditions cannot be met by any of
the possible ROC’s of this pole-zero plot.

wX

3.5.
X(z) = (Q+22(1+3:7H1-z7)
922454zt - 3272
= Z: zjnjz~"
Therefore,
3.6. (a) z{n] = 28[n + 1] + 56[n] — 45[n — 1] - 38[n — 2]
1 1
X@ =13 1z Izl > 5

Partial fractions: one pole — inspection, z[n} = (—3)"u[n]

Long division:
1 -1zt 43277 4
4327} [ 1
1 + 4121
_'__;2_'2——1'
o %z"
+ %z‘z
-+ %z" + %z"






(b)

1
@)= F<g
Partial Fractions: one pole — inspection, z[n] = —(—3)"u[-n - 1]
Long division:
2: - 422 +82 + ...
12141 [ 1
1 +2z
-2z
-2z -4
+ 427
+ 422 +87°
1 n
= z[n] = - (_E) u[—n — 1)
(c)
1-3z71 1
X6 = g H7 s
Partial Fractions:
3 4 1
X(2) 1+lz-1+1+§z-1 I > 3
n l n
z[n] = [-—3 (—%) +4 (——) }u[ﬂ]
Long division:
1 +{(-3-3}): + (- +1)22 F ...
1+ 32714 1272 l 1 - 47
. 1 + 3z7! + 272
- D o
O RS T B e T B
[Fi+3E+0 3G+
1 n 1 n—2
= zfn] = [—3( (—Z) + (--2-) ] uln]
(d}
1-1z1 1
X(z)= 1= 2] > 3
Partial Fractions:
1-1:7? 1 1
= 2z _ -
¥@ = o= M

fl

()

z{n)
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Long division: see part (i) above.
(e)
Xy =155 pe> e

z7l-a
Partial Fractions: " 2)

a'(l-a -1

X(z):—a—i—w lz1 > fa™7}

z[n] = —adfn] — (1 - a®)a™"*un]

Long division: .
et S G A ) LA S
~a+z71 I 1 —az™?
1 - az?
(c=? —a)z™?
= 2] = —adln] - (1 - a?)a="ufn]
3.7. (a)
z[n] = u[-n - 1} + (%) uln]
=> X(z) = 1_':_,+ 1_12—1 %(iz|<1
2
Now to find H(z) we simply use H(z) = Y(z)/X(z); i.e.,
H(z) = Y{z) _ -3z (1-z0-11) 1-z7t
?) = X(z) (1~ ;2711 +271) ' -iz-3 T1+27?

H{z} causal = ROC |z| > 1.

(b) Since one of the poles of X(z}, which limited the ROC of X(z) to be less than 1, is cancelled by
the zero of H(z), the ROC of Y(z) is the region in the z-plane that satisfies the retaining two
constraints |z| > § and |z{ > 1. Hence Y (z) converges on jz{ > 1.

{c}

v

-1
Y(z) = I 4 1
(2) 1-4z-1 " 1+ Il >

Therefore, n
viri = =3 (3) vl + 31wl

3.8. The causal system has system function

1-z71

B =17 1zt

and the input is z[n] = {3)" u[n] + u[-n — 1]. Therefore the z-transform of the input is

! ! - LA 1
X(2)= - = 1 1
(2) 1- %z'l 1-2z-1 (1- %z—l)(l -z ) 3 <zl <






(a) h{n] causal =

Ain] = (— g)".;[n] - (-2) " -1

-1

(v)

-2
3

E’-<|le

Y(Z) = (l 1 _1)(1+§z-—:) 4

]
o
—

N
—
o
—

N
e

L
3

1

.+.
— 1,- 3,-1
1-3z70  1+%2

il =5 (3) e+ 55 (-2)

(¢) For hfn] to be causal the ROC of H(z) must be 2 < |z| which includes the unit circle. Therefore,
" h{n] absolutely summable.

Therefore the output is

| 3.9.
14272 2 1
B = (1-3z7)(1+427) Ta- 127%) T a+izY)
(a) h[n} causal = ROC outside || = 1= |z > 3
(b) ROC includes jz] = 1 = stable.
()
il = ~3(-3) - @ruten -l
-1 4
Y(z) = P ;z‘l +3 _’22_1
14z} 1
- o+ Lz-1){(1-271) ra Il <2
z 1-1z7?
o - T e
zjn] = -(2)"u[-n- 1+ %(2)""11;[—11]
()
hin} =2 (%) u[n] - (—-1—) uin]
3.10. (a)

z{n]

)nu[n 10]-1-() un - 10]

(
() e (0
NOROEE

The last term is finite length and convu‘ges everywhere except at z = 0.
Therefore, ROC outside largest pole 2 <l

B B2
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(b)

{1, -10<n<10
zln} = 0, otherwise

Finite length but has positive and negative powers at z in its X(z). Therefore the ROCis 0 <
2| < o0.

(c)

zln] = 2%u[-n]= (;—)_n u{-n)
[-n) X(1/2)

&~
1\" . 1
5) ujn) = ROCis |>3

(
(%) ul-n] = ROCis |z|<2

{d)

2fn] = {(;)H - (e’"s)"] ufn - 1]

z[n] is right-sided, so its ROC extends outward from the outermost pole e/*/3 But since it is
non-zero at n = —1, the ROC does not include co. So the ROC is 1 < |2] < co.

(e)

z[n] uln + 10] — u[n + 5}

_ 1, -10<n< -6
- 0, otherwise

z{n] is finite-length and has only positive powers of z in its X(z). So the ROC is {z| < co.
()

z[n] = (%) "l + @4 3R - 1]

z[n] is two-sided, with two poles. Its ROC is the ring between the two poles: P<lzl< 12_'&3_5!"&

3 <lzl < I
3.11.
o0
z[n] causal = X(z) = Z:[n]z"‘
=0

. which means this summation will include no positive powers of z. This means that the closed form of
X (z) must converge at z = oo, i.e., z = 0o must be in the ROC of X(2), or lim; 400 X (z) # co-

(a)

. (1 - 2—1)2 _
Ty T

1 could be causal
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(b)
—1)?
(2 13 =00  could not be causal
oo [z — 2)
(c)
(z- 3
lim -~—2— = could be causal
z-+uo(z - %)5
(4}
(z - b
ts = could not be causal
s=o0(z = 3)
3.12. (a)
1-4z7?
%)= 7
The pole is at -2, and the zero is at 1/2.
(b)
1-3z72

X)) = qr L Ha- 3270

The poles are at -1/2 and 2/3, and the zero is at 1/3. Since 12
from the outermost pole: |z{ > 2/3.

xl {2

(<}
1+2z71V-2272
Xl = {Tg

The poles are at 3/2 and 2/3, and the zeros are at 1 and
the ROC must include the unit circle: 2/3 < {z| < 3/2.

X3 (z)

o
o
-2

Ht)

[r] is causal, the ROC is extends

-2. Since z3[n] is absolutely summable,

R T Ry
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3.13.

G(z) = sin(z"*)}1+3z72+42z7Y)
-3 -5 -7
-1 _Z zZ" z -2 —4
a3 + = T J1+3z7%242:277)

3 gl

=(z

g{11] is simply the coefficient in front of z~! in this power series expansion of G(z):

1 3 2
g[lll - —m + g - -]T"
3.14.
1
H = m——e
(z) 1-4.-2
_ 1
(< Fz D1 +352-1)
0.5 0.5

1-3z7' 1+ 3378
Taking the inverse z-Transform:

hin) = (5)"uln) + 5(-3)"ulr]

s 1 1
1 1
A1=§; ar = 3; Az='2-; az = =35
3.15. Using long division, we get
He = —wril
1- %:-3
n=%
1
= Y
2
Taking the inverse z-transform,
_J 3", n=01.2...9
hin] = { 0, otherwise
Since h[n) is 0 for n < 0, the system is causal.
3.16. (a)} To determine H(z), we first find X{z) and Y (z):
1 1
X@) = 1- %2‘1 T1-2:1
=5,-1
3 e lz] < 2

(-1zY)(1-221 3
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5 5
Y = -
G = T
5,-1
-%z o 2
-y M7
Now
_ Y(z)
#E) = X0
_ 1=-2271 2 > 2
To1- -g-z"l -3
The pole-zero plot of H{z) is plotted beiow.
H@)
4D
Y -t
K 213 2

(b) Taking the inverse z-transform of H(z), we get

M = C)uinl - 23 uln -1
= Gyl - 3un - 1)
() Since
. B = 3G = T E

we can write 2
Y{z)(1- 3z") = X(z)(1-271),

whose inverse z-transform leads to
2
yin] - gy[n -1} = z[n} — 2z{n - 1]
(d) The system is stable because the ROC includes the unit circle. It is also causal since the impulse
response h[n] = 0 for n < 0.

3.17. We solve this problem by finding the system function H(z) of the system, and then’ looking at the
different impulse responses which can result from our choice of the ROC.

Taking the z-transform of the difference equation, we get
Y(z)(1 - %z‘”‘ +270) = X(2)(1 - 7Y,

and thus

Y(z) _ 1-2z2

Az = X(z) 1-22-14272






73

1-2z"1 o
(1—2z71H1 - 3z7)
273 1/3
T o1-2271 1= %z‘l
If the ROC is
(a) lz] < &: .
bn] = —32"u{-n — 1] - 3(z)"ul-n - 1]
= h[0} =
b) 3<lizl<2
hin} = -—-2-2"u[—n -1}+ ~l;(l)"n[ﬂ]
3 32
= =3
© 2> 2

hn] = -;—2"11.[11] + %(%)"u[ﬂ]
= L
)z} >20r |2 < §:

hin] = 2"u[n] )"u[n ~1]
= h[O] ==

3.18. (a)

1+22~142"2
@x -
1

-2+ —3—4
1+3271 1-2-1

H(z) =

Aadlod

Taking the inverse z-transform:
1, 1., 8
h[n) = -28[n] + 5(—-2-) ufn] + -3-u{n]‘

(b) We use the eigenfunction property of the input:
yln] = H(e™/*)2(n],

where
i ! :
x = -
H(C" ) - 2+ 1+%8"j'/2+ 1-—6""/2
1 ]
= 24 —d—4 3
1-3  1+4;
_ oy
T ois
3tz

Putting it together,
=25 cg(t/!)n
3+4

yln] =
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3.19. The ROC(Y (z)) includes the intersection of ROC(H(z)) and ROC(X (2))-
(a) :

1

Y@ =503 (11270

The intersection of ROCs of H(z) and X (z) is |z| > 1. So the ROC of Y (2} is |2} > §.
(b} The ROC of Y (z) is exactly the intersection of ROCs of H{z) and X(z): P<lzf<c2
(<)

1

Ye) = a0

The ROC is |z| > 3.

3.20. In both cases, the ROC of H(z) has to be chosen such that ROC(Y (z)) includes the intersection of
ROC{H(z)) and ROC(X(z)).

(a}
1-3:1
B = o=
The ROC is |2z| > 2.
(b)
Bz} = 1-3z7?

3.21. (a)TReROCisz]> i

yln] = 0 n<0 :

bid n ek n 1-—- a—(n-i-l) 1- an+l
yin] = Zz[k]h[n-k]zza =" 5 =1, 0<n<N-1
k=0 k=0
N-t Nl 1—a-¥ 1—a~¥
—_ - — -k _ .7 — n+d
yln] = z:[k]h[n k]_za" =a"y =9 —1 n>N
k=0 k=0
(b)
= 1
Hg) = Y a7 =70/ >l
n=0
il 1-2-%
X(z) = ngz'“ =5 fz{ >0
Therefore,
; 1-2z-VN 1 z ¥
= = - >la
Y(z) (1-ez-')1-2z"1) (1=-az7?)(1~- z71) (l-az7l)(1-271) Izl > el
Now,

1 _ = + s _( 1 )( 1 e )
(I-az-)(1-2z"1) l-az! 1-z' \l1-a/\1-2:"1 1-az7}






7%

So
— _1_ - antl _ - — g~ N+1 _
yin] T [u[n] - a™*'ufn] —u[n - N]-a uln — N
1-— cn-i-'.l 1- an—N+1
= i-a uin) = l1-a ufn - N)
0 n<0
vin] = { 55— 0<n<N-1
antl (1::‘1") n>N
3.22. (a)
yin) = Y hlkjzin—&]
k=—oc
- 1\ _
= - k -k
Py (s (-3) « 1) uln - H
n 1 k
= 3| =
23(-3)
_ fe(- 7). 20
0, otherwise
(b)
Y(z) = H(z)X(z)
3 1
T o1+irt1-2t
’ 3 ]
= 4
1+3z70  1-z71
sl = 3(-3) vlnl+quln
9 1 1\
= 1(+5(5) )
n+1
= % (1 - (-%) ) uln]
3.23. (a)
1-1:"2
B@) = (1- %z"l)z{l -4z
- _4 5+ Lz-1
= T 1-2z-1 4422
= -4 2 7

- +
1-12-1 1~ 42

Mn) = —4dn) -2 (%)" ulnj+7 (%)" uln]
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(b)

vin) - 2yl ~ 11+ Syl 2 = 2ln] - 32(n — 2

3.24. The plots of the sequences are shown below.

(a) Let
afn] = f: 8[n ~ 4k],
k=—00
Then ”
A(z) = Z z7
k==o00
(b}

bn) = 3

[(-—1)" + cos (%n) + 1] u[r]
%, n=4k, k>0

= {5. n=4k+2, k20

0, otherwise

>3 =1
B) = Y zeina Yy gamnd
n=0 n=0

)t

."‘+oos(-;—n)+sin(£+2m

_opdije
- 1—-z=4 °
1+ o
OB
E“---. -nod
[
[ X]d
[-F1 4
-0 ] -; -2 [ ] 2 4 'I I‘D
n
15k T ) : I i L
[
)
see aed
. [ L]
® . 4 9 . S, "
W -4 -4 -l -2 o 2 4 [ ] | ] w

3.25.
22 _ 2?2
(z—a)(z-b)  z22-(a+bd)z+ad

X(z) =

Obtain a proper fraction:





1
22— (a+b)z+ab rﬁ
22 —(a+b)z +ab

{a+b)z —oab
{a+b)a—ab {o+b)b—ab
X(Z) = 1 + (G -+ b)z Gb = 1 + a—b bea
(z—a)(z-b) z—-a z-b
02 b! . 2_—1 -1
= a=b a—b . 1 a‘z _ ¥z
= 1+ z—a z-b 1+a—b(1—az" l-bz“)
a’ n—1 b n=1
zin] = é&fn]+ —3° uln -1} - 3 uln - 1]

= d[n]+ (|ﬂ i b) (a"*! = 3" )uln - 1]

3.26. (a) z[n] is right-sided and

1—iz7?
X(z)=
(=) 14+ 3278
Long division:
1 — %' + 377 4
1+3z70 1 -}z
1 -1z
- %z-l
s L
+ %z"
Therefore, z{n] = 2(—1)"uln] - &[n}
(b)
3 327! 4 4

X = = = -
&= TITE T Ao+ ) 1-f 1-5

Poles at 1, and —§. z[n] stable, = jz| > } = causal

Therefore,
zfn) = 4 (%)nu[n] -4 (-%)" uln)
(€)
X@) = (-4 ld<g
Therefore,

z{n] = %(4)'“11[—11 -1}
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(d)

=15, iz} > (3)"t = causal

By long division:
1 +327% +42% + ...

1-4z73 11
1 - %z"
+ 3273
4173 1
+ 278
nt =
I
0, otherwise
3.27. (a)
A | 1
X = =< |z] <2
) = a3 (-2 (1-3z0) 2 2
1 88 1568 2700
- 35 41228 _ 135 13
(1+31z722 7 q+i7) (-2271) 0 (1-3271)
Therefore,
1 -1 n+1l 58 -1 " n
z[n] = gg(n+l) (?) ufn+ 1]+ —= ERE (—) ufn]+ (35)2 (2) u[-n—1]— (35)2 (3 Vru[-n—1)
(b)
- _ ' JE I
X(z)=¢ =1+z ‘+—2,—+ TR TR
1
Therefore, z[n] = ;ﬁu{ﬂ]'
(e)
=2z _ 4 2
X{z)= — =7 +2z+1—2z-‘ 2t <2
Therefore,
z{n] = &jn + 2] + 25[n + 1j ~ 2(2)"ul-n - 1]
3.28. (a)

nzn] & —z%X(z)

zin — ng] & z7™X(z)
X(#)=q fz—:)z J [— (1_—?7) ]

z[n] is left-sided. Therefore, X(z) corresponds to:

zjn] = —12{n — 2) G) " fen 1]





(b)
X(z) =sin(z) = z (‘2(k. :-)l)' i, s BN ROC includes |z| = 1
Therefore,
1
zln) = 2 (:fk +)1)- 2 _5in+2k+1]
Which is stable.
(€) .
7 -
X(Z)zi—z:—z—_?.?:z?—-l——'l—z:? lZI>1
X(z)=2 - i ™
n=0
Therefore,
ain) = 8ln+7) - Y 8[n — 7k
n=0
3.29.
X(z)=e"+e/* z#0
n 0 [- -]
X(z)= z—-z +Zn‘ ( ) Z '“+z-§-§z’"=>z[n]= i,:—l!-i-é[n]
n=- w n=0
3.30.
XD =lnG-2 <z
(a)
oo i -1 1 [4
X(z) = log(1 - 22) = _E (2f) = _lgw._l_t(zz)-f = t;@% (-;-) -t
Therefore, .
z[n] = % (%) w-n - 1]
(b)

nz[n] < —z%log(l -22) ==z (

1 L -1 1
-— = it —— < =
=) a=- (1_%2_,), ERT;

nzin] = (-;—)“u[-—n—'l]
i = 1(3) wn-n
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3.31. (a)
z[n] = o"u[n]+ b un]+c ul-n—1] ol <Ib] <e|
1 1 1
- - b
X(z) P wy ve ik g bl < |2l < ||
_ — 2¢cz7! + (be + ac — ab)z~?
X = goaa-s e M<k<H
Poles: a, b, ¢,
Zeros: z;,zs,00 where z; and z; are roots of numerator quadratic.
pole-zero pigt (Q) pole-zero plot (b)

W

Nk \\

nZa"u[n)

(b)

]

zn)

I1[ﬂ] a"u[n] ~ XI(Z) = l—:%z__—l IZI >a

za[n] = nz1[n] = na"uln] & Xa(z) = —ziX (z} = -ﬁzl— |z > a
2 1 . 2 dz"! (1- az-1)?
-1
z[n] = nz2n] = na™ufn] < —z%x,(z) = —zaé; ((l_—a—i'z_""_)z) jz{>a
—az~ {1 -1
x@ = =CEE) e
(c)
z[n] = (cos —-—n) uln} — (cos ;—211) uln — 1)

= e-‘ (cos —ﬁn) (u[n] = ufn - 1]) = &[n]

Therefore, X (z) = 1 for all |2|.
3.32. From the pole-zero diagram

z 3
X@)= (22-2+8)(z+3) Iz| > 4

yn] = z[-n+3]=z[-(n-3)
-3,-1

zZ Tz
G-t e+ D

= Y{(z)=z3X(z"1) =

8/3
z(2 -2z + zz)(:% +z}
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Poles at 0,-3,1= j, zeros at &

z[n] causal = z{—n + 3] is left-sided = ROC is 0 < |2z| < 4/3.

Y@
-4/3
3.33. From pole-zero diagram )
x(x) =24
2
(a)
y[n] = (5) z[n) => Y(z) = X(22) = "‘%
zeros x1j
poles 1,00
Y@
ﬂ;\
AE T
N
(b)
w[n] = cos (?) zfn] = %(ejfnh + e~3™/2)z(n]
1o iz s Yycainz o Yxi—in o Axis
W(z) = -iX(e ™2+ EX(C’ z)= Ex("’) + EX(JZ)
1/-2241\ 1(-22+1 S
wa=3(527) 3 (G57) - 5y
poles at £

zeros at 1
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3.34.

(a)

(b)

3.35.

y(n]

Y(z)

yln}

"

37z 45272 1 3

H(z}= 1

h[n] stable = A[n] = 54[n] — 2"u[-n—1] -3 (l)ﬂ ufn]

- gz—l +z—2

=0ty ‘1-%2"1

2

hln] « z[n] = i hfk}

- z 2& — _2ﬂ+1

E=—0o0

-1 n k
1
k —_— e e . —
-3 +_5_23(5) =435 2+3(
k—ox k=0

1- (%)!H-l

-2ufn}+ 3 (-;—) i u[n] — 2" y[~-n - 1]

1

—H{z)= -2

1-2z1

1 1 1

—2ufn] - 2(2)"u{-n-1}+3 (%) i ufn]

H(z)
uln]

U(2)H(2)

ufn] » kin}

) I
1oz z-l(l z ) 2> 1

1—z‘= 1—2z—¢
1 z
1--z‘1=z—1 I >1
71—z
(A-z4)(1-2z-%)
-1 -
2 z |z] > 1

1-2z-1 1-z—4

u[ﬂ—l]-i&[n-4—4k]
=0

1—z“1+21—2z‘1 +:‘>1_%z_1 )

n<0

n
%) n20

-;-<13|<2

e ek






3.36.
z[n} = uln) & X(2) = 7 lz] > 1
yin] = (%)"—1 Wn+1]=4 (%)mH ufn +1) & Y(z) = -1-74:1—2_—1 2l > 5
(a)

Nk

-— z>_
1—%2'3 1-%2‘1 Izl 2

4 (%)“.H ufn+1] -4 (-;—)n ujn]

Mn+1]-2 (%)" uln]

L

7%

if

(b)

H{z)

|

hin)

(c) The ROC of H(z) includes jz] =1 = stable.

(d) From part (b} we see that h[n] starts at n = -1 = not causal
3.37.
1

1
P

X(z)= 7=

DO L L

bas polesat z = § and 2 = 2.

Since the unit circle is in the region of convergence X (z) and z{n] have both a causal and an anticausal
part. The causal part is “outside” the pole at 1. The anticausal part is “inside” the pole at 2, therefore,
z{0] is the sum of the two parts

i iz 1 1
= lim ———i— im =4 = = = =
20 = lim TS T I 2 3¥0=3
3.38.
-1 -2
Y(z)= z 1z 2 12 >1

=i Ha+iz1 1-z7






Therefore using & contour C that lies outside of |z| = 1 we get

1 2(z + 1)z"dz
i Jo (z- )z + Iz~ 1)

A +D@F) | 23+ | 20+D0)
(%+;)(%—1) I-P-1-1n a-Ha+d)

18
= -—5——- +6=2

y(1} =

3.39. (a)

z10

E-DE-3G+PE+3)E+3)

X(z)=
Stable = ROC includes |z| = 1. Therefore, the ROC is < [z| < 3.
(b) 2[-8] = Z[residues of X{z)z~? inside C], where C is contour in ROC (say the unit circle).

—DGE- DG+ D+ D)

z[8]=L [residus of . inside unit c.irc]e]

First order pole at z = £ is only one inside the unit circle. Therefore

2[-8 = 2 =1
(-G +32G+35G+7) %
3.40. (a) After writing the following equalities:
V(iz) = X(z2)-W(z)
W(z) = V{(z2)H(z)+ E(z)
we solve for W{z):
e solve for {z) . Hiz) HE ., . oo
@ =T ma X T Em E¢
{b)
_ O H@ e
BE = THG T
Hy(z) = T:._l”_'—';:I—z_l
l=-z—

(c) H(z) is not stable due to its pole at z = 1, but H;(z) and H,(z) are.

3.41. (a) Yes, hln] is BIBO stable if its ROC includes the unit circle. Hence, the system is stable if rmin <1
and rp.e > 1.
(b) Let’s consider the system step by step.
(i) First, v[n} = @~"z{n]. By taking the z-transform of both sides, V(z) = X (az).
{ii) Second, v[n] is filtered to get w(n]. So W(z) = H(z)V(z) = H(z) X (az).
(iii) Finally, yjn] = a"win]. In the z-transform domain, Y (z) = W(z/a) = H(z/a)X(z).
In conclusion, the system is LTI, with system function G(z) = H{z/e) and g[n] = a”A|n}.
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(c) The ROC of G(z) is armin < |z| < OTmez. We want min < 1/a and fma: > 1/e for the system
to be stable. -

3.42. (a) h[n] is the response of the system when z[n] = 4i{n]. Hence,

10
hin)+ Y awhln — &} = &fn) + B8[n - 1),
k=1

Further, since the system is causal, hfn} = 0 for n < 0. Therefore,
10
o]+ auh[-k] = h{0] = 8[0) = 1.
k=1
(b) Atn=1,

8- hl1]
hi0]
(c) How can we extend hin] for n > 10 and still have it compatible with the difference equation for §7

Note that the difference equation can describe systems up to order 10. If we choose

h{1] + a1 R{0] = &{1] + B4[0) =m =

= 8- A1

hin] = (0.9)" cos(:-‘n)u[n],
we only need a second order difference equation:
m=m=as=as=ar=ag=ag=a;p=0

The z-transform of h(n] can be found from the z-transform table:

1- 08
_ V2
H(z) = a- 0.9¢i*/1z-1)(1 - 0.9e-75/4z-1)
H(@)
/ S
K N
3.43. (a)
1 ! 1
X(Z)—l_%z_l"'l__zz_g’ 5<IZI<2
6 6 3
Y(z)=1—%z"1-1—%z_1, lzi>z
. Yz —':;,—:':!";_1.,.—1
H(z) = X((z)) U - ):1-1 )

G=fha-2-1)
_ 1= 2z7? 2] > 3
T o1- %z"" 4
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s o sElT s 7
(b)

h[n} = (g)" uln] -2 (g) . uln — 1]
()

yin] = 3vin — 1) = 2[n] - 22l - 1]

(d) The system is stable because the ROC includes the unit circle. It is also causal since A[nj = 0 for
n <0

3.44. (a)

arih

1
_ 3
e e e

The ROCis § < |z] < 2.

{(b) The following figure shows the pole-zero plot of Y (z). Since X (z) has poles at 0.5 and 2, the poles
at 1 and -0.5 are due to H(z). Since H(z) is causal, its ROC is |z] > 1. The ROC of Y(z) must

contain the intersection of the ROC of X(z) and the ROC of H(z). Hence the ROC of Y (z) is
1<zl <2

Pole-pwro piot of Y(2}

=05 uOéml 15 2
(e)
H(z) = -;-,{-%
14:7?

=z} 1+§z-1}{1-2:-1)

1
(1--—12:‘1 i(l—?x"‘s
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(1+z71)1- 3271
{(1—-z"1)(1- %z"l)
2 2
3 —3

= 1 3
-'-l—z"-!”il+;-z"1

Taking the inverse z-transform, we find
2 2, 1.,
h[ﬂ] = élﬂ] + Eu[n] - -3-(-'2-) ﬂ[ﬂ}

{(d) Since H{z) has a pole on the unit circle, the system is not stable.

3.45. (a)
nyln] = zin]
—zdl;iz) = X(2)
Y@ = -fz-IX(z)dz

{b) To apply the results of part (a), we let z[n] = u[n — 1], and w(n] = yn}.

12
Wi(z) = —[z_ i —dz

-z

= _[_z_(z_‘_T)d.-.

_ -1, 1
- z z-1

= ln(z) - ln(z - 1)

dz

3.46. (a) Since y[n] is stable, its ROC contains the unit-circle. Hence, Y (z) converges for § < [z} < 2.
, {b) Since the ROC is a ring on the z-plane, y[n] is a two-sided sequence.
(c) z{n] is stable, so its ROC contains the unit-circle. Also, it has a zero at oo so the ROC includes
o0. ROC: 2| > §.

(d) Since the ROC of z[n] includes oo, X (2) contains no positive péwers of z, and so0 z{n] = 0 for
n < 0. Therefore z[n) is causal.

(e)

z{ﬂ] = X{Hizao
AQl-£z7Y)
Q+ 21~ gz-l)l”‘”
= 0

- (f} H{z) has zeros at -.75 and 0, and poles at 2 and co. Its ROC is |z} < 2.






(g) Since the ROC of h{n] includes 0, H(z) contains no negative powers of z, which implies that
h[n] = 0 for n > 0. Therefore h[n} is anti-causal.

3.47. (a)

3.48.

X(z) zz[n]z'"
n=0

X(oo) = 'If"né Zz(n]z_" = z[0]
‘=°

Therefore, X (c0) = z{0] # 0 and finite by assumption. Thus, X(z) has neither a pole nor a zero
at z = co.

(b) Suppose X (z) has finite numbers of poles and zercs in the finite z-plane. Then the most gepera.l

form for X (z) is
M
o [[e-a

X(z) = Z z[plz™" = Kz"-t;-!-———

=0 Hz-a)
K=1 .
where K is a constant and M and N are finite positive integers and L is a finite positive or negative
integer representing the net number of poles (L < 0} or zeras (L > 0) at z = 0. Clearly, since
X (00} = z{0] # 0 and < oo we must have L + M = N; i.e., the total number of zeros in the finite
z-plane must equal the tota! number of poles in the finite z-plane.

P(z)

Q(z)

where P(z} and Q(z) are polynomials in z. Sequence is absolutely summable = ROC contains jz| = 1
and roots of Q(z) inside |2} = 1.

These conditions do not necessarily imply that zjr] is causal. A shift of a causal sequence would only
add more zeres at z = 0 to P(z). For example, consider

X(z) = z_‘z.%. 2| > &

X{z)=






3.49.

5fn) + ad(n = N) lal <1
1+az ¥

z(n]

X(z)
X(2)

2,-2N . adz—3¥
2 3

log X(z) = log(1 +GZ-N) =az" ¥ - a

Therefore,
O ¢ yyk+l
in)=>" (——l’);——ai‘é[n - kN]
k=1

3.50. (a)
z[n] = z[-n] = X(2) = X (-};)

Therefore,

Xy =0=% (%)
i.e., 1/zo is also a zero of X(z).

(b)
z[n] real = zln} = z~[n] = X(z) = X*(z")
Therefore
X(z) = 0= X(z)
i.e., zg is also a zero and by part {a) sois 1/z5.
3.51. (a)
Zi'inll= 3, X'k = ( Y ={n1(z')‘“) = X"(z")

n=-—-o n=—0o00

(b)
Zz[-n]l = Z z(-njz " = }: x[n](z“)‘“:X(z“)
(¢)

ziretaln = 2 [ = S 1xce) + )

(d)

ZImizinl}) = 2 [EL’L;J_L[@ - Lxe-xe)

3.52.

21(n) = (~1)"z(n) = Xi(2) = 3 (-1)z(m)" = X (-2)

n=—00

The poles and zeros are rotated 180 degrees about the origin.
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3.53. (a) . - zln}sin(nw)
_ (Im{X(e**}) =
b,{w) =tan? { =) = tanf;(w) =
Re{X (e Nl
( {X( )}) T zfn] cos(rue)
n=0
N=-1 N-1
tang,(w) 3 z[n]coslwn) = - S z{n) sin(nw)
n=0 n=l
N-1
tan 8, (w)z{0] + Z z{n}(tan 8, (w) cos(nw) + sin{nw)) =0
n=1
N-1

tand,(wp) + — [01 z z[n](tan 6, {w) cos(ruwn ) + sin(nwi)) =
for N — 1 values of w; in the range 0 < w; < 7.
b) zin] = &[n] + 26{n — 1) + 3[n — 2] = X(z) =1+ 274 + 3272

( ~2sin(w) — 3 sin(2w) )
1 + 2 cos{w) + 3 cos(2w)

0;(w) = tan™?
Consider the values 6, () = 3% and 6, (%) = %, which give the equations

00 (3) + oy [r (e (§) oo+ 5)

tanf, (%—1) + ;1; [z[l] (tanﬂz (231) 6052: + sin 2?“)

+ z{2] (t.ane, (%’-r—) cosfz-;E + sin %‘)] =9

1+-[3]-(:[1] 1+z[2)--1)

1 Ji 1 V3
[0]([1 2‘/_. )+z[2](2\/--?) = 0

0 z{1}
=
0 z{2]

zfn) = z[0)(d{n] + 28[n — 1] + 38[n — 2))

1
o

z[0] + z[1] — =(2] 2z{0]

0

—=[0] + 22{1) - =[2] 32{0}

Therefore

where z[0] is undetermined.

3.54. z[n] = 0 for n < 0 implies:

lim X(z) = lim i z{n]z " = z{0] + Lm Z z[n]z™" = z[0]
n=0 n=1
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For the case z[n] = 0 for n > 0,

0 o
lim X(z) = lim 3 zfnje = 2f0] + lim 2 z[-n)z" = z[0]

3.55. (a)
cezfn] = i z[kjzin + k] = i z[—k]z{n - k] = z{—n] » z[n]
ko m—cd

Caelz) = X(z71)X(2) = X (2)X(z7")

X (z) bas ROC: rg < |z| < r and therefore X(z~!) has ROC: r7* < jz| < r3'. Therefore Cys(2)
bas ROC: max{r;*,rg] < |z| < min[rg’,re}
(b) z{n] = a™u[n] is stable if |a] < 1. In this case

1

= 1 -1y -1
X(@)=g—0= lal<izl and X(T)=g—— |z <]a7]
Therefore
1 1 -az™}
Cos(2) 1-az-11=-az {1-az"}(1~a"1z")
e e -
— = 1-11':2‘l T 1-aizt lal < l=i < la”'|
This implies that

[a™ufn] + e u[-n - 1]]

Casln] = 1-a?

Thus, in summary, the poles are at a and a™!; the zeros are at 0 and co; and the ROC of C:.(2)
is {a| < Jzi < ja7%}.

(¢) Clearly, z;[n] = z[—n] will have the same autocorrelation function. For example,

1 1
l1-gz1=-az"!

(@ =ioe <k = Gl = = Cul)

(d) Also, any delayed version of z{n] will have the same autocorrelation function; e.g., 23[n] = z{n—m)
implies

=™ =™ ™
X(z) =y lal < 2| = Coras) = T 70

= Cyal2)
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3.56. In order to be a z-transform, X (z) must be analytic in some annular region of the z-plane. To determine
if X(z) = 2* is analytic we examine the existence of X'(z} by the Canchy Riemann conditions. If

X(z) = X(z + jy) = u(z,y) + ju(z,y)

then for the derivative to exist at z, we must have

Gu B g &
oz by 8y~ oz
In our case,
: X(z+jy)=z—-Jy
and thus, o
8::“1 ¥ 8y

unless £ and y are zero. Thus, X*(z) exists only at z = 0. X(z) is not analytic anywhere. Therefore,
z[n] = 2’% f X (z)2""'dz does not exist.

3.57. If X(z) has a pole at z = z; then A(z) can be expressed as a Taylor's series about z = z,.

= "(Zo)

A(z) = A(z0) + Z -z)"
where A(zo) = 0. Thus
Res [X(z) at z=20] = X(z)(z~ 20)lsm2s = %%

= B(z){z - z)
EA rfzo)(z — zo)le=se
n=1

_ O _ Bz

= 5
A'(zo) + z (Zo) zo)"'l 234 (Zo)











